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BBenenue

W3ydeHre MaTeMaTHKU UTPAET PEHIAONIyI0 POJIh B CUCTEME MPO(ECCHOHATBHOTO 00pa30BaHMUs, TAK
KaK YHUBEPCAJIbHOCTh MATEMAaTUYECKHX METOIOB MTO3BOJISIET B (hOPMAJIbHBIX TTOHATHUSAX aNreOphl, FCOMETPUN
M MaTeMaTHYeCKOro aHajiu3a Ha YpOBHE OOIIEHAy4YHON METOJOJIOTUU OTPA3UTh CBSI3b TEOPETHYECKOIO
MaTepualia pa3IM4yHbIX OO0JacTeil 3HAaHUM ¢ NpakTHUKOW. BHenpeHue HOBBIX CTaHIAPTOB CPEIHETO
npodeccHoHATLHOTO 00pa3oBaHUsl O0ECIICUMIIO KOMIICTCHTHOCTHBIN IMOAXO0M M W3MEHHIIO COJIEpIKaHue
00pa3oBaTebHON POrPaMMBI 110 MATEMATHUKE HAa PA3HBIX CICITUATHHOCTSX.

B cootBerctBun ¢ ®I'OC cpeacrBamu qucuuIuinHel "MareMatuka" v IpyTrux JUCHUIUINH JOJIKHBI
OBITH CHOPMUPOBAHBI 00IIKE U TPOPECCHOHATBHBIE KOMITIETEHITUH.

[Ipu u3yyeHnn AUCHUILUIMHBI PEATU3YIOTCS CIEAYIONINE KOMITETCHIINH:

OK 01. Beibupatb criocoOsI pemeHust 3a1a4d npohecCuOHATBHON ASATEIHPHOCTH TPUMEHUTEIBHO K
pa3IUYHBIM
KOHTEKCTaM;

OK 02. Hcnonb30BaTh COBPEMEHHBIE CPECTBA MMOMCKA, aHAIN3a U UHTEPIpETalii UH(OpMAIUU U
nH(OPMaLIMOHHBIE TEXHOJIOTUHU JJIs BBIIIOJIHEHUS 33/1a4 NPOGECCHOHATBHON AESITETbHOCTH;

OK 03. [TnaHnupoBaTh U peaan30BbIBATh COOCTBEHHOE MPO(HECCHOHAIBHOE U INYHOCTHOE Pa3BUTHE,
MpeANPUHUMATEILCKYIO e TEIbHOCTh B MPOQecCHOHANbHOM chepe, UCTO0Ib30BaTh 3HAHUS 110 (PUHAHCOBOM
I'PaMOTHOCTH B Pa3IMYHbBIX KU3HEHHBIX CUTYaLUsX;

OK 04. DddexTnBHO B3aUMOICHCTBOBATh U padOTaTh B KOJUICKTUBE U KOMaH/IE;

OK 05. OcymecTBisAiTh YCTHYIO U HHUCHbMEHHYIO KOMMYHHUKAIIMIO Ha TOCYAapCTBEHHOM SI3bIKE
Poccutiickoit @denepaliu ¢ y4eToM 0COOCHHOCTEH COIMAIBHOTO M KYJIBTYPHOTO KOHTEKCTA;

OK 06. IlposBiATh IpakAaHCKO-NATPUOTHYECKYIO IO3ULMIO, JIEMOHCTPUPOBATh OCO3HAHHOE
MOBEJICHUE Ha OCHOBE TPAJAMLMOHHBIX OOIIEYEIOBEYECKUX IIEHHOCTEH, B TOM 4YHCIE C YYETOM
rapMOHU3AIMM  MEXHALMOHAJIBHBIX U MEXKPEJIUTMO3HBIX  OTHOUICHWH, TPUMEHATh CTaHJIApThI
AHTUKOPPYILUOHHOIO NTOBE/ICHUS;

OK 07. CopelicTBOBAaTh COXPAHEHHUIO OKPYKAIOLIEH Cpenbl, pecypcocOepeKeHHI0, MPUMEHSATh
3HaHUS 00 M3MEHEHHMH KJIMMAaTa, MPUHIUIBI OCPEXITMBOTO MPOM3BOACTBA, Y(H(PEKTUBHO NEHCTBOBATH B
Ype3BbIUANHBIX CUTYALHSIX;

OK 09. ITonp3oBaTbes MPoPECCHOHAIBHON JOKYMEHTAIMEH HAa TOCYJapCTBEHHOM M MHOCTPAHHOM
SA3BIKAX.

[Tnaaupyemple THYHOCTHBIE Pe3YJIbTATHI B X0JI€ pean3alii 00pa30BaTEIbHON MPOTPAMMBI:

JIP 3. Colmrogaronuii HOpMbI MTPaBONOPSJIKA, CICAYIOMNNA HaeallaM TPaKJaHCKOTO OOIIECTBa,
obecrieueHus: 6€30MacHOCTH, MpaB U cBoOOA rpaxaan Poccuu. JIOSIBbHBIA K YCTAHOBKAM M MIPOSIBICHUSM
Mpe/icTaBuTeNel CyOKyIbTyp, OTIMYAIOLIUN UX OT ITPYHI C IECTPYKTUBHBIM U JIEBUAHTHBIM MOBEJICHUEM.
JIeMOHCTpHUPYIOIIMI HEMTPUATHE U IPEAYTIPEKIAIOIIUNA COUUAIBHO OMACHOE IMOBEACHUE OKPYKAIOIIUX.

JIP 4. [TposBIISIIOLINIA M AEMOHCTPUPYIOIIUNA YBAXKEHHE K JIFOISIM TPY/1a, OCO3HAIOIINI LIEHHOCTh
coOcTBeHHOTro TpyAa. CTpeMsiuiics K GOpMHUPOBAHHIO B CETEBOM CpeJie TMUYHOCTHO U MPOPECCHOHATHHOTO
KOHCTPYKTHBHOT'O «1IU(pOBOTO ciaenay.

JIP 17.CriocoOHbIi BBIIBUTATh allbTEPHATUBHBIC BAPUAHTHI JCHCTBHIA C SN0 BBIPAOOTKH HOBBIX
ONTHUMAJIbHBIX AJITOPUTMOB; MO3UIMOHUPYIOLIUI ceOsl B CETH KaK pe3yJbTaTUBHBINA U MpPUBJIEKATEIbHBIN
YYACTHHUK TPYJOBBIX OTHOILLIEHUH.



IIpakTyeckoe 3ansaTue Ne 1. Onepanuu HaA MATPHIIAMH, BbIYUCJICHHE ONIpeAenuTeNei

(peanmusyercsi B (hopMaTe MPaKTHUECKOM MOATOTOBKH )

Omnpenenenue. MaTpuileid pazmepa mXn, rJie m- 4YUCJIO CTPOK, N- YUCIO CTOJOIIOB,HA3bIBACTCS

TabJaMIa YHCeN, PACIONIOKEHHBIX B ONPEAEICHHOM IMOpsAAKe. OTH 4YHciIa Ha3bIBAIOTCS 3JEMEHTaMU
MaTpuibl. MecTo KaXXAOro »JeMEHTa OJHO3HAYHO OIpeneNseTcss HOMEpOM CTPOKM U cTojiOIa, Ha
MepeceyeH KOTOPBIX OH HAXOAWUTCS. DJIEMEHTbl MaTpHIlbl 0003HAYalOTCs ajj, IZIe 1- HOMEpP CTPOKH, aj-

HOMED CTOJI01A.

ay 4ap a,
ay A4y a,,
A _ aml am3 amn

Ocnoenble oelicmeusn HA0 Mampuyamu.
Martpuiia MOKeT COCTOSITh KaK M3 OJIHOM CTPOKH, TaK M M3 OJHOTO cTojbO1a. BooOuie roBops,
MaTpHIIa MOXKET COCTOSITh J1aXKe U3 OJJHOTO AJIEMEHTA.

Onpenenenue.Ecny ynciio cTon0LIoB MaTpUILbl paBHO YUCITY CTPOK(M=n), TO MaTpUIlla HA3bIBAETCS

KBaJIPATHOM.

Omnpenesenne.Matpuiia Buja:

1 0
1 0
0 0 .. 1

HaspiBaercs eAMHMYHONH MATPHLICH.

Omnpeaenaenue.Ecnu a,, = aum, TO MAaTPUILIA HA3BIBAETCS CUMMETPUYECKOM.

2 1 5

1 3 6
5 6 4

H[ YUMCED. - CUMMCTPpHUYCCKAsA MaTpula




a, 0 0
0 ay 0

0
0 O a

nn

Onpenenenne.KBagpatHas wmartpuna BHaa Ha3bIBACTCSl JAUATOHAJBLHOMI

MaTpHULEH.
Ci10:xeHHe U BBIYMTAHUE MAaTPULl CBOAUTCS K COOTBETCTBYIOIIMM OIEPALIUSAM HaJ UX HJIEMEHTaMHU.

CaMbBIM TJIaBHBIM CBOMCTBOM JTHX onepaunﬁ ABIACTCA TO, YTO OHHM ONPEACICHBI TOJBKO I MaTpHUIL

OJMHAKOBOI'0 pa3zMepa. Takum 06p2130M, BO3MOXHO ONPCACIUTL OICpalrn CJIOKCHHUA W BbIYUTAHUSA

MaTpHIL;

Onpepenenne.Cymmoil (pa3sHOCTBIO) MaTpull SIBJISETCS MaTPULA, 3JIEMEHTaMU KOTOpPOH
ABIISIOTCSI COOTBETCTBEHHO CyMMa (Pa3HOCTbh) JJIEMEHTOB UCXOHBIX MaTpHLI.

Cij = Qj + bij

C=A+B=B+A.
Omnepanys yMHOKeHHs (Aes1eHus) MaTPULbI JTF000ro pazMepa Ha MPOU3BOJIBHOE YHCIIO CBOAUTCS K

YMHOKCHHIO (I[QJICHI/IIO) KaXZ0ro 3JICMCHTAa MaTpUullbl Ha 3TO YHUCJIO.

aa,, oad,, ... aa,,
GA=| A0y Qdy ... ad,,
aa,, aa,, ... oa,.

o (A+B) =0A +oB
A(axp)=0A £pA

1 2 3 1 3 4
2 1 4 5 7 8
ITpumep. JlaHbl MaTpuipsl A = 323 ;B= 124 , Haiitu 2A + B.
2 46 3 7 10
4 2 8 9 9 16
o= 16 4 6,2A+B=7 6 10/

Onepanus YMHOKEHHSI MATPHIIL.




Onpeneneﬂne:Hpomnez[elmeM MaTpul Ha3bIBACTCA MaTpula, 3JICMCHTbLI KOTOpOﬁ MOTYT OBITh

BBIYHCIICHBI TIO CISAYIONNM (GopMyam:

A-B=C;
n
Cy:z aik'bkj
k=1 ,

U3 MMPUBCACHHOI'O OIMPCACIICHUA BUIHO, YTO OIICpAllUs YMHOXCHUA MAaTpHUIl OIIPEACIICHA TOJIbLKO

JUISL MaTPHULL, YMCJI0 CTOJOOB NEPBOii M3 KOTOPBIX PABHO YHMCJIYy CTPOK BTOPOH.

CaoiicTBa orepanvu YMHOKCHHUA MAaTPHUIIL.

1) YMHOXeHue MaTpull He KOMMYTaTuBHO, T.e. AB # BA naxe ecnu ompeneneHsl 06a

npousBeneHus. OqHAKO, €Cau I KaKuX — JIM00 Matpuil cooTHomenne AB=BA BbimonHseTcs, To Takue

MaTpHlbl HA3bIBAOTCA MEPECTAHOBOIYHBIMHA.

CaMbeIM XApaKTCPHBIM IPUMCPOM MOXKET CIYXUTb CIUHHUYHAA MaTpulld, KOTOpasa ABJIICTCA

NepecTaHOBOYHOH € 10001 Tpyroil MaTpulieil Toro xe pasmepa.

HepeCTaHOBO‘IHBIMI/I MOTYT OBITH TOJIBKO KBaAPATHBIC MAaTPUIBI OJHOT'O U TOI'O K€ IMMOPSAIKaA.

A-E=E-A=A
O‘IGBI/I,I[HO, qTO OJIA JIFOOBIX MaTpu1l BBITOJIHAKOTCS CICAYIOHICC CBOMCTBO:

A-0=0; O-A=0,

rae O — HyJieBasi MaTpuIa.

2) Onepatyisi IepeMHOKEHUSI MaTPUILl ACCONMATUBHA, T.€. €CIIU OIpeieeHbl mpousBeneHus AB

u (AB)C, o onpenenenst BC u A(BC), u BeIIONHSIETCS PAaBEHCTBO:
(AB)C=A(BCO).

3) Omepauusi YMHOXKEHUS MAaTpHI] AUCTPUOYTHBHA MO OTHOIIECHUIO K CIIOXKEHUIO, T.€. €ClU
umeroT cmbich BeipakeHus A(B+C) u (A+B)C, To COOTBETCTBEHHO:

AB+C)=AB +AC
(A +B)C = AC + BC.

4) Ecnn npousBenenue AB omnpeneneHo, To Ist J000T0 YUCiia oL BEpHO COOTHOILICHHE:

a(AB) = (0A)B = A(aB).



5) Eciu onpeneneno npoussenenre AB , To onpeneneno npoussenenne B'A' u Beimonnsercs

PaBEHCTBO:
(AB)"'=B'A", rue

uHIeKcoM T 0003HayaeTcs TPAaHCMOHUPOBAHHAA MaTpuUIla.

6) 3aMeTuM TaKxke, 4yTo i Jr00bIX KBaapaTHbIX MaTpull det (AB) = detA - detB.

[Tonsitue det(onpenenurens, ASTSPMUHAHT) OyI€T PACCMOTPEHO HIKE.

Onpepenenue.Matpuily B Ha3bIBalOTTpaHCIIOHMPOBAHHOM MaTpulel A, a nepexon oT A k B

TPAHCIMIOHUPOBAHUEM, CCJIU 3JICMCHTLIL Kﬂ)KI[OfI CTPOKHU MaTPHIIbI A 3ammcaTth B TOM Ke IOpAJIKE B CTOJ'I6III)I

Matpuilsl B.
ap dp a, a;; a4y i
ay; Ay a,, ap, ay a4y
a a ... a a, a, ... da
A — ml m?2 mn : B — AT= 1n 2n mn :

JIPYTUMU CIOBaMH, bj = ajj.
B kauecTBe crencTBHS U3 MPEIBIAYIIETO CBOWCTBA (5) MOYKHO 3amucars, 4To:
(ABC)"=C'B'A",
IIpU YCIIOBUH, UTO onpejienieHo npousseaeHue marpun ABC.

1 0 3 1 -1
2 4 1 3 2

[Tpumep./lanbl MaTpuLbl A = 1 -4 72 ,B= 2 ,C= 1 u uncio o = 2. Haiitu A"B+aC.

1 2 1 1 2 1 1 1-142-3+1-2 9
0 4 -4 0 4 -4] 13 0-1+4-3—4-2 4
3 1 2

=13 1 2 : ATB = 2 | | 3-1+1-:3+2:2 ) _110/.
-2 9| [-2 7
4 4 4 8
= 2 : ABroC= 10/,1 2 [ _ |12
1
4
3 HB=[2 4 1).

[Ipumep.Haiitu npousseaeHue matpuil A =



1 1.2 14 1.1} (2 4 1
4 4-2 44 411=|18 16 4
3 d2 4 1)= 32 34 31 6 12 3 .

AB =
1
4
BAZ(2 4 1J. 3 =2-1+4-4+1-3=2+16+3=21.
3 4)
[Ipumep.HaliTu npousBeeHre MaTpuil A=(1 2],B= 5 6
3 4
AB=I1 2/.\5 6)/_(3+10 4+12]_(13 16/

Onpedenumenu (0emepmuHanmol) Mampuyol.

a,, a, ... 4,
Ay, Ayy ... Gy,
. a, a, .. a,

Onpepenenue.OnpenenureseM KBaJApaTHOM MaTpuubl A= Ha3bIBACTCS

YHCII0, KOTOPOE MOXKET OBITh BEIYHCIICHO TI0 AJIEMEHTaM MaTpPHUIlbl 110 GopmyIie:

n
Z(_l)k+la1kM1k

ot A Jo—1
actA— =1 , 1€

M — neTepMHUHAHT MaTpPUILIbl, IOJYYEHHOW U3 UCXOJHOMN BbhIUEPKHMBAHUEM MEPBON CTPOKH U K — ro
cronbua. Cnenyer oOpaTuTh BHUMAHUE Ha TO, YTO ONPEAEIUTENN UMEIOT TOJIbKO KBaJpaTHbIC MaTPULIB, T.€.
MaTpUIbl, Y KOTOPBIX YUCIIO CTPOK PAaBHO YUCITY CTOJIOIOB.

[Ipensiaymas ¢opMyiaa MO3BOISET BBIYUCIUTH ONPEACIUTENb MATPHUIIBI 1O TEPBOH CTPOKE,

TaKXe CIpaBeyInBa (OpMyJia BEIYUCICHHS ONPEAEIUTENS [0 IEPBOMY CTONOILY:

n
Z (_1)k+lak1Mk1
detA = k=1

BooOuie roBops, onpenenurenb MOKET BEIUUCIATHCS MO JII000M CTPOKE MIIM CTOJIOIY MaTpPHUIBL,

T.€. CclipaBeAsiuBa hopMyna:

Z (_1)k+iaikMik
detA = k=1 , 1=12,....n.
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O4eBHUIHO, YTO Pa3IMYHbIE MATPUIIBI MOTYT UMETh OJMHAKOBBIE ONPEACTUTEIH.

Onpenenurens eIMHUYHON MaTPULIbl paBeH 1.

Jlnst ykazaHHOM MaTpuibl A 4ucio M. Ha3bIBaeTCs JAOMOJHHUTEIbHBIM MHUHOPOM 3JIEMEHTA
MaTpHIbl a;,. TakuM oO0pa3oM, MOXHO 3aKIIIOUUTh, YTO KaXABIH OSJIEMEHT MaTpPUIlBI HWMEET CBOU
JOTIOJTHUTEIBHBIM MUHOP. JIOITOJIHUTEIBHBIE MUHOPHI CYIIECTBYIOT TOJIBKO B KBaJAPAaTHBIX MATPULIAX.

Omnpenesenue./[0NOJHUTENbHBIH MUHOP MPOU3BOJIBLHOIO AJIEMEHTA KBaJApPaTHON MATPHIIBI a;

PaBCH ONPCACINUTCIIIO MATPUILIbI, HOHy‘ICHHOﬁ W3 UCXOTHOM BBIYUCPKHBAHUCM 1-oit CTPOKH I/Ij—FO CTOJ'I6I_[8..

CBoiicTBo1. Ba)xHBIM CBOICTBOM ONpeenuTeNel ABIsSeTCs CIeAyIolee COOTHOIICHHE:

det A=det AT;

CBoiicTB02.det (AB) = detA - detB

CaoiictBo _3.Ecnu B KBajgpaTHOW MaTpHIle TOMEHSITh MECTaMH KaKHe-THO0O JBE CTPOKH (WM

CTOJ'I6LI8.), TO OIIPCACIIMTECIIb MATPHULIbI UBMCHUT 3HAK, HC U3MCHUBIINCH 110 a0COIOTHOU BEITMYMHE.

CpoiictBo 4. [lpu ymHOXeHuu cronlua (WM CTPOKM) MaTpUIbl HAa YHUCIO €€ ONpENeIUTEh

YMHOXKACTCA Ha 3TO YHUCJIO.

Onpenesiedue: CTonOIbl (CTPOKK) MATPHUIIBI HA3BIBAIOTCSA JIMHEHHO 3aBHUCUMBIMH, €CIIH
CYILIECTBYET UX JMHEWHAss KOMOMHAIINS, pPaBHASI HYJIIO, UMEIOIIasi HeTPUBUAIBbHEIE (HE paBHBIE HYIIIO)
peueHus.

CBoiicTBO 6. Ecii B MaTpuiie A CTPOKH WM CTOJOLBI TMHEHHO 3aBUCUMBI, TO €€ OIPEIeINUTENb
paBeH HYJIIO.

CBoiictBo 7. Ecnu marpuma cofaepXWT HyJEBOW CTonOel WIM HYJEBYIO CTPOKY, TO €€
OTIpeeNTUTENb paBeH Hyi0. ([laHHOe yTBEepKIeHUE OYEBUIHO, T.K. CHUTATh OMPEIEIUTETh MOKHO UMEHHO
10 HYJICBOW CTPOKE WJIH CTOJIOIY.)

CaoiictBo_8. Onpenenurens MaTpuIlbl HE W3MEHHTCS, €CIM K DJJIEMEHTaM OTHOW W3 ero
CTpOK(cTOI011a) MPpUOAaBUTH(BBIUECTh) JEMEHTHI APYTOl CTPOKH(CTOJIONA), YMHOKEHHBIE Ha KaKoe-Tu00

YHUCJIO, HC paBHOC HYIIIO.
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CBoiictBo 9. Ecim a1 3J€MEHTOB Kakoi- JMOO CTPOKM HIIM CTOJOIA MATPHUIBl BEPHO
cooTtHomenue: d = d, #d, , e = e; *e,, f = fi £f>, TO BepHO:
abc ab c¢c a b c
d e fI=ld, e fil£ld, e f)
klm k I m k | m

1 2 1
0 -2 3
H[}I/IMGQ Braucnuth OIPCACIIUTECIIb MATPHUILIBI A= 1 1
1 2 1
0 =2 3=t 32 S T2=(-21-13)-2(0-1-33)#(0143:2)=
1 1 31 3 1
31 1
—5+18+6=19.
(1 2 5 2
[Tpumep:.Jlansl MaTpuLbl A = 3 4 ,B= 13 . Haiitudet (AB).
1-i1 coco6: det A=4—-6=-2; detB=15-2=13; det (AB) =det A -det B =-26.
1-5+2:1 1-2+2:3 :(7 8)
2-ii crioco6: AB =13 0+4: 1 3:2+4:3] {19 18] 4o (AB)=7-18-8-19=126-

— 152 =-26.
3aaHuA K IPAKTHYECKOMY 3aHSTHIO

1.BbIYucauTh OnpeaenuTenu:

A T R

a 6 : 24
-3 4”73 1777-5 10”5 10

-39

b

2. Pemuth ypaBHEHUS:

2
2 x#3_q. 1 4 X4 1
R L )‘X—Z w4

4sinx 1
2| | =0.
COS X

3. Pemuth HepaBeHCTBA:

a)|3x_3 2|>0,6)|1 X+5|<0,3)|2X_2 1|25’2)|X 3X|§14
1 2 X 7x 2 4 2x
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4. Berauciauthb ONIPCACIINTCIIN:

2 01 -3 42 -1 3 0 3 3-25 321 11 4 ) -1
all-1 =2 1602 -3 -2e)l-1 =3 olello -3 elo)2 5 3l et 2 3 x5 3 -2;
5 4 1 88 2 0 6 -1 1 472 142 13 32 -1

2 -1 7 4 23 -3 4

22 -1 u>|o -39 —5|_ )|21—1 2|,
3)\050\;00—18’6210’
732 00 0 5 230 -5
2 -1 1 0 658 4 7 3 26
001 2 -1, 9 75 2, 8 -9 49
a)| | m)] H)| |
3 -1 2 3”7 53 7" 973
31 61 488 -3 5 -334

5 JlaHbl MaTpHIIBI A2x3,B3Xl, Caxs, CyIecTByIOT 11 a)AB, 6)BA,

B) AC 1) CA ) ABC ¢) ACB, x)CB, 3)CBA9
B

6. Haiimure 2 1 n, eciiv ©3BECTHO, YTO a) Agxa 4x5:Can;

0) A2x3'Bm><n:C2x6; B)A2><m'Bn><3:C2><3.

A:( 1 2 )B:(z —4
7. JlaHbl MaTpuLbl: -3 -4 R 5 -6

HaﬁnnTea)A"'B;6)B_A;B)ZA—3B;F)A+B+AT+BT;
1) AB;e) B-A ) A 3BT
-1 2 1 0 -1

2 1 =2 0 =2 01—1.

b

A:(
8. JlaHbl MaTpHIIbL:

9. Hatitu:

:(2 1 —1) :(—2 1 o),
a)34+2B,ecnu \0 1 —4 -3 22

3 =2{13 4 2 =319 -6 4 31[-28 93 7 3],

6)5 —4/2 5. 514 —6/l6 —4].y17 5/i38  -126]l2 1)
6

58 -4(3 2 5 (50 2 3},

6 9 -5(4 -1 3 ;‘}5157

47 -39 6 s 4],
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3
1
| | 00 1
40 -2 3 1-1); |; { o1 -1
2 2 3
5 22311(1)’1—2)
%) 2] g3 3 4 mi3 4/
1 1)
K) 0 1 .
10. Haiftu 3naueHue Muorowiena f (A), eCIIu:
_[2 1
a)f (X)=3X"—4 e 0 3/,

e
, =
6) [(X)=X*—3X+1 rpe -1 3.

1 -2 3
A=[2 -4 1
B) [(X)=3X*=2X+5 e 3 -5 2

Bonpoch! kK NpakTHYeCKOMY 3aHAATHIO

Uto Takoe marpuiia?
Kaxkas marpuna Ha3bIBaeTCs €IUHUYHON?

JlaliTe MOHSATHE AUAaroHaJIbHON MaTPULIBL.

P bdh o=

Kak ompenensiercsi cioxeHue W BhIUMTAHHWE MaTpuIl? B Kakux ciaydasx BO3MOXHBI 3TH
omnepanuu’?

5. OnwummuTe anr OPHUTM IIPOU3BCIICHUA MAaTPHUIIL.
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IIpakTyeckoe 3ansaTHe Ne 2. Pemienue cucrem JMHEHHBIX YPABHEHUH
no npasuiy Kpamepa u I'aycca

(peanuzyercs B popMarte MpaKTUYECKON MOATOTOBKH)

Meton Kpamepa. (I'abpuens Kpamep (1704-1752) mBeliniapckuit MaTeMaTuK)

JIaHHBIM METOJ TAaKXKe IMPUMEHUM TOJIBKO B CIIy4ac CUCTEM JIMHEHHBIX YPaBHEHHM, 1€ YUCIIO
MIEPEMEHHBIX COBMAJaeT C YHUCIOM ypaBHeHMH. Kpome TOro, HeoOXOAMMO BBECTH OrpaHMYEHHUS Ha
kod(urmentsr cuctembl. Heo0xommMo, 4To0kI Bce ypaBHEHUST ObUTA IMHEWHO HE3aBUCHUMBI, T.€. HM OJTHO
ypaBHEHHE He ABISIIOCH Obl TMHEHHON KOMOMHALMEH OCTaIbHbIX.

Jlj1g 3TOr0 He00X0IMMO, YTOOBI ONPEAEINTENb MAaTPUIIBI CUCTEMBI HE paBHsuIcs 0.

detA# O;

JlelCTBUTENBHO, €CIIN KaKoe- JIN0O ypaBHEHUE CUCTEMBI €CTh JIMHEHHasi KOMOUHALNS OCTAIbHBIX, TO
€CIIU K 3JIEMEHTaM KaKOH- JINOO CTPOKU MPUOABUTh 3JIEMEHTHI IpYTroi, YMHOKEHHbIE Ha Kakoe- TU00 YHcIIo,
C IOMOIIIBIO IMHEHHBIX MTPE0Opa30BaHN MOKHO MOIYYUTh HYJIEBYIO CTPOKY. OnpeienuTeNb B 3TOM Cllydyae

OyJIleT paBeH HYIIIO.

Teopema. (IIpasmio Kpamepa):

TeopeMa.CucmeMa usn ypaeueuuﬁ C N Heu3eeCcmHviMu

U

68 cyuae, eciu Onpedenumenb Mampuybl CUCHEMbl He PABEH HYTIO, UMeen eOUHCIEEHHOe peuleHue U

9MO peuierue HaxoOUumcs no Qopmynam:

x; = A/A, 20e
A = detA, ad; — onpedenumens mampuysl, NOIY4AEMOU U3 MAMPUYLL CUCEMbL 3AMEHOU CMONOYA

icmonbyom c60000HbIX UneHO8 b,

Qg by ay,qp,
“121-“‘121'4 by Gyyye-0y,
A= anl "anifl bn ani+1'“ann

[Tpumep.
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a, a;, dg; b, aj ap a; by aj; a, 4a, b
ay 4, dy |b2 ay, Ay | “121 b, ay | |‘121 ay b, |
a, d,, da

A=\G T faf by a; ay c A= I3 by ay c A= Oy b, :

X1 = At/detA; X2 = Ay/detA; X3 = As/detA;

[Tpumep.HaliTu pemenne cucTeMsl ypaBHEHHMN:

5 -1 -1
12 3
A=4 3 1 C54_9)+(2-12)—(3-8)=-25-10+5=-30;
0 -1 -1
4 2 3

a=1603 2 (28 48)—42-32)=-20—10=-30.

X1:A1/A:1;
5 0 -1
114 3
A=4 160 2 5008 48)— (16— 56) =-100 + 40 = -60.
XzZAz/AZZ;
5 -1 0
12 14

A=4 3 16 503042+ (16 - 56) =-50 — 40 = -90.
X3=A3/A=3.
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Kak BUHO, PE3YJIbTAT COBIIAAACT C PE3YyJIbTATOM, IMOJTYYCHHBIM BLIIIC MATPUYHBIM MCETOOM.

Ecmm cuctema omHoposaHa, T.e. bi = 0, To mpu A#0 cuctemMa MMeeT €IWHCTBEHHOE HYJICBOE
pemeHue X; =X, = ... = X, = 0.
[Tpu A = 0 cuctema umeeT 6€CKOHEYHOE MHOKECTBO PEILICHHA.

I[J'I?I CaMOCTOATCIIBHOI'O PCIICHMAA:

; Omeem:x=0;y=0;z="-2.

Metoa I'aycca COCTOMT B CIENYIOLIEM: CUCTEMY YPaBHEHHH IPUBOJAT K SKBUBAJICHTHOU €U
CUCTEME C TPEYToJIbHOM MaTpuLiel. DTU JeHCTBUS Ha3bIBAOT MIPSIMBIM X0J10M. V3 oJTy4eHHO TpeyroibHOI
CHCTEMBbI IEPEMEHHBIE HaXOAT C TOMOIIBIO [TOCIIEI0BATEIbHBIX IOJJCTAHOBOK (OOpaTHBIN X0ON).

[Ipumep: Pemuts cuctemy u3 3 ypaBHeHuid Merogom ["aycca.

x—4y—2z=-3
3x+y+z=5
3x—5y—6z=-9

Meton lNaycca ocHOBaH Ha MNpPUBENEHUM CHCTEMBl YPaBHEHUH K TpPEyroJIbHOMY BHUAY. OTO
JOCTUTAETCA MOCIEA0BATEIbHBIM UCKIIOYEHUEM HEU3BECTHBIX U3 YPAaBHEHUN CUCTEMBI.
YMHOXUM NIepBOE ypaBHEHHUE Ha -3 ¥ MPUOABUM €ro KO BTOPOMY U TPETbeMY ypaBHEHUsIM. B

PE3yJabTaTe IOJIYYHUM CUCTEMY, B KOTOpOﬁ HCU3BCCTHOC X UCKIOYCHO U3 BTOPOTO U TPETHETO ypaBHeHHﬁ.

x—4y—2z=-3
13y+7z=14
7y=0
Teneps pa3aenuM BTopoe ypaBHEHHE Ha 13, 3aTeM YMHOXHUM €ro Ha -7 ¥ IpuOaBUM €ro K TPETbeMY

YpaBHEHHIO. B pe3ynpraTe mojiyuuM CUCTEMY YpaBHEHUH, B KOTOPOH HUCKIIIOYEHO U3 TPETHErO YpaBHEHUS

HEU3BECTHOE .

x—4y—2z=-3
7 14
+—z=—
13 13
—49 —98
—_—7=—
13 13

[IpuBeneHre UCXOQHOW CUCTEMBI YPAaBHEHUHN K TPEYrOJBHOMY BHJY HA3bIBACTCS INPSMBIM XOJO0M

Metona ["aycca. [lanee peanuszyem obpatHbIit X0 MeTona ["aycca.
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,_—98 (—49)_
13 |13
14 7
A P

Y=13 13270

X=—3+4-0+2-2=1

Takum obpazom, x=1,y=0,z=2.

Omnpenenenue. Ecou by, by, ....bm = 0, To cucrema Ha3bpIBa€TCSI OAHOPOAHOM. OJTHOPOJIHAS

CUCTCMa BCCraa COBMCCTHA, T.K. BCCrAa UMCCT HYJICBOC PCIHICHHUC.

DieMeHTapHbIe TPe0OPaA30OBAHNS CUCTEM.

K snemeHnTapHbIM IpeoOpa30BaHUSAM OTHOCSTCS:

1)I[TpuGaBienne Kk 00EMM YaCTSIM OJHOTO YPaBHEHHUS COOTBETCTBYIOIIMX YacTed Ipyroro,
YMHO>KEHHBIX Ha OJTHO M TO %€ YHCIIO, HE PABHOE HYJIIO.
2)IlepecTaHOBKa ypaBHEHUI MECTaMH.

3)Ynanenue u3 cUCTEMbI YPAaBHEHHM, SBIISIFOITUXCS TOXKIECTBAMU TSI BCEX X.
3ajaHus K NPAKTHYECKOMY 3aHATHIO

HccnenoBaTh COBMECTHOCTD CJICAYIOIIUX CUCTEM.

R

i
n)

A W el

itk

|

Pemnte cucremsl ypaBaeHwuit o popmynam Kpamepa:

, | e
whcba

a)‘ 0)



ure ux metonoM ['aycca.



S

19
00)

gl

i

0 ik

BOl'[pOCl)I K IPAKTHY€CKOMY 3aHATHIO

Yro Takoe cuctema JMHEHHBIX YPAaBHEHUN?

B kakux ciayyasx cuctema JUHEHHBIX YpaBHEHHI UMeeT penieHue?
CKOJIBKO pelIeHni UMEET CUCTEMA JINHENHBIX YPaBHEHUI?

B gem cyTh meTona Kpamepa?

B kakux ciayyasx cuctema JUHENHBIX YPaBHEHUM UMEET penieHue?

B kakux ciydasx cucremMa ypaBHEHHM MOKeT OBbIThb pelleHa M 4YTO
pemeHusaMu’?

Ha3bIBACTCsA €€
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IIpakTHyeckoe 3ansaTHe Ne 3. Onepanuu HaX BeKTOpaMu. Berunciaenue Moayis u
CKaJISIPHOT0 NPOM3BeeHUS BEKTOPOB.

(peanuzyercs B popMarte MpaKTUYECKON MOATOTOBKH)

Onpenesienne.BekTopoM Ha3bIBaeTCsl HANIPABICHHBIN OTPE30K (YHOpsIOYeHHAs Tapa Todek). K

BCKTOpaM OTHOCHUTCA TAKIKE U HyJ'[CBOﬁ BCKTOP, HAYAJIO U KOHE KOTOPOT'O COBIIAAAOT.

Onpepenenue./[1uHOI (MOAyJIeM) BEKTOPA Ha3bIBAETCS PACCTOSIHUE MEXKy HAYaJIOM M KOHILIOM

BEKTOpA.
- -
ABl=a

OHDeIleHeHI/Ie.BeKTOpLI Ha3BIBAOTCA KOJUVIMHECAPHBIMHU, €CJIM OHH PACIIOJIOKCHBI Ha O,Z[HOfI nim

napajuieTbHbIX MpsAMbIX. HyeBoil BEeKTOp KoJITMHEapeH JIF0OOMY BEKTOPY.

Onpenenenue.BekTopsl HA3bIBAIOTCS KOMIIJIAHAPHBIMH, €CJIH CYIIECTBYET IJIOCKOCTh, KOTOPO

OHU IIapaJJICIIbHBI.
KOHHI/IHeapHBIe BCKTOPBI BCCTAa KOMIUIAHAPHBI, HO HE BCC KOMIINIAHAPHBIC BCKTOPLI
KOJUIMHCAPHBI.

OHDC}]CJICHP[C.BGKTOPBI HA3bIBAIOTCA PaABHBIMHA, €CJIWM OHH KOJUJIMHECApPHbI, OAWHAKOBO

HaMpaBJIeHbl U UMEIOT OJIMHAKOBBIE MOIYJIH.
Bcesikne BEKTOpPBI MOXKHO MPUBECTH K 00IEMY Haydaily, T.e. HOCTPOUTh BEKTOPBI, COOTBETCTBEHHO
paBHbBIE TaHHBIM U MMerolUe obIiee Havano. M3 onpeneneHus: paBeHCTBAa BEKTOPOB CIEAYET, YTO JIFOOOH

BEKTOp UMeeT OECKOHEYHO MHOTO BEKTOPOB, PaBHBIX EMY.

Onpeueﬂeﬂne.ﬂuneﬁnban onepanuaAMM HaJI BEKTOpaMH Ha3bIBACTCA CJIOKEHUE U YMHOKCHHUE

Ha 49ucJIo.

CyMMO#i BEKTOPOB SIBIISIETCS BEKTOP - ¢c=a+b
- - -
b=a a; |b=a

Bexkrop 9 conarnpasieH ¢ Bektopom D (411D ) ecm o> 0.

i

[IpousBenenue - , ipu 3toM 4 konnuueapen D

Bexkrop 9 IIpOTHBOIOI0KHO HanpaBiIeH ¢ BekTopoMm P (411D ), ecim 0< 0.

CBoiicTBa BEKTOPOB.

1)d + b=Db +a . xoMMyTaTHBHOCTS.
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E+E):(5+B)+E

2)d +(
0

3)d+0=4d

4)@ +(-1)d@ =0

5) (o [3)a = oc([:’)a) — aCCOLIMaTUBHOCTh
6) (0L+B)a = od +Ba - TUCTPUOYTUBHOCTD
7)0((a 4-Z5)=0ca +ob

:a

Ql

8) 1-

OnpeneseHue.

1) Bba3ucom B mpocTpaHCTBE HA3BIBAIOTCSA JtOOble 3 HEKOMIUIAHAPHBIX BEKTOpA, B3ATHIE B
OIIpEAEIIEHHOM MOPSIKE.

2) ba3umcoM Ha TIOCKOCTH Ha3bIBAIOTCS JIOObIE 2 HEKOJUIMHEapHbIE BEKTOPHI, B3ATHIE B
OTpeIeIEHHOM MOPSIKE.

3)ba3ucom Ha npsiMoii Ha3bIBaeTCs J1I000I1 HEHYJIEBOH BEKTOP.

0 =0 +f

+ —
Onpenenenue.Eciu €068 _Gasucs IPOCTPAHCTBE U V€ ,TOYUCIa L, fuy

- Ha3BIBAIOTCS KOMIOHEHTAMM WJIH KOOpauHaTamMu BekTopa ¢ B 3TOM Oasuce.
B cBsi31 ¢ 3TUM MOKHO 3amucaTh CJIEIYIONNE CBOMCTBA:

- PpaBHBIC BEKTOPBI UMCHOT OANHAKOBBIC KOOPJAWHATHI,

- IIPpH YMHO>KCHHUHU BCKTOpa HA YHUCJIO €0 KOMIIOHCHTBI TOXKE YMHOXKAIOTCA HA 9TO YUCJIO,

Va=Aag+B &4y &)_(Aa)E +(18) &+ Ay) €,

- HPpH CIOKCHUU BEKTOPOB CKIIAJABIBAOTCA UX COOTBECTCTBYIOIINEC KOMIIOHCHTHI.
a=a,€,+a,¢,*ase;. b=p,e,+p,e,+p;e;,

G+ B- (0(1"'31)E1+(a2+52)€2+(a3+ﬁ3)€3_

JInHeiliHasg 3aBUCUMOCTEL BEKTOPOB.
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- —

a,...a .
Onpenenenne.Bexroper 1’7"’ "1 Ha3pIBAaIOTCA JIMHEHHO 3aBHCHMMBIMH, €CJIU CYLIECTBYET

a,a+a,a,+.. . +a,a =0

Takas JIMHeHHass KOMOWHAIUS , IpU HE PABHBIX HYJIO OJHOBPEMEHHO O , T.€.

2 2 2
ajtayt. a0

0, a,+aydyt.. . +a,d,=0

Ecnu ke Tonpko npu o; = 0 BeITTONTHSACTCS , TO BEKTOPLI HA3BIBAIOTCA

JINHEMHO HE3aBUCHUMBIMHU.

—_

. a. . .
CBoiictBo 1.FEcnu cpenu BEKTOpOB | ecTb HYJIEBOM BEKTOp, TO 3TH BEKTOPHI JIMHEIHO

3aBHCHMBI.

CaoiicTBo 2. Eciiu x cucteme IMHEHHO 3aBUCUMBIX BCKTOPOB ,Z[O63.BI/ITL OJWH HJIN HECKOJBKO

BEKTOPOB, TO MOJYYCHHAsl CCTEMa TOKEe Oy/IeT IMHEHHO 3aBHCHUMA.

CaoiicTBo _3.CuicTeMa BEKTOPOB JMHEMHO 3aBHCHMa TOrJa M TOJIBKO TOTJa, KOTrJAa OAWH W3

BCKTOPOB paCKJIaibIBACTCA B HHHeﬁHym KOM6I/IHaLII/II-O OCTAJIbHBIX BECKTOPOB.

CBoiicTBO 4. JIto0ble 2 KOJUIMHEApHBIX BEKTOpa JIMHEHHO 3aBUCHUMBI M, HAa00OPOT, Jt0ObIE 2

JIMHEMHO 3aBUCHUMBIC BCKTOPbI KOJUIMHEAPHBI.

CBoiicTBO 5. JIto0Obie 3 KOMIUTAaHAPHBIX BEKTOpa JTUHEHHO 3aBUCHUMBI U, HA00OPOT, JIOOBIC 3

JIMHEHHO 3aBUCHUMBIC BCKTOPbI KOMIIJIAHAPHBI.

CBoiicTBO 6. JI100bIe 4 BeKTOpA JIMHEHHO 3aBUCUMBI.

CucremMa KOOpJIHUHAT.

JUist ompeneneHus IOJOKEHUs IPOU3BOJBHOM TOYKM MOTYT MCIOJB30BAThCS Pa3jM4HbIC
cucteMmbl koopauHat. [lonokeHne Npou3BONBHONM TOYKM B KAaKOW- JIMOO CHUCTEME KOOPAMHAT JIOJKHO
OJTHO3HA4YHO onpeaensaTbes. [loHsaTHe cucTeMbl KOOpAMHAT IMPEJICTABIsAET COOOH COBOKYIHOCTh TOUKHU
Hayaja orcyera (Havaja KOOpAMHAT) U HEKOTOporo 6asuca. Kak Ha IIOCKOCTH, TaKk U B MPOCTPAHCTBE

BO3MOJKHO 33JJaHHE CaMbIX Pa3sHOOOPA3HBIX CUCTEM KOOpAWHAT. BBIOOp CHCTEMBI KOOpAMHAT 3aBHUCHUT OT
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XapaKkTepa MIOCTaBJICHHOU FCOMeTqueCKOﬁ, (1)1/13qu01<0171 WIM TEXHHUYECKOM 3aJauu. PaCCMOTpI/IM

HCKOTOPELIC HanboJIee YacTo MNPUMCHACMBIC Ha IPAKTUKE CUCTECMBI KOOPAHUHAT.

JlekapToBa CHCTEMA KOOPAUHAT.

3adukcupyem B mpocTpaHcTBE TOYKY O U pacCMOTPUM MPOU3BOIBHYIO TOUKY M.
OM

TO TOYKe M MOKHO COMOCTaBUTh HEKOTOPYIO TPOMKY YHCEN — KOMIIOHEHTHI €€ painyc- BEKTOpa.

Bexkrop Ha30BeM pajuyc- BekTopoM Touku M. Eciu B mpocTpaHcTBe 3aaTh HEKOTOPBIN Oa3uc,

Onpenenenue./lekapToBoii cHCTEeMOI KOOPAMHAT B IIPOCTPAHCTBE HA3bIBAETCSI COBOKYITHOCTD

ToukH ¥ 0a3uca. Touka Ha3bIBACTCS HAYAJIOM KOOpPAMHAT. [IpsMbie, mpoxoasiue Yepe3 Hadyano KOOpIuHAT
Ha3bIBAIOTCS OCSIMU KOOPAUHAT.
1-s1 ocb — oCch adcIuce
2-51 OCb — OCb OPAHHAT
3-4 0Ch — OCh AIJIMKAT
UToOBbl HANTH KOMITOHEHTHI BEKTOPA HY)KHO W3 KOOPAMHAT €ro KOHIIA BBIUECTh KOOPJAMHATHI

HayaJjia.

Ecnu 3ananbl Toukk A(X1, y1, 1), B(X2, y2, 22), To AB= (x2— X1, y2 — y1, 22 — 71).

Onpenenenue. baszuc Ha3plBacTCs OPTOHOPMHMPOBAHHBIM, €CIM €r0 BEKTOPHI IIONAPHO

OpTOroHaJIbHbI U paBHBI €IUHHUIIC.

Onpenenenue.JlekapToBa cucteMa KOOpAMHAT, 0a3uc KOTOPOH OPTOHOPMHUPOBAH HAa3bIBAeTCS

JAEeKapTOBOW MPSIMOYI0JILHOM CHCTEMOI KOOPAMHAT.

[Ipumep. Jlanbt BeKTOpBIa(l; 2; 3), b (-1; 0; 3), 5(2; 1; —l)I/Id (3; 2; 2) B HEKOTOpPOM Oasuce.

-
Toxka3aTk, uto BekTopsl 4,2 u Cobpasyror 6asuc 1 HaliTH KOOPAUHATHI BEKTOpa d B 3TOM 0Oasuce.
BexTtopsl 00pa3syror 0a3uc, eciu OHM JIMHEWHO HE3aBHCHMBI, APYTMMHU CJIOBaMH, €Cld

YPAaBHEHUS, BXOJSIINAE B CHCTEMY:
‘ | ‘ [N

b e

JIMHEMHO HE3aBHUCUMBI.
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Torma d:aa+[3b+y?:_

910 YCJIOBUC BBIIIOJHACTCA, CCIIM ONPCACIUTCIIb MATPULIbI CUCTCMBI OTJIMYCH OT HYJIA.

1 -1 2
2 0 1]#0
3 3 -1

20 1\=|o L2 1‘+2‘§ g\:_3+(-2—3)+12=4¢0

Jlis pelieHus 3TOM CUCTEMBI BocIosib3yeMcsl MeToioM Kpamepa.

d b ¢ 3 -1 2

d, b, o= 0 11=30 TRP T Y=s(-3)+(-2-2)412=-1.
) 3 . 3 -l2-1723
Alz d3 b3 C3
azi:—1/4
4 ;
a d ¢ 13 2
la, d, cl=l2 2 1|=(-2-2)-3(-2-3)+2(4-6)=—4+15-4=7;
2 -1

A= T3 dy G 3

y bpodpo1 -1 03
la, b, dJ=]2 0 2|=—6+(4-6)+18=10;
a, b3 d3 3 3 2

A3=

A
3=5/2;

Y=4

Ql

Htoro, koopauHATHI BEKTOpa d B Gasuce d ,E , c. {-1/4,7/4,5/2}.
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ﬂJ’lI/IHa BCKTOpa B KOOpAHHATAX OIPEACIICTCA KaK paCCTOAHUE MCEXKIAY TOYKaMKU Haydalla U

KOHIIa BekTopa. Ecnu 3amaHbl 1Be TOYKM B mpoctpaHcTBe A(Xi, yi, Zi1), B(X2, Y2, 72), TO

‘ZE‘:\/(Xz_X1)2+(Y2_Y1)2+(Zz_21)2_

Ecnu Touka M(X, y, z) AequT oTpe3ok AB B cooTHOomennn A/Y, cautas oT A, TO KOOPIAUHATHI

9TOU TOYKH OIPENEISIOTCS KaK:

ux1+)\x2. y:yy1+)\y2. Z:/,lzl+)\z2
p+A p+A o p+A

B gacTtHOM CIy4ac€ KOOpAWHATEI CEPEAUHDBI OTPE3KA HAXOIATCA KaK:

x= (X1t X2)/2; y =(y1 tY2)/2; z=(z1+ 2,)/2.

JInHelHBIE ollepallMy HaJl BEKTOpaMH B KOOpJAWHATAX.

HyCTb 3a/laHbl BEKTOPLI B l'[pﬂMoyl"O.]'Il)HOﬁ CUCTEME KOOpAUHAT

-

X Z.], X Z o
a( aYa A)’ b( B>JB B)’ TOTJ1a TUHEHHBIC ONepaIuy HaJ HUIMH B KOOPJIMHATAX UMEIOT BH/I:
A+b=C(x, +Xg; Y+ Y5 2,+25); a-a=(ax,;ay,;0az,)

CxanspHoe MPOU3BEACHUE BEKTOPOB.

Onpenenenne.CkanspubIM npousBenennemM Bektopos 4 ub maspiBaercs umcno, pasHOe

MMPOU3BCACHUIO JJIMH 3TUX CTOPOH HAa KOCUHYC yTJjia MCXKIY HUMHU.

a.B:|a||E|COScp

CBoiicTBa CKaJIIPHOTO NTPOU3BEACHHUS:

o
o
Il

Y

1)
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2) a.b =0, ecnn @ 1B yml=0 wm B =0
3) d.b -b .a,

4) 5.(B+C):5 bia.C.

5) (md)-B =d.mb)=m(@ - b ); m=const

-
.

Ecnu paccmarpuBath BEKTOPHI a(xa,y arZa )’ b ( Xps Vb Zb)B JIEKapTOBOM MPSMOYTOJILHOM CUCTEME

KOOPJHMHAT, TO

—_

a-B =x,xt yoys + zazs

Hcnonb3ys moiyueHHbIE pPaBEeHCTBA, MoJydyaeM GopMyITy JUIsl BBIYMCICHUS YTJIa MEX1y BEKTOpaMHu:

B Xaxb+yayb+zazb

0S = —
jal-|bl

Mpuvep. Haiirn (50 + 35 )28 - B ), ecrn |a|=2, |b|=3, alb.
-2 oLR_ _
i3s3 Bagi B 3B B - olil ~3[=40-=13

o da=fd=4, bb=lb[=9, db=0

[Ipumep.Haitu yrosn Mexay BEKTOpamMu ay b , €CIIN a=i+2 J +3k ’
b=6i+4j-2k
Te.d=(1,2,3), DB=(64,-2)

—_

Q. b-6+8-6=8:
@]=V1+4+9=114; |b|=V36+16+4=1/56

8 ___ 8 -4_2. <75—a1rccosg
cosp— V14756 2414414 14 7’ 7
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—_

[Ipumep.Halitn  ckanmsgpHoe  TpoU3BEACHUE (3a - 25).(55 - 6b), ecm

ld|=4, |b|=6, db=n/3.

e e G —28|a]|B|cos E+12|BP=15-16—28-4-6-1+
15a.a.18a .b_.10a.-b +12b .b =15 3 2

+12-36 =240 —-336 +432 =672 - 336 =336.
IIpumep.Haiitu yrosn Mexxy BEKTopamu aﬂg,ecnna:3i+4j +5k )

b=47+5]-3k

Te.G=(3,4,5, D=(4,5,-3)

Q.B=12+20-15=17:

3/=9+16+25=4/50; |b|=116+25+9=1/50

17—_2' —arccosg
cosq = V50150 50 50 °

-

[Mpumep.IIpu kakOM M BEKTOPHI a=mi+] I/Ib:3 i-3 J —4k TIePIICHAUKY IS PHBIL

a: (m’ 1’ 0)5 E = (3a -3) -4)

d-b=3m-3=0; =m=1

[pumep.HaiiTn cKanspHOe MPOM3BEIEHUE BEKTOPOB 2a+3b+4C ,sa+eb+7e , €CIIH

lal=1, |b|=2, |¢|=3, agzag:gg:%.

(2a+3b+4c)(55+6i5+76) =
10 {G-G+12 {di-b+14 {dL-¢+15 {GL-b+18 {bi-b+21 {biL-C+i,

+20 {C-3+24 {bL-¢+28 {C1¢=10¢

3agaHue K NPAKTHYeCKOMY 3aHSTHIO
3amanue 1: KosmneapHsl u BeKTOpbl €11 €2 , pas3ioxkKeHHbIE 110 BekTopam du b ?

3ananue 2: [lepreHauKyasspHbl i1 BEKTOpsI ¢ u b ?
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3aganue 3: KoMIiaHapHbI 11 BEKTOPBI a,b,c ?

(04

3ananue 4: Ipu kaxom 3Hauennn ¢ pextopel 48 u AC nepnenauxynspHb?

a =|1;42:3] b =| - 3,0;- 1l ,c, =2a - 4b,c, =3a +b.

a =|-2;3;+1,b = L+1;- 3. =/ 1;- 91

a =1;3-1,b ={3%-2;3].

3aganue S: /laHbl KOOPAVHATHI BEPLINH MTUPAMUIbI ABCD  Bgrucnnts:
1) o6bemM nupamMuibl;

2) muHy pedpa AB ;

3) mwiomane rpann A8 C,

A) Aler;-2:3), B(0;- 1;2),C (3;- 4:5).

B) AC-1:2:1),B(- 1:3:-4).c(0:1;- 2).

A= 1:1),B(- 1;2:-4),c(2:0:-6), D (- 2:5:1).
C)

Bonpochl kK NpakTHYeCKOMY 3aHATHIO
1.YTo Takoe BekTOp?
2. B yeM oTimyue BEKTOpa OT CKaJIAPHON BEJIMYUHBI?
3. Kak HaliTu IpOeKUUU BEKTOP HA KOOPAUHATHBIE OCHU?
4. Kak HaiiTu JyinHy BekTopa?
5. Kak HaiiTu ckaisipHoe npousBeaeHue?
6. Kak onpenenuts nepneHIuKyIsIpHOCTh U ApaJuIeIbHOCTh BEKTOPOB B IIPOCTPAHCTBE?

7. Kakne BCKTOPBI HA3BBIBAKOT KOJ'IJ'II/IHeapHI:IMI/I?
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IIpakTnyeckoe 3ansaTue Ne 4. BeruuciieHue npeaesios ¢ NOMOIIBIO 3aMeYaTeJbHbIX NPeaesIoB,
pPacKpbITHE Heonpe1eJJeHHOCTH

(peanuzyercs B popMarte MpaKTUYECKON MOATOTOBKH)

IIpenes (yHKIMY B TOUKE.

y f(x)
R
A+e I !
Vo
A C
1 1
1 1
A-¢ Vo
1 1
o Abal 1A
U , d = [Ada T XA
[Tyctes dhynkmus f(X) onpeneneya B HEKOTOPOH OKPECTHOCTH TOYKHU X = a (T.€. B CaMOM TOYKE X = a
(GyHKIMSA MOXET OBITh M HE ONpe/ieIiCHR)

Onpenenenue.Yucio A HaspiBaeTcs mpeaeaom Qpyskiun f(x) npu x—a, ecau aus arodoro >0

CyIIECTBYET Takoe Yucyio A>0, 4To I BCeX X TaKUX, UYTO

O<|x—a|<A

BEPHO HEPABEHCTBO [ f(x) - Al<e.

To >xe onpenenieHne MOXKET OBITh 3aITMCAaHO B APYTOM BHJIC:

Ecnu a - A<x<a + A, x#a, TO BepHO HepaBeHCTBO A - e<f(x) <A + &.

limf(x)=A
3anuck npenena GyHKIMA B TOUKE: x>a
lim f(x)=A,
Omnpenenenue.Ecimu f(x) —Ampu X — a TOJbKO IpH X<a, TO x2a—0 - Ha3bIBACTCS

npeaeaom ¢yukiuu f(x) B Touke X = a cjaeBa, a eciauf(x) —A.mpu X — a TOIBKO MpH X>a, TO

lim f(x)=A,
X2 a+0 Ha3bIBaeTCsA nmpegeaoM GpyHkuuu f(x) B Touke X = a cnpasa.
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A,
Ay

/

[TpuBeneHHOE BBIIIE ONpeNeIeHne OTHOCUTCS K cilydaro, korja ¢yHkius f(x) He onpeneneHa B

CaMOM TOYKE X = a, HO OIIPEIe]IEHa B HEKOTOPOU CKOJIb YTOAHO MAJIOM OKPECTHOCTU ATOU TOYKHU.

IIpenenst A; u A, Ha3bIBAIOTCSA TaKKE OTHOCTOPOHHUMH mpenesamMu ¢yHkiuu f(x) B Touke X = a.

Taxoke ToBOpsT, 4TO A — KOHeYHbIH npeaea GyHkun f(x).

HDGI{GJ’I d)VHKIII/II/I OpHu CTPEMJICHHUH apI'YMEHTA K OCCKOHEUHOCTH.

Onpenenenue.Yucio A Ha3biBaeTCs npeaesoM QyHKIuH f(X) mpu Xx—oo, eciu i JI000ro yrcia

€>0 cymiecTByeT Takoe uncio M>0, yTo 1715 BCex X, | x |>MBermonusiercs HEPaBEHCTBO
U
ITpu 3TOM npenmnonaraercs, 4ro GyHkus f(X) onpeneneHa B OKPeCTHOCTH OECKOHEYHOCTH.
:
1
1
1
1
1
1
I
1
1
1
1
1
1
1
I
1
1
1
1
1
1
1
I
1

limf(x)=A.
3ammceIBAIOT; X ®

['paduaecku MOKHO TIPEICTABUTH:

y y

A A

0 0
X X

y y
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X
¥

lim f(x)=A
AHaNOrMYHO MOYXHO ONPEACIIUTD MPEAEIBI X >+ JU1st J1I060ro x>Mu

lim f(x)=A
X>—o0 VTS JIF000r0 X<M.

OCHOBHBIE TEOPEMBI O IIPEJICNIax.

IimC=C
Teopemal.x>a , Tiae C = const.

Crenyromye TEOpEeMbI CIIPAaBEUIMBBI MIPH TPEANONoKeHuH, 4To pyHkmmu f(X) u g(x) umeroT

KOHCUYHBIC IPCACIIBI IIPHU X—a.

lim(f(x)*xg(x))=limf(x)*limg(x)
Teopema2.x~a x>a x>a

Z[OKaSaTeIIBCTBO 3TOU TCOPCMBI 6y,[[eT MMPUBCACHO HUXKC.
lim[f(x)-g(x)]=lim f(x)limg(x)
Teopema 3.x>a x>a x>a
limC-f(x)=C-limf(x)

CaencrBue.x>a x>a
lim f ( x
i L) 28
xsag(x) limg(x) limg(x)#0
Teopema 4. xa MpH x>a
limf(x)=A
Teopema S.Ecau f(x)>0 6bausu mouku x = a u x>a , mo A>0.

AHanornyHo omnpezensiercs 3Hak npeaena npuf(x) <0, f(x) = 0, f(x) < 0.

limg(x)=limu(x)=A
Teopema 6.Eciu g(x) =<f(x) <u(x) 6061u3u mouxu x = a u x>a x>a , Mo u

lim=A

x=>a

Onpenenenue.dyuxius f(X) Ha3pIBaeTCs OrpaHMYEHHOM BOJIM3U TOUKH X = a, €CJIU CYILIECTBYET

Takoe yncio M>0, uto | f(x) | <MBGIHM3H TOUKH X = a.
Teopema 7.Ecau ¢pynkyus f(x) umeem xoneunswiti npeoen npu x—a, mo OHa 02PaHuyeHa 601u3u

mo4KUu X = a.

JdokazatenbcTBo.llycTh }(1_{2 flx)=A , T.C. ‘f(X)—A‘Q?, TOrIa
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Flx)=If(x)-A+Al<]f(x) - Al+{A]
flxll<e+/A]
flx)l<m

nin

’rneM=s+|A|

HexoTopbie 3aMeuaTebHble Mpeaeibl.

P(x)

lim
xon Q(x) , TeP(x) = apx" + a;x™! +...+a,,

Q(x) = bex™ + biXm-1 *...Tbm - MHOTOUJICHBI.

a a

x"(ag+—+...+—2) a+y I
P(x) 00 x T oxm _ e 00 x T oxm
B b b b
Q(x) X"(by+—+....+—2) byt —+...+—2
X Xm X xm
al an
Ag+—+...+—
lim X X" _ 9o
x>0 b, b, b,
by+—+...+—
X xm
' P(X) ! '[aﬂ v
Im—==0{, mu n<mi =, I n=mii
1 ( ) .b[]
Hroro:
IlepBblii 3aMeuaTeIbHBLIN NTPeaeI. sin x
lim——=1
x=>0 X
. 1\
lim|{1+—| =e
Bropoii 3amedaTeJbHBIH npexeg.x > ® X

YacTo eciu HEMOCPEACTBEHHOE HAXOXKICHUE TIpeIesia Kako — TU00 (DYHKIIMH MPECTaBISETCS

CIIOXKHBIM, TO MOXKHO ITyTeM HpeoOpa3oBaHMs (YHKIMU CBECTH 3a7ady K HAXOXKICHUIO 3aMeuaTelIbHBIX
TpeJIeIIOoB.

KpOMe TPEX, U3JIOKCHHBIX BBIIIC, MTPCACIIOB MOKHO 3allMCaTh CICAYIOMHNEC IMMOJIC3HBIC Ha IMTPAKTUKEC
COOTHOIICHHA:
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. In(1+x . a*—1 o (1+x)"—1
hmM:L' lim & =Ina; llmL:m
x>0 X x>0 X x>0 X
[Ipumep.Havitu npenen.
lim 9™ MX -1

x>0SINNX x50 NX N

IIpumep.Hantu npenen.

gx—tgx, _,. sin(x—x,) sin(x—x,) . 1 1

lim =lim $lim 1 =1- =

x3x, XX xox, (X=X, )COSXCOSXy  xx

2 2
o XXy x»x, COS X COS X, COs" X, COS" X,

[Ipumep.Havitu npenen.

—lsin(n/4—x)
lim sinx—cosx:lim V2 ~ im —SiD(H/4 X) 1
xsn/a T—4X x>nl4 n—4x xania 242(m/ ) 242
[Tpumep.Havitu npenen.
. sX os|ml2-y] . sy 1
lim —=—={ y=n/2-x{, w=nf2-y o[ =lim———" -y Sy
i T-2X y30 ZY S

[Tpumep.Haiitu npenen.

X+3 _ 3 , ‘ yH4 J 4
i3] [ 1144 ={ y=x-1{ xdoii||=lm M) =lim| 1+=| -lim | 14— | =
ol X— 1 PEY X—l Y y JRL y Yo _y

47 7|4
Z:X =lim 1+l =|lim 1+l =¢*

790 // 770 //

. x*—6x+8
lim——

2
Ipumep.Haiitn npenen ¥*2 X" —8x+12
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I[J'IH HAaXOKACHUA 3TOI0 MPEACiia Pa3JIOKUM HAa MHOKHUTCIIN YUCIIUTCIIb U 3HAMCHATCIIb JIaHHOM

poou.

x> —6x+8=0; x> —-8x+12=0;

D=36-32=4; D=64-48=16;

X =(6+2)2=4, X1 =(8+4)/2=06;

xX=(6-2)2=2; x2=(8-4)2=2;
. \x=2){x=-4) .. x—-4 2 1
hrn—( I >:11rn—x =—==

TornaX'>2(X_2>(X_6) x»2X—6 4 2

[Ipumep.Havitu npenen.

. \/1+x+x2—\/1—x+x2

lim 5

x>0 X —X JIOMHOXHUM YUCIIATEID u 3HaMEHATENb npoou Ha

. T+x+x*—1+x—x* T 2x
lim =lim

COTpsIKEHHOeBbIpaXKeHne: * 0 X(x—l)(\/1+x+x2+\/1—x+x2) x>0 x(x—l)(\/1+x+x2+\/1—x+x2)

2
_—1-(1+1)
[Tpumep.Havitu nipenen.

2 — — —
hmﬂ:{xz—ww:(x—2)(x—3)}:hm(X 2)(x=3)_3-2_1
3 x°—9 3 (x=3)(x+3) 3+3 6

x>—6x*+11x—6

Ipumep.Haiitu npenen }‘I'I’ri x*=3x+2
Pa3j10:kMM YMCIIMTENh U 3HAMEHATEh HA MHOKHTEIIH.
X=-3x+2=x-1x-2)
X —6x’ +11x—6=(x—-1)(x—2)(x—3), T.K.

xX—6x2+11x-6 x-|1
X—xx*-5x+6

-5SXPFIIx

- 5x* 4+ 5x
6x - 6

6x - 6
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x*=5x+6=(x—-2)(x-3)
(x=1)(x=2)(x-3)

-1x-2)

lim
Torma X1

[Ipumep.Havitu npenen.

251n20+2hc05&—251n(a+h)
lim sin(a+2h)—2sin(a+h)+sina _ i 2 2 lim 2sin(a+h)(cosh—1) _
h->oh2 h—)0h2 h—)()h2
— in2
(2limsin(a+h)-lim 2sm—(h/2)
h>0 h—>o4(h/2)

=2sina-(—1/2)=—sina

X°=2x*—4x+8 T (X2_4)(X_2) _ X+2
lim =lim 3 =lim
23X =16x°424x =16 w2 (x=2(3x42) x2(x=2)(3x+2) HE ONpeleNeH, T.K. MpH

CTPCMIJICHHHU X K 2 UMECIOT MECTO Pa3IMIHBIC OJHOCTOPOHHHUEC IPCACIIbI -0 U +00.

3agaHus K NIPAKTHYECKOMY 3aHATHIO

e 3-7x*+5x> 3x +1 e x*+10x+21
! hm 242x—x> lim x*+x llm x*+8x+15
La) X 5 0) x»x ; B) x?-3 ;
mn — X
. 1/9 _2 .
hmﬁ lim—" hm x+3
F) x>—5 ;II) x=0 ; e) ;
. 2%
llm(\/4x2—x—2x) llm(Z_X)l_x
}K) x>0 ; 3) x=1
. 4x3—2x+1 . o3x%+4 2x2—7x—4
5 11m2x3+3x2—2_ lim 3x%+x hmzx *—13x+20
.a) X0 ; 6) x> ; ) ;
2,4 \X
: X“+3 |5
llm — \/x+11 hml cos3x llm XZ_ 2
F) x>-2 ) 5 C) X3 o >
. 4x
1AM (xawZra ) lim (3x-s5)2
K)  x>oo : 3) x2
e 4x°—3x°+8 2x*+X 3x2—4x+1
im{per limesSo msty

3.a) x? ; 0) x?x ;  B) x»1 ;



Vx+1-2 « _1-—cosx (X+5
lim7=  limie lim
r) x=3 ; )1) x=20 ; e) X 5
lim (o) lim (sx-2"
)K) oo 3) x>1
o l+dx—x' L e f iy X 3x+2
4. a) l}glm 0) 1}}}]6 o ; B) 11512X2_5X+2'
. 2—x 1—cosx x+3 )
llmm hml cos3x hm(
r) x4 ; m) x20 ; e) x> :
. 3x
lim (vx—vx=2) Lim 2,1
)K) oo ; 3) x21
. 3xioaxo7 ) 8247 . 2x*+x—10
5.0 1}_]30] 9x*+3x+5 ; 6) 1}}:{1 2X2+x; ) 1}51 xP—x—2 :
2-J/5—x ¢+~ 1—cosdx 1 X+2 '
llm 3—8+x hm 2xtg3x llm(x_3
r) a1 : ) 20 ; e) x> .
. 1
Lim (Va2+5x—x) hm(?)—Zx)l_X
)K) s ; 3) x=1
lim 2522 lim tog,| - Kfi hm%
6.a) xov THX X, 6) xsu . B) X°+5x+ ’
2x+1
V2x+3-3 + ~Cc0s3x—1 (
lim- === L lim=7 lim|*;
) x23 m) x20 ; e) X7« ;
llm(Sx—m) lim -
)K) X oo 3) X2
7x'—4x*+3 316X +x f i X -x=2
llm—+1 lim 2 x+2x° hm3x 2_4x+1
7.a) xoe > 0) x>« ;B) x> >
. Vx+1-2 .« COSX—COS°X 1 x*+2 "
)111‘? Vx—2-1 )IIIP xsin2x )llm X*+1
r x> ; m) x> ; €) x?» ;

IIIII x+Vx —4X)

)K) x>0 5
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3x

hrn —3-2x)*2

3) x=>-2



. 4+5x*°—3x°
lim P e——

8. a) x>0 :

. 5—v22—x
lim =75

1“) x=>-3

1im(\/x2+x—x)

)K) X => o ’
. x—2x>—5x*
hm—MX =
9_a) X0
x2 7

>K) x> s

. 3x+14x

10. a) 1}}? 1+2x+7x
—vx—3

lim -2
r) x4 ;

3 3x
hm(Zx—S)X_z

)K) X2 ;

. 3—7x*+5x°
11.a)1}£fl 242x=x"
VI+x—2

lim 7= .
x>-5 )1)
lim(x—\/2x2—4x)

e 4x>-2x+1
12.2) hgl 2x°+3x°—2

—vVx+11
lim= ’;

x>-2
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x*+7
llm arcsin| 5 2 _ hm M
2x°— 2x*+13x+20
6) X=> 0 ,B) ;
. P x+2 |°
llm COS X X2cos X llm(
I[) x>0 ; e) X0 ;
. 3
llm(G—Sx)l_X
3) x21
lim 8X3 ;2X_+53 llm M
x>—7x+3
6) X ; B) x=3 ;
1 X+2
im X3 hHlX
11IIlcosx—cos?’x X+3
x) x20 ; e) ;
o 2x
11II](2x—7)X‘4
3) x4
x° x?—25
11Hl10g21 2% lim X +8x+15
6) X=> o0 ; B) X=>—5
. : . x |
llm x512n2x llm (T3
tg°3x X
I[) x20 ; e) X0 ;
)lim(x—Vx2—4x)
3) xow .
2
3x +1 . x“+10x+21
M hm— ;
. sin® > 1 X . 3x
lim 1m X+3 11II](2x—3)’“2
x>0 ; 6) x> ; )I() x32 :
L 63X+ f iy 2X=Tx=4
6)12? 3x%+x B)llgl2x2—13x+20' 0

7
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S
2

x*+3
2_

lim =5 lim|*=

H) x=0 ; e) X0 X

Bonpoch! kK NpaKTHYEeCKOMY 3aHATHIO
1. Yto Takoe mpeaen GyHKIUU?
2. Kakas QyHKIUs Ha3bIBaeTCS OTPaHUYEHHON?
3. TlepeuncnuTe OCHOBHBIE CBOMCTBA MPENEIIOB.
4. Kak HaliTu npeen npocTemux QyHKmii?
5. Kak n1MKBUIMPOBATH HEOMPEIETCHHOCTH 00/00 MPU HAXOKICHUH Mpeena?

6. Kak mukBuaupoBaTh HeonpeaeneHHocTh 0/0 pu HaX0XKICHUH Mpesena?
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IIpakTyeckoe 3ansaTHe NeS. BerunciieHne 0AHOCTOPOHHMX NPeaeJIoB, KIacCH(PuKanus
TO4YeK pa3phiBa.

(peanuzyercs B popMarte MpaKTUYECKON MOATOTOBKH)

HenpepblBHOCTH (bVHKHI/II/I B TOYKC.

Onpenenenue. @ynkius f(x), onpeneneHHas B OKPECTHOCTH HEKOTOPOH TOUKH Xo, Ha3bIBACTCA

HeNnpepbIBHOI B TOYKE X, €CIIU Npeaea GYHKIMH U €€ 3HaYeHHUE B ATON TOYKE PaBHBI, T.€.

lim £ (x)=f (x,)

0

lim f(x)=f(lim x)
Tot xe pakT MOXKHO 3amucaTh HHAUE: X~ o X2 xg

Omnpenenenue.Ecmun ¢ynknus f(x) ompeneneHa B HEKOTOPOM OKPECTHOCTH TOYKH Xo, HO HE

SBJISIETCS] HETIPEPHIBHOM B CaMOIi TOUKE Xo, TO OHA HAa3bIBAETCS Pa3pbIBHOM (YHKIIMEH, a TOUKA Xo — TOUKOI

paspbiBa.
[Tpumep HenpepbIBHON (PYHKLIUU: y
f(X0)+8
fixo) /
f(x0)-€ ‘

0 Xo-AXoXo+AX

[Tpumep pa3pbIBHOHN (PyHKITHH:

y
f(x0)t+e
f(xo0)
f(x0)-¢

Xo.

/

1
Onpenenenune. Oynkuus f(x) Hpﬁé IETCS HENPEpPBhIBHOM B TOUYKE Xo, €CIM JUIS JII0OOTO
1

MOJIOKUTETBHOTO Yrciia €>( cymecTByeT Takoe unciio A>0, 9To 11 TH00BIX X, yIOBIETBOPSIONINX YCIOBUIO

|x—x,/<A
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F(x)=flxo)l<e.

BEPHO HCPABCHCTBO

Onpenenenune. Pynxius f(x) Ha3piBaeTCsd HeNMpPepPbIBHOM B TOUKE X = Xo, €CJIM MpHUpAIICHNE

(GYHKIIUHU B TOUKE X SABJIAETCS OECKOHEYHO Majol BETMUYNHOM.

f(x) = f(x0) + aUx)
rjae o(x) — 0ECKOHEYHO MaJias IMPU X—Xo.

CBONCTBa HENPEPHIBHBIX (DYHKITHIA.

1) Cymma, pa3HOCTb W TPOM3BEAECHUE HEMPEPBIBHBIX B TOUKE Xo (QyHKUIUH — ecTb (yHKIMS,

HEIpepbIBHAS B TOUKE Xo.

f(x)

2) YacTHoe 1ByX HempepbiBHbIX (ynkimii I (X ) — €CTb HenpepbiBHAsA (QYHKIUS MPU YCIOBUHU, UTO

g(X) He paBHA HYJIIO B TOUKE X.
3) Cynepno3unysi HenpepbIBHBIX (PYHKINI — €CTh HEMIpepbIBHAS (PYHKIIUS.
DTO CBOMCTBO MOXKET OBITh 3aITMCAHO CIICTYIOITUM 00pa3oM:
Ecmm u = {(x), v = g(x) — HenpepbIBHBIE (PYHKIIUU B TOUKE X = X, TO QyHKIMA v = g(f(X)) — TOXKE
HenpepbIBHAsIQYHKIUSA B 3TOU TOUKE.
CrnpaBe/UIMBOCTh MPUBEACHHBIX BBIIIE CBOMCTB MOKHO JIETKO JIOKa3aTh, HCIOIb3YsI TEOPEMBI O
npezenax.

HenpepbIBHOCTh HEKOTOPBIX 3IEMEHTAPHBIX d)VHKHPIfI.

1) ®ynkmus f(x) = C, C = const — HenpepbIBHAA (YHKIHS HA BCeW 00IaCTH ONpeACTICHHUS. 2)

1

n n—
apX"+a, x""+...+a,

f(x)=
byx"+b, x" '+, +b .
m HENpepbIBHA IS BCEX 3HAYCHUH X, KpPOME TeX,

PanmonanbHas (yHKIMS
IIPU KOTOPBIX 3HAMEHATEJb 0OpalaeTcs B Hojlb. TakuM 00pa3oM, (yHKIIMS 3TOTO BHJIAa HEMPEPhIBHA HA BCeH
00J1acTH ompeIeICHUsI.
3) Tpuronomerpuueckue GpyHKIUHN SINU COSHENPEPHIBHBI HA CBOEH 001aCTH ONpeeIeHHs.
JlokaxkeMm cBOMCTBO 3 115t PyHKITNH Y = SinX.

3anumem npuparieHue GpyHkuun Ay = sin(X + AX) — sinx, WIH MOCJe MPeoOpa3oBaHUS:

Ay=2cos x+£ sin&
2 2
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lim Ay=2 lim | cos x+£ sing =0
Ax>0 Ax>0 2 2

Ax
cos | x+=—= sin A%
eﬁCTBHTeHBHO, HNMECTCA NPECaACII IPOU3BECACHUA IBYX HKHI/Iﬁ u 2 . IIpu sTom
P P yX QY p

Ax
|cos X+~ <1
(GyHKIMSA KOCHHYC — OrpaHudeHHas QyHkuus npu Ax—0 , A T.K.

lim singzo

npeznen GyHKIHUU CUHYC 4x0 , TO OHa sIBJIsIeTCs OeCKOHeuHO Maioi mpu Ax—0.

Takum o00pa3oM, HMeeTCs MPOU3BEICHHWE OrpaHMYEHHOH (YHKIMM Ha OECKOHEYHO Malylo,
CIIEZIOBAaTENIFHO O3TO TMpOW3BeneHHe, T.e. (yHKIHMsS Ay — OeckoHeuHO Mainas. B cooTBeTcTBHH C
PAacCCMOTPEHHBIMH BBIIIIE OMpECICHUSIMU, QYHKIHMS Yy = SInX — HENpepbiBHAs (YHKIUS IS JTFOOOTO
3HA4YeHUs1 X = Xo U3 00JacTU ompejAesieHHs, T.K. €€ NpHUpalleHue B 3TOW TOYKEe — OECKOHEUHO Majas
BEJIMYHUHA.

Touku pa3pbiBa U UX KJ'IaCCI/Id)I/IKaHI/IfL

Paccmorpum  Hekotopyro (yHkmuio f(X), HENpepbIBHYIO B OKPECTHOCTH TOYKH Xo, 3a
HCKITIOYEHHEM MOKET ObITh caMoii 3TO# ToukH. M3 onpeneneHust Touku pa3pbiBa GyHKINU CIEAYeT, 9TO X =
X SIBIISICTCSI TOYKOM pasphiBa, ecnu (QYHKIMS HE OIpeneiieHa B 3TOM TOYKe, WIM HE SBISETCS B HEl
HENIPEPBIBHOM.

CrnenyeT OTMETUTD TaKKe, YTO HEMPEPHIBHOCTh (PYHKIIMH MOKET ObITh 0OJHOCTOpOHHEH. [losicHuM

9TO CJICAYIOIIHUM 06pa30M.

lim £(x)=f (x,)

Ecnu onHocTOpoHHWE Tmpenen (CM. BBINIE) Xx->x+0 , TO (yHKIUS Ha3bIBaeTCs

HEIPEPBIBHOM CIIpaBa.

Lo
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lim f(x)=f(x,)

Ecnu onHocTopoHHMET mpenen (CM. Bblle) x=2x—0 , TO (yHKIUS Ha3bIBaeTCs

HEIIPEPBIBHOMU CIIEBA.

Xo

Omnpenesnenue. Touka X, Ha3pIBaeTCs TOUKOM pa3pbiBa ¢pyHkuuu f(x), ecnu f(X) He onpeneneHa B

TOYKEC Xo WJIH HE ABJIACTCA HCHpepHBHOI\/’I B 3TOM TOYKE.

Onpenenenue.Touka X, Ha3bIBAETCS TOUKOI pa3pbiBa 1- ro poaa, eciu B 3TOi ToOUKe QyHKIHS

f(X) uMeeT KOHEeUHbIe, HO HE PaBHBIE APYT APYTY JIEBBIM U IPaBbIi MIPEEIbL.

lim f(x)# lim f(x)

x> xy+0 Xx>x,—0
JUJ1s BBITIOJIHEHHSI YCIIOBHM 3TOTO OIpeesieH s He TpeOyeTcs, 4ToObl (pyHKIMs Obliia onpezescHa B
TOYKE X = Xo, IOCTATOYHO TOT'0, YTO OHA OIPE/EICHA CIIeBa U CIIpaBa OT Hee.
W13 onpeneneHuss MOXKHO C/IEIaTh BBIBOJ, YTO B TOUKE pa3pbiBa | — ro poaa GyHKIUS MOXKET UMETh
TOJBKO KOHEYHBIH CKa4YOK. B HEKOTOpPBIX YacTHBIX Cilydyasx TOYKY paspbeiBa | — ro pona emie mHOraa
Ha3bIBAIOT YCTPAHMMOIi TOUKOH pa3phiBa, HO MOAPOOHEEe 00 ITOM ITOTOBOPHM HIKE.

Omnpenenenue.Touka X, HA3bIBACTCS TOUKOW pa3pbiBa 2 — ro pojAa, €y B 3TOW TOYKE (PYHKIUS

f(x) HE mMeeT XOTs1 ObI OJHOTO U3 OJTHOCTOPOHHUX MPEJIETIOB WK XOTS ObI OJIUH U3 HUX OCCKOHEYCH.
[Tpumep.@yukuus Jupuxne (dupuxiue Ilerep ['ycraB(1805-1859) — Hemenkuii MaTeMaTHK, YiICH-
koppecnorneHT [lerepOyprekoit AH 1837r)

fLxJ=C 1, - payuonarshoe oo i
HE SIBJISICTCSI HENPEPHIBHOM B JIIOOOH TOUKE Xo.

1

[Tpumep.@yukuus f(x) = X umeer B Touke Xy = 0 TOUKy pa3pbiBa 2 — ro poja, T.K.

lim f(x)=+oo; lim f(x)=—o0
X040 X>0-0
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=2 K
3
] =1
=) =
-10 -5 3 14
=243
—_
-T33
sin x
[Ipumep.f(x)= X
limf(x)=1
OyHKIMS HE onpe/iesieHa B Touke X = 0, HO IMeeT B Hell KOHEUHBIH Tpeiest x>0 , T.€. B TOUKE

x = 0 ¢yHKIMA UMeeT TOYKy paspeiBa 1 — ro poma. OT0 — ycTpaHMMasi TOYKa pPa3phiBa, T.K. €CIU

JOOTNPEICITUTh (DYHKITHIO:

= 22 o k#0000
X

I'paduk 3T0M HyHKIMU:

Yo 20
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Ora QyHKIHs Takxke 0003HaYaeTcs sign(x) — 3HaK X. B Touke x = 0 ¢pyHkus He onpeneneHa. T.k.
JeBBIA U MpaBblil mpesenbl GQyHKIUU Ppa3InyHbl, TO TOYKa pa3pbiBa — 1 — ro poxa. Eciau noonpenenuts
¢dbyukmuro B Touke X = 0, monoxus f(0) = 1, To pyHKIIMA OyIeT HENIpEpHIBHA CITpaBa, €Ciu MojaokuTh f(0) = -
1, To pyHKIMSA OyZeT HENPEPBIBHOM CIIeBa, €CIM MOJIOKUTH f(X) paBHOE KaKOMY- JTHM00 YUCITy, OTIINYHOMY OT
1 unmu —1, To pyHKIMS HEe OyIeT HenpephIBHA HU CJI€Ba, HU CIIPaBa, HO BO BCEX CIIyyasX TeM HE MeHee Oyzer
uMeTh B Touke X = 0 pa3peiB 1 — ro pona. B stom npumepe Touka paspbiBa 1 — ro poga He sBisercs
YCTpPaHUMOM.

Taxum 06pazom, U1 TOro, 4ToObl TOUKa pa3peiBa 1 — ro poja O6puIa yCTpaHUMOM, HEOOX0AUMO,
YTOOBI OJJHOCTOPOHHKE TIPEIETIbl ClpaBa U ClieBa ObUTM KOHEYHBI U PaBHBI, a (DyHKIMs Oblaa OB B 3TOM

TOYKE HC OIIPCACIICHA.

HenpepbIBHOCTH d)VHKHI/II/I Ha MHTCPBAJIC M HA OTPE3KCE.

Onpenenenue.Oynkuus f(X) Ha3pIBaeTCsl HeMPePHIBHON HA MHTEpPBaJie (0Tpe3Ke), eCiIi OHA

HeTpepbIBHA B JIF0O0H TOUKEe HHTEpBaJia (0OTpe3Ka).

IIpu »TOM He TpeOyeTcss HENpEephIBHOCTh (PYHKIMM Ha KOHIIAX OTpe3Ka WM HHTEpBaja,

HCOGXOI[I/IMa TOJIBKO OAHOCTOPOHHSAA HECTIPECPHIBHOCTh HA KOHIAX OTPE3Ka WJIM MHTCpBAJia.

CBo¥icTBa (OYHKIMI, HENIPEPBIBHBIX Ha OTPE3KE.

CeoiictBo 1: (Ilepas teopema Beitepmrpacca (Beitepmrpace Kapn (1815-1897)- Hemeukuii
MaTeMaTukK)). OyHKIUS, HETIpephIBHAs HA OTPE3Ke, OTpaHUYeHa Ha 3TOM OTpe3Ke, T.e. Ha oTpe3ke [a, b]
BBITIONTHsIETCS ycloBrue —M <f(x) <M.

Jloka3arenbcTBO 3TOrO CBOMCTBA OCHOBAHO HA TOM, YTO (YHKIHMS, HENpPEpbIBHAs B TOYKE Xo,
OrpaHUYEHa B HEKOTOPOH €€ OKPECTHOCTH, a ecli pa30uBaTh OTPE30K [a, b] Ha OECKOHEYHOE KOJINYECTBO

OTPE3KOB, KOTOPHIE “CTATUBAIOTCS K TOUKE Xo, TO 00pa3yeTcst HEKOTOpast OKPECTHOCTh TOUKHU Xo.
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CroiicTBO 2:DyHKIUA, HEMpEepbIBHAsS Ha OTpe3ke [a, b], mpuHUMaeT Ha HeM HauOousbliee U
HauMEHbIIIEE 3HAUEHUS.

T.e. CylIECTBYIOT TaKHe 3HAUYEHUS X| U Xz, uTof(X;) = m, f(X») =M, npuuem

m=<f(x) <M

OTmeTuM 3TH HauOOJIBIIME U HAaUMEHbLINE 3HaYeHUs (PYHKIUS MOXET MPUHUMATh Ha OTpe3Ke U
HECKOJIBKO pa3 (Hampumep — f(x) = sinx).

PazHocTe Mexy HauOONBIIMM M HAMMEHBIIUM 3HAaYeHHEM (QYHKIMHM Ha OTpE3Ke Ha3blBaeTcs
KoJie0aHneM (PyHKIIUU Ha OTpe3Ke.

CoiicTtBo 3: (Btopas Teopema bonbnano — Kommn). @yHKIMs, HenpepbIBHAsS Ha OTpe3ke [a, b],
IIPUHMMAET Ha 3TOM OTPE3KE BCE 3HAUEHMSI MEXKAY ABYMs IIPOU3BOJIBHBIMU BETUYHHAMHU.

CpoiictBo 4:Fciu ¢ynkuus f(x) HempepblBHA B TOYKE X = Xo, TO CYIIECTBYET HEKOTOpas
OKPECTHOCTb TOUKH Xo, B KOTOPOH (DYHKIUSI COXpaHSET 3HaK.

CaoiicTBo 5: (ITepBas Teopema bonbuano (1781-1848) — Komm). Ecnu dynkius f(x)- HenpepbiBHas
Ha oTpe3ke [a, b] 1 UMeeT Ha KOHIIAX OTpe3Ka 3HAUYCHHsI TPOTUBOIIOIOKHBIX 3HAKOB, TO CYIIIECTBYET TaKas
TOYKa BHYTPH 3TOTO OoTpe3Ka, rae f(x) = 0.

T.e. ecnusign(f(a)) # sign(f(b)), ToIxo: f(x0) = 0.

Omnpeaenenue. @ynkius f(x) Ha3pIBacTCS pABHOMEPHO HeNpepbIBHOI Ha oTpeske [a, b], eciau uis

nro6oro €>0 cymectByeT A>0 Takoe, 4To AJis TFOOBIX TOYEK X E[a,b] u X,E[a,b] Takux, uro
%, — 1 <A

BEpHO HEPABEHCTBO | f(x2) — f(x1) |<e

OTnuune paBHOMEPHOH HENPEPHIBHOCTH OT “OO0BIYHON™ B TOM, YTO ISl JIIOOOTO € CYIIECTBYET

CBOE A, HE 3aBUCSHIIIEE OT X, a IPU “00BIYHOI HETIPEPHIBHOCTU A 3aBUCHUT OT € U X.

CoiicTBO 6: Teopema Kantopa (Kantop I'eopr (1845-1918)- nemenkuii MmaTemMatuk). OyHKINS,
HEeMpephIBHASI HA OTPE3KE, PABHOMEPHO HEMPEepPhIBHA HA HEM.

(DTO CBOMCTBO CHIpaBEAIMBO TOIBKO Il OTPE3KOB, a HE AJIS1 HHTEPBAJIOB U MOJTyHUHTEPBAJIOB. )
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.1
y=sin—
OyHKIUA X nenpepbiBHa Ha uHrepBaie (0, a), HO He SABJISETCS Ha HEM PaBHOMEPHO

HEMPEepPbIBHOI, T.K. CyIIECTBYET TaKoe 9icio A>0 TaKoe, 4To CYIIECTBYIOT 3HAYSHHS X | X, TAKHe, 4To | f(x,)

— f(x2) |>€, € - moGoe 4mCIO MPH YCITOBHH, Y4TO X M X, OTH3KH K HYIIO.

CpoiictBo 7: Ecnu ¢ysknus f(x) ompeneneHa, MOHOTOHHAa W HENpepblBHA Ha HEKOTOPOM

MIPOMEXYTKe, TO U oOpaTHast el pyHKIus X = g(y) TOXe OJHO3HAYHA, MOHOTOHHA U HEMpephIBHA.

[Tpumep.VccrnenoBaTh Ha HEPEPHIBHOCTD (PYHKLHUIO U OIPEAETUTH TUIl TOUEK Pa3pbIBa, €CIH OHU

€CTh.

lim f(x)=3 lim f(x)=3

x2>—-1-0 x=>1-0
lim f(x)=3 lim f(x)=2
x=>—1+0 x=>1+0
B TOYKE X = -1 QyHKIMS HEnpephIBHA B TOYKE X = | Touka pas3psiBa 1 —ro pona

2

] x
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H[}HMG[Z.HCCJ’IGI{OB&TB Ha HCIIPCPLIBHOCTH (I)YHKI_II/IIO H ONpCACIIUTDh TUII TOUCK pa3pbiBa, CCJIIN OHU

CCTh.

0000000000

B Touke X = 0 QyHKIUSA HenpephIBHa B TOuke X = | Touka pa3pbiBa 1 —ro pona

~_ . 1
\/;2

L 7} 0 1

3ajaHuA K NPAKTHYECKOMY 3aHATHIO

3ananmeNel: VccnenoBats GyHKIUIO Y= f ( X ) Ha HENPEPBIBHOCTh: HAliTH TOYKHU pa3pbiBa
GYHKIIMM U ONpeaesIuTh uX TUIl. [locTpouTh cxeMaTuueckuit rpagux QyHKIIH.
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Bonpochb! kK NpakTHYeCKOMY 3aHAATHIO

JlaiiTe onpeseneHne HeMPEePhIBHOW (PYHKITHH.
JlaiiTe onpeeneHrie TOYKU pa3phiBa.
IIepeunciure BUABI TOUEK pa3phIBa.

JlaiiTe onpeneneHne 0JHOCTOPOHHETO Mpeiena.
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IIpakTnyeckoe 3ansaTHe Ne6. BoiunciaeHue NpoOM3BOIHBIX CI0KHBIX (PYHKIMI.

(peanmusyercsi B (hopMaTe MPaKTHUECKOM MOATOTOBKH )

Teopema.llycmo y = f(x); u = g(x), npuyem obaacme 3HaAUeHUL HYHKYUU U 6XO0UM 8 001aCb

onpeoeneHus GyHKyuu f-

Tozoa y=f(u)u

Jloka3aTeJbCTBO.
Ay _ Ay Au
Ax Au Ax
lim £= lim 4y lim Au

x>0 AX  aus0 AU axs0 Ax
( ¢ yuerom Toro, uro ecinu Ax—0, To Au—0, T.K. u = g(X) — HenpepbIBHas PyHKIH)

dy _dy du
Torga dx du dx Teopema nokasana.

Jlorapudmmueckoe nuddepeHIInpoBaHUE.

y=hiy

=4I, mu 06

Paccmotpum QyHKIHIO
—x )

1 (lnx)':l; (ln(—x))'z(—:l
Torma (In|x|)=X , T.x. X X X,

VY4uuThIBas NOJy4YEHHBIN PE3YNbTAT, MOXKHO 3aIIMCaTh f ( X) .
f(x)

Ornomenne (X) Ha3bIBaeTCsI0rapupmuyeckoii npon3Boanoi ¢pynkuuu f(x).

Crioco6 Jiorapupmuyeckoro auddepeHIHPOBAHUA COCTOUT B TOM, YTO CHAdajlia HaXOJST

Jorapu(pMUUIECKYIO MPOU3BOIHYIO (DYHKITHH, a 3aTEM TPOU3BOAHYIO caMoi PyHKIuHU 1o popmyie

f (x)=(Inlf (x)[)-f (x)
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Cnoco6 norapupmudeckoro auddepeHurpoBaHus yn0O0HO NPUMEHSTH JUIsl HaXOXKICHUS
NPOM3BOJIHBIX CIIOKHBIX, OCOOCHHO TOKAa3aTelIbHBIX W ITOKA3aTeNbHO-CTETICHHBIX (QYHKIUH, IS
KOTOPbIX  HENOCPEJCTBEHHOE  BBIYMCICHHE  MPOM3BOJHOW €  HCIHOJB30BAHHMEM  IPaBUII
TG depeHIIMPOBaHMS IPEACTABISETCS TPYI0EMKUM.

IIpou3BosiHas MOKA3aTEIbHO- CTENEHHON (QYHKIIUH.

OyHKIMS HA3BIBACTCS TIOKA3aTEIbHOM, €CIM He3aBUCHMAs MEepEeMEHHAsi BXOJHUT B MOKA3aTeNb

CTCTICHH, M CTETICHHOMW, €CITU MEepEeMEHHAsI SBIISIETCS OCHOBaHWEM. ECIT jke M OCHOBAaHHE W ITOKa3aTeib
CTETICHU 3aBHCAT OT TIEPEMEHHOM, TO Takasi QyHKIHsI OyIeT MoKa3aTeIbHO — CTETIEHHOH.
[Tyctb u = f(x) u v = g(x) — GyHKIIUN, UMEIOIIHE TPOU3BOAHBIE B TOUKE X, f(X)>0.

Haiinem npousBoanyto ¢pyHkuuu y = u'. Jlorapudpmupys, momyanm:

Iny = vinu

L:vllnu+vl
y

u
' u '
y=u"|v—+vInu
u
v ov=1 v
(u )—vu u+u'viny

—( 2
[Tpumep. Haiitn npousBoaHyt0 QyHKIMA f (X )_(X t3x )XCOSX.

— 2 . y— .
1o nony4yeHHo# BeiIe GopMyJie IOTyUaeM: U=X"+3x s V=XCO0SX,
TpowsBoamsIe >THX QyHKIwiL: U =2X+3; Vv =cosx—xsinx;

OKOHYATENbHO:

f(x)=xcosx-(x*+3x 'L (2x+3)+(x*+3x)* ™" (cos x—xsinx)In (x*+3x)

ITpomsBoaHasg 00OpaTHbIX (YHKIIHI.

[Tycte TpeOyercss HalTH NPOM3BOJIHYIO (YHKIMU )y = f(X) NpPH yCIOBHH, YTO OOpaTHas ei
GbyHKIMA X = g(y) UMeeT NPOU3BOIHYIO, OTIIMYHYIO OT HYJISI B COOTBETCTBYIOIIEH TOUKE.

Jlnis pemienus 3Toi 3agaun AuddepenuupyeM GyHKIu0 X = g(y) Mo X:

1=g(y)y
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, 1
Yy ==
Tk g(y)#0 9 (¥)
dy_1
dx dx
dy

T.€. IPOU3BOIHAs 00paTHOM QyHKIMKM 0OpaTHA 10 BETUYMHE MPOU3BOAHOMN TaHHOH (yHKITUH.

[Tpumep. Haiitu dpopmy:ty ams npou3BoaHOHN GyHKIMM arctg.

@Oyukius arctgspiseTcst pyHKIUeH, oOpatHoi QyHKIMH tg, T.€. €€ MPOU3BOAHAS MOXKET OBITh
HalJIeHa CJIeAYIOIMUM 00pa3oM:

y=tgx, x=arctgy,

, ' 1
y=(tgx{)=—
H3BecTHO, 4TO Cos" x

;6
[To nmpuBeaeHHOM BhIIIE (OPMYJTIE TTOTyYaeM:

- 1  d(arctgy) 1

Y= d(arctgy )/dx’ dy 1/cos*x

1
T.x. COS” X

=1+tg°x=1+y?>;
TO MOXHO 3aIIMCaTh OKOHYATENbHYIO (HOPMYITy ISl TIPOM3BOLHOM
apKTaHTeHca:

1
arctgy { ) =——;4
(arctgy {) oy

Taxum 06pa3oM mosyyeHsl Bce (POpMyIIbl I TPOU3BOIHBIX ApKCHHYCA, apKKOCUHYCA U APYTHX

o0OpaTHbIX (PYHKIUN, TPUBEICHHBIX B TAOIHIIE TPOU3BOTHBIX

y=sin|x*+3]

5

Penrenue:

Ucnonszyem dpopmyiry (sinu) =cosu-u )
— 3 _ 2

y'=(sinu) U =cos u~2x=cos(x2+3)‘2x

y:(x2+ex)10.

b
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Pemenne:

n| _ n—-1 '
Hcnons3yem popmyity (u ) —nu u

—.,10
y_u , e U:X2+€x;

9-(2x+ex)

y =10 ug-(x2+ex)’:10(x2+ex

2 sinx
y:X e

;
Perenue:

! . .
sinx 2 sinx

X =2 xe"M +x7e (sinx)zzxes"“+x2esi“"cosx.

' .
Sin X

y'=(x2) e +x2(e

ITpumep 2.

Haiitu J :

2 2 2
a) Y +2x°y—x"=0
Pemenne:

Oyukius Y=Y (x) & npuMepe 3aJaHa HesABHO. UToObl HAWTH ee  MPOHM3BOIHYIO

npomuddepeHnupyemM ob6e 4acTh paBeHCTBA MO X, TMoJaras, 4ro ) ecTh (QYHKIUS OT X U 00o3Hayas

MIPOU3BOAHYIO yuepe3 Y ':
Zyy'+4x-y+2x2y'—2x:0'
BsIpazum U3 1oJIy4eHHOro paBeHcTBa Y E
(2y+2x2)y':2x—4xy;

_2x-4xy
2y+2x°

5 C0sy=4y'+e"
Pewrenne:

AHAOTMYHO NPeIbIAYIIEMY IPUMEDY:
~siny-y =8yy+e’.
—siny-8y|y=e".
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3a}131me K IIPAKTHY€CKOMY 3aHATUIO

y=—2
siny+8y
x=t2+3,
B) y=Cost.
Pemenue:
7
y =—
Hcnonszyembopmyny X,
. |cost| _—sint
TN T
£2+3]
y ="
y =
cr'. - (I-- x
.-II'.I =
2
('. +{, X
.]'.I =
2
¥ :I m\]x"*-h:r-l-l
_]-.- = J':'.I"H‘ﬁl:
ix
V =a
vy =a'e"
v =lg(2x)
vy =Inix
y =log, (4x- 2)
y =In(x")

1)y =(Inx)’
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2x' +5
y=3sin(3x—1)

1
:arcsin\/1—x2+—
g 3

— Barcrg 3x

y

y=Insin x

y=sin’3x cos’2x

Bonpochb! kK NpaKTHYeCKOMY 3aHSAATHIO

Jaiite onpeneneHue Mponu3BOAHON HyHKIIMH.

Kakyto ¢pyHKINIO Ha3bIBAIOT CIIOKHON?

[lepeuncnure mpaBuiia HaX0XKIEHUS IPOU3BOIHON CIOKHON QYHKIUH.
Kakyro @yHkuuo Ha3bpIBat0 00paTHOM?

Kak HaxoaaT npou3BogHbIe K 00paTHBIM QyHKIUSIM?
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IIpakTyeckoe 3ansaTue Ne 7. [IponsBognsie n 1uddpepeHnHaIbl BHICIINX NOPAIKOB.
IIpaBuio Jlonuranis

(peanuzyercs B popMarte MpaKTUYECKON MOATOTOBKH)

[Tycts pynkuus f(x)- nuddepennupyema Ha HeKoTOpoM HUHTEpBaie. Toraa, tupdepeHpys
ee, NoJIy4aeM MEepPBYI0 POU3BOIHYIO
df (x)

y=f(x)==+
Ecnu HaliTi npon3BoaHyto GyHKIuH f(X), MOTy4HM BTOPYIO NPOM3BOAHYI0 QyHKINH f(X).

()
y _f (X)_ dX2

d’y _d

dx2 B dx \ dx

T.e.y  =(y') 'mm :

dy

9toTr mponecc MOKHO NPOJOJIKUTL U AaJICC, HAXO0As MPOU3BOJAHBIC CTCIICHU 1.
-1

dy_d|(d"y

dx"  dx| dx"?

OOmme npaBmiia HaX0XKICHUS BBICITUX IPOU3BOIHBIX.

Ecnu ¢pynkuum u = f(x) u v = g(x) auddepenuupyemsl, To

1) (Cw)™ =Cu®;

2) (u £ v)?=u"x v®;
(U~v)(n)zvu(")+nu(n_l)vv+Mu<"_2)v”+...+n(n_l)"'[n_(k_l)] u k)

3) 2! k!

(n)

+...

DTO0 BbIpakeHUE Ha3bIBaeTcs (popmyJioi JleliOnununa.

Taxxe o popmyie d'y = f(x)dx"MoxeT ObITh Halinen auddepeHiman n- ro NOpsIKa.
Juddepennuan pyukuun. Ilycts dynkums y = f(X) uMeeT Mpou3BOIHYIO B TOUKE X:

Ay '
lim ==f (x
Ax=>0 AX f ( )
4y _ f(x)+a
Torma MoxHO 3anucarh; AX , rie 0—0, mpu Ax—0.

Cnenosarensno: Ay =f (x) Ax+a-Ax

Bennunnaa 0.AX- OecKOHEYHO Maliasi 0osiee BBICOKOTO Topsaka, yeM f (x)Ax, T.e. f'(X)AX- riaBHas

YacTh NpUpaIIeHus Ay.

Omnpenenenue./luddepenunanom pyHxiuu f(x) B TOUKe X Ha3pIBACTCS TTIABHAS TMHEIHAS 4aCTh

npHUpalieHust PyHKINH.

O6o3navaercs dynmm df(x).
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W13 onpenenenus cneayet, uto dy = f'(x)Axunm

dy = f(x)dx.
fx)=5
MO3KHO TaKKe 3aIucarh: dX [eomerpuueckuii cMpich aubdepennuana.
f(x)
K
y dy
M Ay
L
o
3 xX H Axx

U3 tpeyrompauka AMKL: KL = d/ =tga-Ax =y -Ax

Takum o6pazom, muddepennnan dyHKIUM f(x) B TOYKE X paBEH NPHUPAIICHUIO OPJUHATHI

KacaTeJIbHON K rpaduKy 3ToM PYHKIIMU B padcMaTPHUBAEMOM TOUKE.

CaoticTBa nuddepeHnuaia.

Ecm u = f(x)u v = g(x)-bynkuuu, muddepeHnupyempie B TOUKE X, TO HETOCPEACTBEHHO W3

OIPCACIICHUA I[I/I(b(l)epeHLII/IaJ'Ia CJICAYIOT CIICAYIOIIINC CBONCTBA:

) du=v)=wu £v)dx=udx =vdx=du *dv
2) d(uv) = (uv) dx = (uv+vu)dx = vdu + udv

3) d(Cu) = Cdu

d ul_ vdu—zudv
v %

4)

Juddepenrman caokxHoN QYHKINU.
HuBapuanraas dhopma 3amucu auddepernmana.

[Tyctb y = f(x), x = g(t),T.€. y - cnoxHast QyHKIHS.

Torma dy =fx)g (t)dt = f (x)dx.
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Bunano, uyto dopma 3anucu nuddepennuana dy He 3aBUCUT OT TOT0, OYJIEeT JIM X He3aBUCUMOMN
NepEeMEHHON Win (pyHKUIMEH KakoW- TO JIpYyroi NnepeMeHHOW, B CBS3U C 4eM 3Ta (opma 3amucu
Ha3bIBACTCS HHBAPUAHTHOM (opMoii 3anucu Judpepennualia.

Opnako, eciiy X - He3aBUCUMasl IEpEMEHHasi, TO
dx = Ax, HO

€CJTH X 3aBUCHUT OT t, TO Ax #dx.

Takum o6pasom, popma 3anucu dy = {'(X)AXHe sIBISETCS HHBAPUAHTHOM.

. 1
y =X Cos xsin Xx+=cos” X
[Ipumep. Haiitu mpousBoaHyo QyHKITUN 2

y=lsin2x+lcos2x
CHaygasia mpeoOpasyeM JaHHyI0 QYHKIUIO: 2

yVZ%sin2x+%x2cos2x+%2cosx(—sinx):%sin2x+xcos2x—sinxcosx=xc052x.

2
[Tpumep.Haiitu npousBoiHy0 QYyHKIIUI x“+1

2 2 2 2 2 2 2 2 2 2 2
(2xe X7 2xe" )(x7+1)—(2x)x"e" _2x’e +2x%e +2xe” +2x%e" —2x%e"

T2 2 2 2 -
(x*+1) (x*+1)
20 4 2
_2xe* (x*+1+x%)
L2 2
(x +1)
X X
y=Intg—=—-
[Tpumep.Haiitu npon3BoaHy0 QyHKIMH 2 sinx
y'_l 1 1 sinx—xcosx _1 _SinX—Xxcosx _sinx—sinx+xcosx _
X X 2 sin? .. X X sin? sin?
g cosX sin” x 2sin X cos X SINTX sin” x
2 2 2 2
. XCOS X
b6——— >
sin” x

4

y=arctg s
[Tpumep. Haiitu npon3BoaHyO (PYHKIIHH I-x



1 8x°(1-x%)—(-8x7)2x" (1-x*P(8x°>-8x"+16x") 8x*+8x" _
. LS (1-x°F (1P (11 (1P
(1-x°)°
8x°(1+x°) _8x°
(1+x8)2 148

_ 2 X
[Tpumep. Haittu nmpousBoaHyto QyHKITIH y=xe Inx

' 2 XZ]— X2 2 % X2 X2 2 x2
Inx+x"e —:(2xe +Xxe 2x)lnx+xe =2xe* (1+x°)Inx+xe* =
X

' 2 2
y:(X e

2
2
=xe* (1+2Inx+2x°Inx)
3a1aHHe K NPAKTHYECKOMY 3aHSITHIO

HaiiTn npon3BogHbIE 0T YKA3aHHBIX (DYHKIMIH:
y=arccos 2x-1
— 0 2 -
l.a)y—x +1H(X +8X—1);6) \/§X+3

. — tg x
2. a)y:SHl?)X'COSSX’GS) y_sjnx—cosx

2
X +Xx

3. a)y:1n<1+vx2—1);6)y:&—1

2 _ Ix+7
4a) Y =X +arcsinv1—x2;6)y_&—%

2 —In sin x
5_a)y=(2x+e )2-6)y cos2x

b

1 x+1

6. a)y:thGX_e;; 6)y_X2—lnx

_x . _ Inx+1
7 a)y:(e +1)(1+€2 );6)y_Ctg2—lnx

e +1
COS X

—x+2

2 =
8.4y y=x-10 ;6)y
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. 2 X —_
=sin’2x-cos~ y=In—/7—
9.a)y 2. 6) 2

2 _10"+10°°
10. a)y:arctgx _lnSinX;G)y 2Xx

_cosx+2x

NIV o
11.a) Y=X te 6 Vx

. =t
12. a) y:sm23x-cos32x; 6) YA

BOl'[pOCI)I K IPAKTHY€CKOMY 3aHATHUIO

Yro takoe quddepeHnman GyHKIun?

KaxkoB cMbicn auddepennuana?

Yro Takoe MpOU3BOIHAS BBICIIETO TOPSIKa?
Uro Ttakoe nuddepennman BrICIIEro mopsaka?

KakoBo mpaBuiio HaxoxaeHus Auddepennnana Beiciiero nopsaxa?

AN

KaxoBo npaBui10 HaXOKAEHHSI TPOU3BOIHOM BBICIIETO MOPSIIKA?
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IIpakTyeckoe 3ansaTue Ne 8. UHTerpupoBanue 3aMeHOH NepeMeHHOH M 110 YaCTAM B
HeolpeAeIeHHOM HHTerpalie.

(peanuzyercs B popMarte MpaKTUYECKON MOATOTOBKH)

Onpenenenue:dyukius F(x) Ha3biBaeTcs mepBooOpasHoil ¢yHkumed ¢yHkuuuf(x) Ha
orpeske [a, b], eciu B M:000i TOUKE 3TOr0 OTpe3Ka BEPHO PaBEHCTBO:
F'(x) = f(x).

Hazno orMeTuTh, 4TO IEpBOOOPa3HBIX A7 OJHON U TOH e PYHKIIMU MOKET ObITh OECKOHEUHO
MHOro. OHU OyAyT OTIIUYATHCS IPYT OT Apyra Ha HEKOTOPOE MOCTOSIHHOE YHCIIO.
Fi(x) =Fa(x) + C.

Heomnpeneneudplii MHTETPAT.

Onpenenenue: HeonpeneseHHbIM MHTerpajiomM QyHkuuu f(x) Ha3plBaeTcs COBOKYIHOCTH
1epBOOOPa3HBIX PYHKLUH, KOTOPBIE ONPEAEICHb COOTHOLICHUEM:
F(x)+ C.

3aMuCHIBAIOT: ff(X)dX:F(x)+C;

YcnoBueM CyIeCTBOBAHMS HEOINPEAECICHHOIO MHTErpajla Ha HEKOTOPOM OTPE3KE SABIISCTCS
HENPEPBHIBHOCTh PYHKIIMHU HAa ’TOM OTpE3KeE.

CaoiicTBa:

[t =(Flx)+c)=fx);

. dl[ F(x)ax|=F (x)ax;

5 [ dF(x)=F(x)+C;

a S lwrv=wiax=J udve [vde=wat; ey eroropue e or
L fC-f(x)dx:C-ff(x)dx;

[ (x®=2sinx+1)dx=[ x*dx—2 [ sin xdx+ [ dx:%x3+2cosx+x+C;
[Ipumep:

HaxoxnaeHue 3HadeHHs] HEONPEAENEHHOTO0 WHTErpajlia CBS3aHO TIJIABHBIM 00pa3oM C
HaXO0XJIeHHEM MepBooOpazHoit GyHKIUU. J{J1s HEKOTOPBIX (PYHKIUN 3TO TOCTATOYHO CIOXKHAS 3aa4a.
Hwxke OymyT paccMOTpeHBI COCOOBI HAXOXKICHUS HEOMPEIEICHHBIX HHTETPATIOB ISl OCHOBHBIX
KJIaCcCOB (DYHKILIMHU — pallMOHANBHBIX, UPPAIIMOHATIBHBIX, TPUTOHOMETPHUECKUX, TOKA3aTEeIbHBIX U JP.

st ymobcTBa 3HAUEHUS HEOINPEACICHHBIX HWHTErPajJoB OOJBIIMHCTBA SJIEMEHTAPHBIX
byHKIMI coOpaHbl B cCHeNMaIbHbIe TAONMIBI WHTETPANIOB, KOTOphIE OBIBAIOT HMHOTJA BEChMa
00beMHBIMU. B HUX BKITIOUEHBI pa3IMuHbIe HaOO0JIee YaCcTO BCTPEUaOImuecss KOMOMHAINY (PYHKITUH.
Ho GonbmIMHCTBO MpEACTaBICHHBIX B 3TUX TaOnuuax (Gopmys SBISIOTCS CIEICTBUSMU APYT APYra,
MO3TOMY HHKE MPHUBEIEM TAOJIHILy OCHOBHBIX MHTETPAJIOB, C MOMOIIBIO KOTOPOH MOKHO TOJYYHUTh
3HAYEHUS HEOIPEIeJICHHBIX NHTErPAIOB Pa3INUHbIX (QyHKITUH.
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WHTterpan 3HaueHue WHuTerpan 3HaueHue
- -+ X 4
1 ftgxdx Inicosx 1+C 9 fexdx e +C
2 fctgxdx Inisinx 1+ C 10 fCOSXdX sinx + C
3 faxdx a® +C 11 fsin xdx -cosx + C
Ina
4 2dx _ larctg£+C 12 12 dx tgx +C
a‘+x a a cos” x
5 dx + 13 1 -ctgx + C
J == 1 X [—L—ax g
x“—a 20 x—a sin” x
6 J- dx In 14 J- dx X
Toxd | peldegpe | || e e
7 a a+l 15 1
X" dx X X, T
f a+1+C,a7&—1 C0S X dx In|tg §+Z |+C
81 (& In|x|+C 16 1 X
fx ’ ‘ sin x dx 1H|th‘+C

PaCCMOTpI/IM TPU OCHOBHBIX METOJ[a UHTCTPUPOBAHU.

HemnocpeacTBEHHOE HHTETPUPOBAHUE.

Mertox HENOCPEACTBEHHOIO MHTErPUPOBAHUS OCHOBAaH Ha MPEANOJIONKEHUH O BO3MOKHOM
3HAQYEHWH  MepBOOOpasHOW  (QYyHKOMM ¢  JaTbHEHIIEW  MPOBEPKOM  3TOr0  3HAYCHUS
muddepennupoBanreM. Boobme, 3ametnMm, uto auddepeHIpoBaHUE SABISETCS MOIIHBIM
WHCTPYMEHTOM IIPOBEPKH PE3yJIbTATOB NUHTETPUPOBAHUSI.

PaccMoTpuM npuMeHeHHe 3TOro METo/1a Ha IPUMEpe:
dx

TpeOyercst HaiiTh 3HaueHue uHTerpana X . Ha ocHoBe m3BecTHOM (popmyitbl qudpepeHnmnpoBanus

Inx|'=<
X MOXXHO CJieJlaTh BBIBOJI, YTO MCKOMBI WHTErpaj paBeH Inx+C e C - HEKOTOPOE

, 1 1
) In(=x)[=-—(=1)=—
MOCTOSIHHOE uucyio. OJHaKO, C JpYyrod CTOPOHBI X X
OKOHYATEJIbHO MOKHO CHEJIaTh BHIBO/I;

Takum oOpa3zom,

J'$=1n|x|+c
X

3amMeTuM, YTO B OTIMuYue OT auddepeHIUpoBaHus, Tle Ui HAXOXKICHHUS MPOU3BOIHOMN
UCIIOJIB30BAJIMCh YETKHE IIPUEMBI M METOABI, IPaBUJIa HAXO0XKACHWUS IPOU3BOJHOM, HAKOHEL[
ONpEeNeIeHUEe MPOU3BOAHOM, /U1 MHTETPUPOBAHUS TaKUE METOAbl HENOCTynHbl. Ecimm mnpum
HAXO0KJE€HUU IIPOU3BOAHON MBI II0JIB30BAIMCH, TAK CKa3aTh, KOHCTPYKTUBHBIMU METOJaMHU, KOTOPBIE,
0asupysich Ha ONpEIENIEHHBIX IMpaBWIaX, NPUBOAWIM K pe3yibTary, TO IMpH HaXOXKJIECHUU
NepBOOOPA3HOM MPHUXOIUTCS B OCHOBHOM ONMPATbCsl HAa 3HAHUS TaONUIl MPOM3BOJIHBIX H
epBOOOPA3HBIX.

Uro Kacaercsa METONa HENOCPEICTBEHHOIO UHTEIPUPOBAHUSA, TO OH IMPUMEHUM TOJIBKO UL
HEKOTOPBIX BEChbMa OIPaHUYEHHBIX KJIacCOB PyHKUMNA. DyHKINMN, A1 KOTOPBIX MOXKHO C X0y HAUTH
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HepBoo6pa3Hy10 O4YCHb Malio. HOBTOMy B OOJIBIIIMHCTBE CJIIY4acB IPUMCHAIOTCSH CHOCO6BI, OITMCAaHHBIC
HHWXXKCE.

Coco0 1moicTaHOBKHY (3aMEHBI IEPEMEHHBIX ).

Teopema:Ecnu TpeOyercst HATH UHTETpa f f (X)dx, HO CJIOKHO OTBICKAaTh IEPBOOOPA3HYIO,
TO C TIOMOIIBIO 3aMeHBI X = (t) u dx = ¢’(t)dtmomyuaercs:

[ Flx)ax=]f((c))g(¢)dt

JdokazarenabcrBo:[Ipoauddhepennmpyem npeagaraeMoe paBeHCTBO:

df f(x)ax=d(J flgle)]g (e)et]
ITo paccMoTpeHHOMY BbIlI€ CBOMCTBY No2 HEOmpeAeIeHHOTO UHTETpaa;

fx)dx = flp)]  ()dt

4TO C YUYETOM BBECICHHBIX 0003HAYEHHH U ABIAETCS HNCXOIHBIM MPEATIOIOKECHUEM. TeopeMa JOKa3aHa.

f \'sin x cos xdx

[Tpumep. Haititu HeonpeaeaeHHbIA HHTErpa
Cnemnaem 3aMeny ¢ = sinx, dt = cosxdt.

[Vede=| tmdt=§t3/2+C=%sin3/2x+C.

2,132

— .fx(x +1)"%dx.

t=x’+1; dt=2xdx; dxzﬂ;
3ameHa X Tlomyuaem:

5/2 2,152
x“+1

ftmg:lfta/zdt:l-gt5/2+C:t—+C=u+C;

2 2 25 5 5

Hwmwxke OynyT paccMOTpeHBl Apyrue HpHUMEpbl MPUMEHEHHs METOAa MOACTAHOBKH JJIs
Pa3IMYHBIX THUIIOB (PYHKINH.

HuaTerpupoBadue 1Mo 4acTsiM.

Crnioco0 ocHOBaH Ha M3BECTHOM (hOpMYyJIe MPON3BOIHON MTPOU3BEICHUS:
(uv) =u'v+vu
TJie UMV — HEKOTOPbIe (PYHKITUH OT X.
B muddepenunansuoii popme: d(uv) = udv + vdu

_ f d(uv):f udv+f vdu
HpOI/IHTCFpI/IpOBaB, oJryuacM: ,d B COOTBCTCTBUU C IIPUBCACHHBIMHU BBIIIC
CBOMCTBaMH HCOMPCACIICHHOI'O NHTCrpaia:

uv:fudv+fvduPIJIH fudv:uv—fvdu;

[MTomryunnu GopmyTy MHTETPUPOBAHUS 10 YACTSIM, KOTOpAsi MO3BOJSET HAXOUTh WHTETPAITBI
MHOTHUX 3JIEMEHTAPHBIX (PYHKITHIA.
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). Jo o)
fx sinxdx={u=x"; dv=sinude; i|]=-x cosx+fcosx'2xdx:
[Tpumep.
= u=x; dv=cosxdr; i |=-x cosx+2 xsinx—fsinxdx
Kak BHUOHO, IMOCJICAOBATCIbHOC ITPUMCHCHHC q)OpMyHBI HHTCTPUPOBAHUA 110 YaCTAM IIO3BOJIACT
IIOCTENECHHO YIPOCTUTH (PYHKIIUIO ¥ IPUBECTH MHTETPAN K TAOIHIHOMY.

=~y cosx+2xsinx+2cos x+C.

] i . .
. fe”cosxdx:c'u:ezx; du:2e2xdx;cJ’cH:ezxsmx—fsmx-2e2xdx:

—o™sinx+

=l u=e®; duzze“dx;Cli,[}:ezxsinx—Z\—ez"cosx—f—cosx-ZeZde
+2e2xcosx—4fcosxezxdx

Bunno, yTto B pe3ynbrare MOBTOPHOIO MPUMEHEHHS HMHTETPUPOBAHUSA IO YacTAM (YHKIUIO HE
YAQJIOCh YOPOCTUTh K TabmuyHoMy Buay. OpHAKO, MOCIETHUN TMOJYYCHHBIM MHTETpaJl HUYEM HE
OTJIMYAETCA OT UCXOAHOrO. [Io3TOMY nepeneceM ero B JEBYIO 4aCTh PaBEHCTBA.

5fe2xcosxdx:e2"(sinx+2cosx)
) er
[e Xcosxdx:?(sinx+2cosx)+c.

Takum oOpa3om, HHTErpaJl HaiiieH BooO1ie 0e3 MpUMEHEHUs TabJIUI HHTETPaJoB.

[Ipex e yem paccMOTpETh OJIPOOHO METOAbI MHTETPUPOBAHUS PA3IMUHBIX KJIACCOB QYHKIHH,
IIPUBEJIEM €111€ HECKOJIBKO ITPUMEPOB HAXO0KIEHUS HEOIIPEIEICHHBIX NHTErPAJIOB IIPUBEICHUEM UX K

TaOJIUYHBIM.
[Tpumep.
2 (2x+1)H

f (2x+1)Pdx=2x+1=t; dt:2dx;}:f tzo'ldt:it21'l+C:—+C——+C
221 2 42 42

[Tpumep.

2 2 2 2
f\/Z—x4+\/2+x dx:fb_x £1/2+x dx =In|x+ /x2+2|+
4—Xx

dx
dx= +
v \/2—X2V2+X2 \/2+x2 \/Z—X2

. X
+arcsm§+c.

[Ipumep.

cos x . . i i
dx = fsm V2 xcosxdx ={sinx =# dt =cosxdx] = J't VAt =-2t7"7 +C

f\/ sin’ x
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2
—2sin” P x+C=——==+C
VSN X
[Tpumep.

)

el s e e
gt ) -‘-e e W 0 V)

B u:x;dv:eS‘dx;tt:,—--—-‘-e”dx: l‘e”dx:u: Al
L Canh e vyl
|
dx [ :fdx:d(x+1)}:fd(x+l) = x+1=t=
V=x’—2x+8 ° -x"—2x— 1+91 9—(x+1)
cf\/i—arcsmt +C= arcs1n3L+C
1 O P 1 T O 1
~lriFh - e I — -—2+-I—3:-—+o+- --x2+C:-—2-—2+C.oo
! Cooorth iy b
jxlnxdx:(}{u:hlx; dv:xdx;(}ﬂ[]zzilnx 2—;d— nx 1fd— Inx

2
(,Z—(Zlnx—1)+C.

[Tpumep.
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feco”stxdx {— @ =™ (',2cosxsinx:—sin2x-ecoszxdx;]:—fdt:—t+C:
:_eCOSZX_I_C
[Ipumep.
dx Jx de _ 1 1 2tdt dt
——={VX=t; —=——=— =2arctgt+C=2arct \/;"'C
f(x+1)\f A 2Vx 2t ] 2+1)t ft+1 J J
[Ipumep.
dx dx 1 dx 1 x—3
= =— | —————=—arct +C.
fx2—6x+25 f(x—3)2+16 16 32+1 16 g( 4

3analme K IIPAKTHY€CKOMY 3aHATHUIO

Boruncantsb HeonmpeaeJeHHbIe HHTErpaJjbl:

dx
6)fxe‘2xdx 5 a)f 3/—x—1;6)f(X+3)92de

f dx f dx
2) ‘/X+3;6) fxexdx 4. 2) \/1+2x;6) fxe_Sxdx
d
f x25 2x fxcosﬁdx
5.2) (1+x ) ;6)f(x+5)e dx 6.a)fV1_5XdX;6) 2

xdx

dx
7. a) f V1+x? . 6) fxarctgxdx 8. 2) f x—1 5 fxe—Zde

xdx

9. a) f\/l—Zxdx; 5) f(l—x)sinSxdx 10.a)f V11— x> ;6)f e **(2x+5)dx

f#dx [ X" dx
11. a) V1—2x ;6)J‘(1_X)COS4XdX 12. a) m;

flnx(2x+5)dx

Haiinure HeonpeneneHHbie MHTETpaNIbl. Pe3ybTaThl mpoBephTe U depeHITupOBaAHUEM.

J‘2x+3 A

L UN2xT 43
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jl-3x dx
V3-5x
x+2
J~5:‘:3+3‘ir
5-2x
IZSin‘r+3dx

Cos” X

dx

3+ 2e"Ye'dx
I |

- 3c05xdx

sin” x

l+x

f ; "'++3§I dx

[sin 2x +sinx d

J 1+cos’x

Bonpoch! kK NpaKTHYEeCKOMY 3aHATHIO

. Yro Takoe nepBooOpazHas GpyHKITUU?

2. Yro Takoe HeonpeaeIeHHbIM UHTETpa1?

. Urto o3HaYaeT HEMOCPEACTBEHHOE HHTETPUPOBaHUE?

CdhopmynupyiiTe MpaBuIO HHTETPUPOBAHUS 3aMEHON TIEPEMEHHBIX.

CdhopmynupyiiTe npaBuIO0 HHTETPUPOBAHUS TIO YACTSIM.
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IIpakTyeckoe 3anaTHe Ne 9. BoruncijieHue onpeieJleHHbIX HHTErPAJIOB.

(peanmusyercsi B (hopMaTe MPaKTHUECKOM MOATOTOBKH )

3agaHus K NPAKTHYECKOMY 3aHATHIO

1.C MOMOIIBIO MOAXOAAIHNX TOACTAHOBOK BBIYUCIINTE HHTCTPAJIbI

¢ dx ¢ Xldx 3 4 1+Inx
f Jx j 5 4 14 L dx
1.0 1+vx, 2.0(X +1] . f e’ dx J‘x4dx 51 %
0 Ve +1 ) X°+1
8 ! 10.
fe2x+1d‘

6. 7. 1 2 9 0 n

. » _f(ex+4) e dx fcos (x)sin(x)dx
cos( x ) dx j- dx 0 0
5 sin®(x) oy 1+sin?(x)
2. C noMomipo GopMyJibl MHTETPHPOBAHHMS 110 YACTAM BBIYMCIMTH HHTETPAIbI
L 2 ¢ 4, 5.
1 {xe dx , ‘{ xcos(x)d: fln(x)dx,l
' ' ' 3.1 . In(x+1)dx e*cos(x)dx
6. 7. 8. € 1n? Lo
f (%) dx fe—dx
T :3 /3 9 1 X 10 0 X
fexsin(x)dx xsin”?(x)dx f xcos *(x)dx ' '
0 .4 n/4
3.Haiit mmomanb Gurypsl, orpaHUYCHHOW JTUHUSIMH

1. y=4-x%, y=0. 2. y*=2px, x=h.

3. y=In(x), x=c, y=0. 4. y=x?, y=2-x%.

5. y=x% y=1. 6. y=cos’(x)-sin*(x), y=0,x=0, x=m/4.

7. y=Ix|+1, y=0, x=-2, x=1. 8. y=sin(x), y=x*-mix.

9. x-y*=1, x=2. 10. y=x?, y=x"".

4.Haiitu aiuHy Tyru KpUBOM
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1. y:X3/2 ot x=0 mo x=4. 2. y:XZ_ 1 , OTCeUYEHHBIH ockio OX.
=X Ly (x) Y=22-xf

3. 4 2 oT x=1 go x=e. 4. 9 oT x=-1 1o x=2.

5. y:xz ot x=0 10 x=2. 6. X:etSint’ y:etCOSt, 0<t<m/2.

7. Pzz(l_cos‘/’),()s(pszn. . Yy=e'te " 0 0%l

9. Y=SINX o g<x<n. 10. X' +y’=16.

Bonpochl K NpaKTH4YeCKOMY 3aHATHIO

1.YTo Takoe ornpeaeaeHHbId HHTEerpan?

2.Yto sBAsieTCs pe3ynbTaToOM IIPU BBIYMCIIEHUHN ONPEAEIEHHOT0 HHTEerpana?

3.IIpuseautre hopmyny Herorona-JleitOnumna?

4.Kak MOXHO NPUOINKEHHO BBIUNCIUTD ONPEJCICHHbBIN HHTEerpan?

5. Z[aﬁTe OMPCACIICHUC NHTCTAJIa TP ITOMOIIU IMOHATHUA HHTCFpaHBHOﬁ CYMMBI.
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IIpakTnyeckoe 3ansaTue Ne 10. IIpuioxkenne onpeneiéHHOro HHTErpaJa. Berunciaenne

00LEeMOB TeJl.

Boruncienne o0beMa TeJia M0 H3BECTHBIM ILJIOIIAASIM €ro mapauieJbHbIX CeUyeHHii.

cLe < P

[Tycte umeetcs Teno oobema V. Ilnomans mo60ro mnomnepeyHoro cedenus tena Q, u3BecTHa
kak HempepbiBHas QyHkiusa Q = Q(x). PazoObem Teno Ha “ciion” TOMEPEYHBIMH CEYEHUSIMU,
OPOXOJIAIIMMHU Yepe3 TOUYKM XipazOueHus orpeska [a, b]. T.k. Ha KakoM- JTHOO MPOMEKYTOUHOM
oTpe3ke pa3OueHus [Xii, Xi] ¢pyHKuus Q(X) HEmpepbIBHA, TO NMPUHUMAET Ha HEM HauOoJiblIee U
HavMeHblIee 3HaueHus1. O003HaYMM UX COOTBETCTBEHHO MM m.

Ecnu Ha 3THX HanOOJBIIEM M HAUMEHBIIEM CEUEHUSAX TOCTPOUTD LIWJIMHAPHI C 00pa3yIOLUIIMHU,
napajjielbHbIMU OCH X, TO OOBEMBl ATHX IMJIUHAPOB OYIyT COOTBETCTBEHHO paBHbI MiAXin
miAXi3I[€CI) AXi = Xi=Xj-1.

IIponsBens Takue HOCTpOCHI/I}I JUISL BCEX OTPE3KOB pa3OUEeHHUs, TOTYYUM LHIUHIPBI, 00BEMBI

ZMAX ZmAx

KOTOPBIX PaBHBI COOTBETCTBEHHO =1 ni=1
IIpu cTpemileHHH K HYJIIO IIara pa36I/IeHI/I$I A, oTH CyMMBI UMEIOT OOLIMI TIpeiet:

llmZM AX; —hmZm AX; —_fQ

A20i=1 A20i=1

Takum 006pa3om, 00bEM Tella MOXKET OBITh HANICH TI0 (bopMyJIe:
b
vV :f Q(x)dx
a

HenocraTkom 3T0# hopMyIIbl SBISETCS TO, YTO JIJISl HAXOXKICHUS 00beMa He0OX0IMMO 3HATh
bynkuuo Q(X), 9To BecbMa MpoOJIeMaTUYHO JIJIs1 CIIOKHBIX TEJl.

[Ipumep:Haiitn 06bem mapa paguyca R.
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B HOHepe‘-IHBIX CCUCHUAX mapa HOJ'Iy‘IaIOTCSI OKPY)KHOCTI/I nepeMeHHoro pazu/lyca y B 3aBUCHUMOCTHU
R>—x?
OT TEKYIIeH KOOPIUHATHI X ATOT PAIUYC BBIpaXKaeTcs 1Mo hopMmyIie .

T Rz—xz)
Toraa pynkuus mwiomanei ceuenuit umeet BuI: Q(x) = .
[Tomyuaem oObem miapa:

R 3 R 3 3 3
V=f n(RZ—xz)dxzn(sz—X—) | =n R3—R— -1 —R3+R— :4HR
‘R 3 _Rr 3 3

ITpumep:HaliTn 00beM ponU3BOJIBHOM NUpamMubl ¢ BbIcoTOM H M miiomiaapio ocHoBaHUS S.

[lpn mepecedeHHH NHPaMUABI TUIOCKOCTSIMH, TEPICHIUKYSIPHBIMH BBICOTE, B CEUCHHHU
noiy4aeM (urypsl, mogooHsie ocHoBaHUIO. Koaddurment mogodus 3Tux Guryp paBeH OTHOIICHHIO
x/H, rae X — paccTosiHUE OT TUIOCKOCTH CEYECHUS IO BEPIINHBI ITHPAMUJIBL.

W3 reomeTpuH U3BECTHO, YTO OTHOIICHUE TTOIA/IeH MTOAOOHBIX (GUTyp paBHO KOAPPHUIIUEHTY
mo00us B KBajpare, T.€.

Q_[xYV
S H
Q(x)=—5x°
Otcrona nmony4aeM GYHKIUIO TUTOMIAACH CCUCHHIA:
H 3 H
V:_f izx2 X = SX > | ZlSH
H 3H°o 3

Haxomum 00beM nupamMuib:

O0BEM TEJ BpalllCHUS.

PaccmoTpuMm KpuByto, 3afaHHyio ypaBHeHueM y = f(x). IIpeanonoxum, uto ¢pynkuus f(x)
HEeNpepbpIBHA Ha OTpe3ke [a, b]. Ecim COOTBETCTBYIONIYIO €l KPHBOJWHEWHYIO Tpamnenuio ¢
OCHOBaHHMSAMHU a U b Bpamats BOKpyr ocu OX, TO MOJXyYUM TaK Ha3bIBAEMOE TeJ10 BPalleHHUs.

y =1(x)
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T.k. KaX70€e ceueHue Teja MIOCKOCThI0 X = const MPeJICTaBIIseT COO0H KPYT pajmyca R_‘f (X)
00beM Tella BpallleHUs1 MOXKeT ObITh JIETKO HalfJIeH 10 OJIY4YEeHHOM BhIle Gpopmyiie:

b
V:nf f2(x)dx

IInomiags MOBEPXHOCTH TEJIa BpAIICHHS.

M;

X
\

, TO

Omnpegesenue:Inomanpbl0 MOBEPXHOCTH BpallleHWss KpuBoW AB BOKpyr nmaHHON ocH
Ha3bIBAIOT MPEJIeN, K KOTOPOMY CTPEMSTCS IUIOIAA1 TOBEPXHOCTEH BPAILIeHUs IOMAHBIX, BIUCAHHBIX

B KpHBYIO AB, pH cTpeMJICHNH K HYJIIO HAaUOOJIBIIINX U3 JUTHH 3BEHBEB 3TUX JIOMAHBIX.

Pazobbem nyry AB Ha nuacreir Toukamu M, M;, M,, ... ,M,. Koopaunatel Bepuux
MOJIYyYEHHOM JIOMaHOW MMEIOT KOOpAMHATHI Xiuyi. IIpy BpallleHnu JOMaHOW BOKPYT OCH MOJYyYHUM
MOBEPXHOCTh, COCTOSIIIYIO U3 OOKOBBIX MOBEPXHOCTEH YCEUEHHBIX KOHYCOB, IIJIOIIA (b KOTOPHIX paBHA
AP;. Dta moniaabs MoKeT ObITh HaiiieHa o Gopmyoie:
Yi-1tYi

AP,=2m1

3nech AS; — AJIMHA KaXI0M XOPAbL.

AS, =+ Ax?

1

[Ipumensiem Teopemy Jlarpanxa (cMm. Teopema Jlarpanska.) K OTHOILIEHUIO

Ay. x.)—fx
yl:f( 1) f( l_l)Zf(El,)’ Xl,_1<€<xi
[omyuaem: Ax; XX

Torpa ASi: \ 1+f&<£i)Axi
APl.:zny"%m\/uf"(gi)Axi

[1momaar MOBEpXHOCTH, OTMCAHHOM JIOMAHOM paBHa:

a
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n
Po=m ) [f(x,_)+f(x)|V1+f(g;) Ax,
i=1
9Ta CYMMa HC ABJIACTCA HHTeraHBHOﬁ, HO MOXKHO II0Ka3aTb, 4TO

P=lim T[i(f(xi71>+f(xi>)V1+f[)(€i)Axi: lim ”anzf(fi)\/l"'f&(gi)Axi

max Ax;»0 =1 max4x, 20 =1

b
P=27If f(x)V1+f(x)dx
Torna a - opmyia BBIYMCIICHUSI IUTONIA 1 TOBEPXHOCTH Tella BPAI[CHUSL.

33[[31-[]/]6 K IPAKTUHIE€CKOMY 3aHATHIO

.Onpenenuts 00beM Tena, 00pa30BaHHOTO BpalleHHeM BOKpYyr ocu OX IJHMHUU 33JaHHOMN

YpaBHCHHUEM, U OT'PAHUYCHHOTO INIOCKOCTAMHA NCPICHAUKYJIIAPHBIMHA OCHU (0),4

. h) 2 2_

1. y_4X_X , y=X. 2. X'ty _9.
2 — 2 . 2_

3. Y'E2X ke, 4, Y=X Yy =X
2 2 2_

5. Y=8Xx 1 <x<o. 6. X =Y _9,x-2y+6=0.
_ 2 — 2

7. Y—4_X , y=0, x=0, rne x=>0. g. Y=X +1,Y:0,X:1,X:2-
— 3 =

9 V=X , y=1, x=0. 10.y_COS(2X),y=O,X=0,rI[e

0<x=<m/4.

Bonpochl kK NpaKkTHYeCKOMY 3aHATHIO

UTo nmoHuMaeTcs 1noj reoMeTpUIeCKUM MPHIIOKEHUEM ONPEICIICHHOTO HHTerpaia?

ChopmynupyiiTe npaBUIO HAXOXKACHUS IUIOMANACH NPUOIMKEHHBIM METOJOM U ¢

MPUMEHEHUEM ONPEIETICHHOTO UHTETpasa.

3. CdopmynupyiiTe mNpaBWIO HAXOXKIEHUS oOO0bemMa Teld MNPUOIMKEHHBIM METOJOM U C
MPUMEHEHUEM ONPEIETICHHOTO UHTETpasa.

4. CdopmynupyiiTe mnpaBWIO HaXOXKICHHS IUIOLIAJeH Tell BpallleHUus C MPUMEHEHHEM

OIpEEIEHHOT0 UHTErpaa.

[\ I
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IIpakTH4eckoe 3ansaTHe Ne 11.

OcHOBHBIC IIOHATHS TEOPUH BEPOSITHOCTEH

Onpeoenenue 1. Kommekc ycloBuit - Bc€ TO, 4YTO COMPOBOXKAAET JAHHOE COOBITHE.

Onpeodenenue 2. CoObITHE - BCE TO, UYTO MOXKET NMPOU3ONTH WIM HE NMPOU3ONUTH NPH JTAHHOM
UCTIBITAHUH.

Onpeodenenue 3. CoObITHE - TOCTOBEPHO, €CIM OHO 0053aTEIBLHO MPOU3OUIET MPH JTAHHOM
KOMIUIEKCE YCIOBHUIA.

Onpeodenenue 4. CoObITHE - HEBO3MOXHO, €CJIM OHO HMKOIJIA HE MPOM3OUIET MpPU JaHHOM
KOMIIJIEKCE YCIIOBHIA.

Onpeoenenue 5. CoObiTHE - CIy4aiiHOE, €CJIM OHO MOKET MPOU30UTH UM HE MPOU3OUTHU MPH
JTAHHOM KOMIUIEKCE YCJIOBUH.

Onpeoenenue 6. Coowitus Al, A2, .. An - COBMECTHBIE, €CJIH TIOSBIICHUE OJHOTO U3 COOBITHI
IPU OJIMHOYHOM HCTIBITAHUH HE UCKIIIOYAET MOSIBICHUE APYTUX COOBITUH.

Onpeoenenue 7. JIBa COOBITHS - HE3aBUCUMBIE, €CITU TIOSIBJICHUE OJTHOTO M3 COOBITUI HE BIMSIET
Ha BEPOSTHOCTH MOSIBIICHUS APYTOTO.

Onpeodenenue 8  CymMMONl HECKOIBKUX COOBITUH Ha3bIBACTCS COOBITHE, COCTOSIIEE B
HACTYIUICHHH XOTs OBl OJTHOTO M3 TaHHBIX COOBITHIA.

Onpeoenenue 9. IlpousBeneHneM HECKOJIBKHX COOBITHI Ha3bIBaeTCSl COOBITHE, COCTOSIEE B
COBMECTHOM HACTYIIJICHUU BCEX 3TUX COOBITHH.

Onpeoenenue 10. PazHOCTBIO IBYX COOBITHI A U B Ha3bIBaeTCsA COOBITHE, KOTOPOE COCTOUTCH,

eciu coObITHe A IPON30MAET, a COOBITHE B HE MPOU3OUIET.
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Onpeoenenue 11. (xnaccuueckoe) BeposTHOCTb cOObITHS paBHA OTHOILEHHUIO YHCIIa UCXOJIOB,
OJaroNpUATHBIX MOSBICHUIO JAHHOTO COOBITHS, K 00IIEMy YHCIy BCEX PaBHOBO3MOXKHBIX HCXOJOB,

T.C.

P(A) = m\n.

3apanusi AJ1sl NPAKTHYECKOT0 3aHATHUSI

1. N3 xybukoB coctaBieHo cioBo «KHUI'A». PeG&nok, HE ymeromuil 4yuTaTh, CMeENIan BCE
KyOuku. KakoBa BEpOsSITHOCTH TOTO, YTO OH MTOBTOPHO CJIOKHUT UCXOTHOE CIIOBO.

2. B ypue 5 cunux, 6 kpacubix, 10 3enenbix u 15 >xenthix mapoB. OauH map B3sud. Haiitu
BEPOATHOCTH TOTO, YTO TOT HIap OyAEeT CUHUMN WU KN THIM.

3. Ilpu nepeBo3ke SIMKa, B KOTOPOM cojepxanachk 21 ctangaptHast u 10 HecTaHIapTHBIX JIeTajeH,
yTepsiHa OJIHA I€Tallb, IPUUYEM HEM3BECTHO Kakas. [locie nepeBo3ku U3 sllrKa Hay1auy u3Biekaercs 1
JeTanb, KOTOpas OKa3ajdach cTaHaapTHoW. HaWTu BepoATHOCTH TOro, 4To ObLIAa yTepsHa: a)
CTaHJapTHasl IeTallb; 0) HeCTaHAapTHAs IeTalb.

4. Ha 5 oguHakoBbIX KapToukax Hamucanbl OykBel b, E, P, C, T. DT kapToUuKy Haynauy pas3ioKeHbI B
psn. KakoBa BepossTHOCTB TOrO, 4TO noxyuyurcs cioso bPECT?

5. B smuke 4 romyObIXx W 5 KpacHbIX ImapoB. M3 smuka Hayraj BbIHUMaroT 2 mapa. Haiitu
BEPOSITHOCTH TOT'O, YTO AT HIAPHI Pa3HOTO I[BETA.

6. B 6purane 4 xeHmuHbl 1 3 MyxunHbl. Cpein WICHOB OpUTaIbl pa3birpblBaloTCs 4 Ousera B TeaTp.

KakoBa BeposiTHOCTH TOTO, YTO Cpeau o0IaaaTenel OMIeTOB OKKETCS 2 )KEHIIMHBI U 2 MYKIUHBI?

Bomnpochl kK NpakTHYeCKOMY 3aHATHIO

1. YTo HA3BIBAIOT ONBITOM WJIHU UCILITAHUEM?
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2. Y10 Ha3BIBAIOT COOLITHEM?

3. Kakoe coObITHE HA3bIBAIOT JIOCTOBEPHBIM B JAHHOM UCITBITAHUH?

4. Kakoe coObITHE Ha3bIBAIOT HEBO3MOKHBIM B JAHHOM HCIIBITAHUH?

5. Kakoe coObITHE Ha3bIBAIOT CIyYaiHBIM B JAHHOM HCITBITAHHUH?

6. Kakue coObITHS HAa3bIBAIOT COBMECTHLIMU?

7. UTo Ha3bIBAaETCSl CYMMOI1, pa3HOCTHIO, IPOU3BEACHUEM COOBITHIA?

8. ChopmynmpoBaTh 1 3aIUCaTh KJIACCUYECKOE OMPE/ICTICHIE BEPOITHOCTH.
9. CBolicTBa BEPOATHOCTH.

10.ChopmMynrpoBaTh 1 3aMcCaTh TEOMETPUICCKOE OTPE/ICIICHIE BEPOSITHOCTH.
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IIpakTyeckoe 3ansaTue Ne 12.

OcHOBHBbIE TeOpeMbI TEOPUU BEPOSITHOCTEH

Teopema 1:(mipaBuiio «+» Bep.): BeposSsTHOCTH CyMMBI HECOBMECTHBIX COOBITHI paBHA CyMMeE
BEPOSATHOCTEH ITUX COOBITHIA,
1.€. P(A+B+C+...+N) = P(A)+P(B)+...+P(N).

Cneocmsue: Cymma BEpOATHOCTEH TTPOTUBOIIOIOKHBIX COOBITHI paBHa 1, T.e.

A
P(A)+P( )=1.

Teopema 2: BeposiTHOCTb CyMMBI IBYX COBMECTHBIX COOBITHI paBHA CYMME BEPOSITHOCTEH 3THX
COOBITHI O3 BEpPOSITHOCTH MX COBMECTHOTO TOSIBJICHUS, T.€.

P(A+B) =P(4A)+P(B) - P(4B).

Onpeoenenue 1. YcnoBHasi BEPOATHOCTb COOBITUSI B MpH YCIOBUM COOBITUS A - OTHOLICHHE
BEPOSITHOCTH COBMECTHOT'O MOSIBJICHUS COOBITHI 4 1 B K BEpOSITHOCTU COOBITHS 4, T.€.

PA(B) = P(AB)/P(A).

Teopema 3(mpaBuiio «*»Bep.): BeposTHOCTh mpon3BeeHNs 2 3aBUCUMBIX COOBITHI A U B paBHa
IIPOU3BENICHUIO BEPOSTHOCTU OJIHOTO U3 3TUX COOBITUH Ha YCIOBHYIO BEPOATHOCTH JAPYTroro,
BBIYUCIICHHYIO B IIPEATIONIOKEHHIH, 4TO | COOBITHE TTPOU30IILIO

P(4AB) = P(A)P(B/A), P(AB) = P(B)P(A4/B).

Teopema 4: BeposSsTHOCTh MPOU3BEACHHS 2 HE3aBUCUMBIX COOBITUH paBHA MPOU3BEIACHHUIO
BEPOATHOCTEH ITUX COOBITHIA

P(AB) =P(4)P(B).

Teopema cripaBeIMBa 1151 JIIOOOTO YHCIIa N HE3aBUCUMBIX COOBITHH.
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CrnencTBueM TEOpEM CIIOKEHHUS MU YMHOXKEHHUSI BEPOATHOCTEH SABISAIOTCS (popMylia MOIHOM
BeposiTHOCTH U (popmyita baiieca.

[Tycthb cobbITHE A TOSBISIETCS C OHUM U3 cOObITUl B, B2,....Bn, npu4ém

P(BI+ B2+....+Bn) =P(BI)+P(B2)+....+ P(Bn).

Torma P(A) =P(ABI1+ AB2+.. ..+4Bn) = P(AB1)+P(AB2)+....+ P(4Bn) =

P(BI)P(A\BI)+P(B2)P(A\B2)+...+ P(Bn)P(4\Bn). T.o.,
S P(B,)* P(4\ B,)

k=l

P(4) = - ¢hopmyna nonnou seposimuocmu,
rne Bk - runoressl.
C mnomompio ¢opmysbl baiieca MOXHO OIpenesinTh, KaKUM 00pa30M pacrpeleiiInCh

THUITOTE3BbI.

p(, 4y =PBIPAVB)

P(4)

- ¢popmyna batieca.
I[TycTh B pe3ysibTaTe HEKOTOPOTO CITyYAHOTO MCITBITAHUS MOYKET MPOU30UTH UITH HE TIPOU30MTH

HeKoTopoe coObiTre A. McnbiTaHue moBTOpsieTcss n pas. [Ipu 3TOM BBIOIHSIOTCS CIIEAYIONTUE

YCIIOBUS:
l. BepositHocTh HacTymuieHus: coObiTus P(A4) = p B KaX10M UCTIBITAHUH OHA U Ta JKeE.
2. Pesynbrat 1106010 MCIIBITAaHUS HE 3aBUCUT OT UCXOJIOB MPEIbIIyIINX UCTIBITAHUH.

Takast mocien0BaTeNbHOCTh UCIBITAHUN HA3BIBACTCS NOCIE008AMENbHOCIBIO HE3A8UCUMbBIX
ucnoimanuti beprynau nnu cxemou bepnyanu.
Teopema 5. Eciii BeposSITHOCTb p HaCTYIUIEHUS COOBITUS A B KaXK0M UCIBITAHUU [TOCTOSIHHA, TO
BEpOATHOCTH P(m,n) TOro, 4TO COOBITHE A HACTYIUT M pa3 B 1 HE3aBUCUMBIX UCIIBITAHUSAX, paBHA
oA

P(m,n) = , e g = I-p — dopmyna beprymn.
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OTmeTtuMm, 4TO MpH OOJBIIOM YKCIIE UCTIBITaHu (popMyny bepHynan mpuMeHsSTh JOCTATOUYHO
CIIO)KHO. B 3THX ciydasx NpUMEHSIOTCA T.H. aCUMITOTHYECKHE (OPMYJIbl, caMOW IPOCTOH H3
KOTOPBIX siBisieTcst popmyina Ilyaccona.

TeOpeMa 6. ECHI/I BCPOATHOCTD p HACTYIIICHHUA CO6I>ITI/I$I A B KaXXJIOM HUCIIBITAHHUU CTPEMUTCA K
- - o0

HyIo (p () mpu HEOTPAaHWYEHHOM YBEIWYCHUW YHCIA 7 HUCIBITaHUN (1 ), TpUYEM
A

IIPOU3BENIEHUE 1P CTPEMUTHCS K IOCTOSSHHOMY UUCIYy , TO BEpOSTHOCTB P(m,n) TOro, uTO coOBITHE 4

IMOABUTCA m pa3 B n HE3ABUCUMBIX UCIIBITAHUAX, YIOBJICTBOPACT PABCHCTBY:
A’m e- A

~ A m!

P(m,n) Pm( )= - ¢popmymna Ilyaccona.
JlokanbHas Teopema MyaBpa-Jlannaca: Eciy BeposSTHOCTh p HAacTYIUIEHUS cOObITHS A B
KaKJIOM MCHBITAHUH MOCTOSTHHA M oTiau4Ha oT 0 u 1, To BepositHOCTH P(m,n) Toro, 4ro coObiTHe A

OpOM30UAET m pa3 B 1 HE3aBUCHMBIX UCTIBITAHUAX MPH JOCTATOYHO OOJIBIIOM YHCIIE 71, paBHA:

@(x) (I m=- np
e m-
~\"Pq p(x) 27 \Ipq
P(m,n) , TIe = Ax=

Jlist yoporieHus pacuéToB 1Mo mocieanel GopMyie coctaBiieHa TabauIa 3Ha4eHUH (QyHKITUU
@(x)

Ecnu B 3amaue TpeOyeTcst HaliTU BEPOSATHOCTb, NPUHAAJIEKAILYI0 HEKOTOPOMY MHTEpBaly, TO
UCIIOJIB3YETCs CIEAYIOLas TEOpeMa.

HNurterpansnas teopema Myappa-Jlannaca: Eciu BeposSTHOCTb p HAacTyIIIEHUS! COOBITUSA 4 B
KQ)KJIOM MCIBITAHMM IOCTOSIHHA M OoTin4HA OT 0 ¥ 1, TO BEPOATHOCTH TOTO, YHACIO M HACTYIUICHHS
COOBITUS A B 1 HE3aBUCUMBIX UCTIBITAHUAX 3aKIIOUYEHO B IpeJiesiaX OT a 10 b (BKIIOYUTEIBHO), PU
JOCTaTOYHO OOJIBIIOM YHCIIE 71 paBHA:

1
<< 2
Pna m b)= (D(x2)-D(xl)),
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2 xfe-lzzdt a- np b- np
V27 \1Pq N2
rae @(x) = uxl= , X2 =

st ynpoieHus pacuéToB 1o nocieaHei popmysie coctapieHa Tadimia 3HaueHuid GyHkunn @

(x)

3‘21}13HI/I$[ JJIA MPAKTHYIECCKOIo 3aHATUA

1. IToxOpaceiBaeTcst UTpaNIbHBIN KyOHK. UeMy paBHa BEPOSTHOCTH TOTO, YTO BBIMAJET YETHOE YHCIIO
OYKOB?

Pewenue: Tlycth A - BbITIaJI0 YETHOE YUCIIO OYKOB; Bk - BbINao k oukoB (k= 1,2,3,4,5,6). CoObiTHe 4
O3HayaeT, YTO HACTYMHJIIO XOTs Obl OJJHO U3 coObITuil: B2, B4, B6, T.e. A = B2 + B4 + B6. Ilockonbky
coOpiTus B2, B4, B6 HECOBMECTHEI, TO

PBx)=1/6 (k=1,2,3,4,5,6).

P(A) = P(B2)+ P(B4)+ P(B6) =1/6+1/6+1/6 =3/6=1/2.

3ameuanue: TOT ke pe3yabTaT MOIYHYAE€TCS U HEMOCPEICTBEHHO 10 popMyJie

P(A)=m/n=3/6=1/2.

2. B ypue 40 mapukoB: 15 rony0Osix, 5 3eneHsix u 20 6enbix. KakoBa BeposITHOCTD TOTO, UTO U3 YPHBI
OyzaeT U3BJICYCH LBETHOM MIapUK?

3. 2 cTpenka CTpessitoT no 1enu. BepostHocTs momamanusi nepsoro - 0,7, Broporo -0,8. Haiitu
BEPOSITHOCTh MOPAKECHUS 1IEITH.

4. 3 cTpenka CTpesstoT 1o 1eiu. BeposarHocTs nonaaanus nepsoro - 0,8, Broporo - 0,7, Tpetsero - 0,9.
Haiit BEposSTHOCTB TOTO, YTO B MUIIICHU TPU MTPOOOUHBI.

5. B ypHe HaxonuTcs 8 KpacHBIX U 6 ToiryObIX mapoB. V3 ypHBI ocIea0BaTeNbHO 0€3 BO3BpAIICHUS

u3BiekaeTcs 3 mapa. HaiiTu BeposTHOCTh TOTO, 4TO Bee 3 mapa roiayosbie.
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6. PabGounii 0OCITy>)KUBAeT YeThIpe OJHOTUIHBIX CTaHKA. BeposTHOCTH TOro, YTO JIIOOON CTAaHOK B
TEYeHUU Yaca noTpedyer BHUMaHUS padouero pasHa 0,6. Ilpeamnonaras, 4To HEMONAIKU HA CTaHKE
HE3aBUCHMBI, HATH BEPOSTHOCTH TOTO, UTO B TEUEHHUE Yaca NOTPeOYyIOT BHUMAHUS pabovero:

a) BCE YEeThIpe CTaHKa; 0) HU OJIMH CTAHOK; B) IO KpalHEell Mepe OJIUH CTaHOK.

7. Ilycth uMeeTcs TpU YPHBI € mapamu: 1- 5 6enbix, 3 KpacHbIX; 2 - 3 0esbIX, 5 KpacHbIX; 3 - 4 O6enbIx, 4
KpacHbIX. M3 o1HOM ypHBI Hayraj BeiTammin 1 map. HaiiTu BeposTHOCTB TOT0, 4TO OH OEJIbIH.

8.B HekoTopoii mectHOCTH Ha Kaxabix 100 cemeit nmpuxoautcst 80 aBTomobueit. Halitu BeposiTHOCTH

toro, uto u3 400 cemeii 300 UMEIOT aBTOMOOKIIN.

Bonpochb! K NpakTHYeCKOMY 3aHATHIO

1. ChopmynupyiiTe TEOpeMy O BEpOSITHOCTH IMPOU3BEACHUS BYX COOBITHIA.

2. Kak ompenensieTcst He3aBUCUMOCTh ABYX COOBITUI?

3. YeMy paBHa BEpOATHOCTb NMPOU3BEACHUS IBYX HE3aBUCUMBIX COOBITHIA?

4. ChopMmynupyiTe TEOpeMy O BEPOSITHOCTH MPOU3BEACHHUS 71 COOBITUIN?

5. Yemy paBHaA BEpOSTHOCTH MPOU3BEICHUS /1 HE3aBUCUMBIX COOBITHIA?

6. 3anucath GopMyITy MOTHON BeposiTHOCTH, hopMyiy baiieca.

7. 3anucath ¥ osicHUTHL hopmyy [lyaccona. B kakux ciydasx oHa mpuMeHUMa?
8. ChopmynupoBaTh ¥ 3amucarTh JOKaIbHYIO Teopemy Myaspa-Jlamiaca.

9. ChopmynupoBath U 3anKcaTh HHTErpalibHyI0 TeopeMy Myaspa-Jlamaca.
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