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OO01me cBegeHus

Meronnyeckue yKazaHUs COCTaBJIE€Hbl B COOTBETCTBUU C (peepaibHbIM TOCYAapCTBEHHBIM
00pa3oBaTEeNbHBIM CTAaHJAPTOM CPEIHETO poeCCHOHATTLHOTO  00pa3oBaHuUs U TPOTrpaMMOi
IUCUUIUIMHBL «MaremaTnka». B MeTonnueckux yka3aHMAX MPEJCTaBICH MaTepuai JJs BHEAYJUTOPHOM
CaMOCTOATENIbHOH paboThl IO JUCHMIUIMHE IS o0ydJaronuxcsi 1o CIEeIMHAIbHOCTH 34.02.01
«CecTpUHCKOE JIeTI0M.

AKTyanbHOCTh M3y4YeHHMS JAHHOH y4eOHOW JUCHMIUIMHBI 0O0yclioBlieHa (OPMHPOBAHUEM
COBOKYIHOCTH 3HAaHWW, YMEHMH M HaBBIKOB pabOTHl ¢ MaTeMaTHMYECKUMH WHCTpyMeHTamu. B xoze
u3yuyeHus Kypca «MaremaTuka» — CHCTEMAaTMYeCKHM U IOCIENI0BaTeIbHO (OPMUPYIOTCS HABBIKH
YMCTBEHHOI'O TpyJa: IUIAHHPOBAaHUE CBOEH pabOThl, MOUCK PALMOHAIBHBIX IIyTEHl €€ BbIIOJIHEHNS,
KpUTHYECKast OIICHKA PE3yJIbTaTOB.

Ilens ocBOCHMS AUCHMILINHBI:

¢dopMHUpoBaHHE NPEJCTABICHUH O MaTeMaTHKe KaK YHHMBEPCAJIbHOM S3bIKE HAyKH, CpPEICTBE
MO/JICJIMPOBAHUS SIBICHUH U MPOLIECCOB, 00 UIESIX U METOJIaX MaTeMaTHKHU;

pa3BUTHE JIOTUYECKOTO MBIIUICHUS, MPOCTPAHCTBEHHOTO BOOOPAKEHUS, aAITOPUTMUYECKOM
KYJIbTYpbl, KPUTHYHOCTH MBIIUICHUSI HA YpPOBHE, HEOOXOoAMMOM uisi Oymaymied mnpodeccrHoHalbHOU
NesTeIbHOCTH, JJIS IPOJOKEHUS] 00pa30BaHUs U caMO0Opa30BaHNUS;

OBJIa/ICHUE MATEMaTHYECKUMH 3HAHUSMHU U YMEHHUSMHU, HEOOXOIMMBIMU B ITOBCETHEBHON XKHU3HH,
JUIE  WM3YYEHHUS CMEXHBIX E€CTECTBEHHOHAYYHBIX JUCIMIUIMH Ha 0a30BOM YpPOBHE M JUCIHILIMH
npodecCHoHaNBbHOTO LMKJIA, 7S MOJIy4deHHs oOpa3oBaHUs B 00NacTAX, HE TPeOyIOIIUX YriyOJeHHOU
MaTeMaTHYeCKOM MOArOTOBKH;

BOCIIUTaHHE CPEACTBAMH MaTeMAaTUKU KYyJIbTYpPbl JMUYHOCTH, TOHUMaHMUs 3HAYUUMOCTH MaTEeMaTUKU
JUIE HAYYHO-TEXHHYECKOTO TIporpecca, OTHOIIEHHWS K MaTeMaTWKe KaK K YacTH OO0IIeYesoBeYecKOu
KYJIBTYpHI 4epe3 3HAKOMCTBO C HCTOPUEH Pa3BUTH MAaTEeMaTHKH, SBOJIIONIMEH MaTEMaTHIECKUX HIIEH.

OcCHOBHBIE 3a/1a41 OCBOEHUS JUCLUIUIMHBL: TTOMOYb OOYUYaIOIIMMCSl OCO3HATh LIEJIOCTHYIO KapTUHY
M3y4yaeMoro Marepuaia; OOJeryuTh YCBOGHHE MaTepuana, HHIMBUAYaIU3UpOBaTh 0Oy4eHHE,
COBEPIIEHCTBOBATh KOHTPOJIb I CAMOKOHTPOJTb, IIOBBICUTH PE3YIHTATUBHOCTH YIEOHOTO TIpoIIecca.

[lenbto camocCTOSATENBHON pabOThl sBiIsieTCsl (OPMUPOBAHME M Pa3BUTHE MPO(ECCHOHAIBHBIX U
O0IIMX KOMIETEHIIUI U UX JIEMEHTOB.

Llenpto MeToauUecKkoro mnocoOust sBisercs obecneueHne 3(PPEKTUBHOCTH CaMOCTOATENbHOM
paboThl 00ydYarONMUXCs, OMpENEICHUE €€ COACP)KaHMsI, YCTaHOBJIEHHWE TpeOOBaHWI K O(QOPMIICHUIO H
pe3yiabpTaTaM CaMOCTOSTEIIbHONW PaOOTHI.

3a;[aanI/1 METOANYCCKUX peKOMeH,Z[aLII/Iﬁ 10 CaMOCTOSITEIIbHOM pa60Te SABJIAKOTCA:



- pa3BUTHE KOMIUIEKCHOTO IMOAXO0Ja K H3YYEHHIO JAHUCHUUIUIMHBI Ha OCHOBE OCBOGHMS €€
METOJIOJIOTUYECKUX OCHOB TPHUMEHEHHUS paHee MOJYYEHHBIX 3HAHMA M YMEHHMH C HCIIOJIb30BAHUEM
MEXIUCLUUIIIIMHAPHBIX CBS3EH;

- aKTHBM3AllUs CAMOCTOSTENLHON PabOThl 00yJarOIuXCs;

- cofeicTBHE Pa3BUTHIO TBOPUECKOTO OTHOIICHUS K JaHHOW AUCLUILINHE,

- BbIpa0OTKa yMEHUU M HABBIKOB PAlMOHAIBLHOW pabOThl C JUTEPATypod W HOPMATHBHBIMHU
JOKYMEHTaMU;

- YIpaBJIEHUE II03HABATENIbHOMN €ATEIbHOCTHIO0 O0YyUaOLUXCSl.

OYHKIHUSIMH METOAMYECKUX PEKOMEHAAINN IO CAMOCTOSITEIbHON paboTe SBISIOTCS:

- ompejeNieHue coAepxaHus padoThl 00YJarOIIUXCS 0 OBJIAICHUIO IPOrPAMMHBIM MaTEpPUAJIOM;

- yCTaHOBJICHHE TPEOOBAHMI K pe3yJIbTaTaM M3yUeHUs JUCIIUILTHHBL.

Hucnunnmuna «MaTemaTtukay OTHOCHTCS K €CTECTBEHHOHAYYHBIM JUCIUIUIMHAM M HUMEET
MEXIUCHUITMHAPHBIE CBsI3U ¢ Apyrumu aucuurummaamu OITOIL.

Menumuackas cectpa/MenuiuHckuii Opar (6a30BOi TMOJATOTOBKH) JODKEH 00JIagaTh OOITMMHU
KOMIIETCHITUSMU, BKIIFOYAIOIIUMH B ce0s1 CIIOCOOHOCTb:

OK 1. [Tonnmatp CyIIHOCTh U COLMATBHYIO 3HAYMMOCTh CBOEH OyayIeil mpodeccuu, IposBIsAThH K
HEW yCTOWYMBBIA MHTEPEC.

OK 2. OpranuzoBbiBaTb COOCTBEHHYIO J€ATEIBHOCTh, BHIOMPATh TUIIOBBIE METOJbl U CIIOCOOBI
BBITIOJTHEHUS TPOPECCUOHANBHBIX 3a/1a4, OLICHUBATh UX BBINOJIHEHNE U Ka4eCTBO.

OK 3. IlpyHuMath pelieHus B CTAHIAPTHBIX M HECTAHAAPTHBIX CUTyallUsIX U HECTH 3a HUX
OTBETCTBEHHOCT.

OK 4. OcyuiecTBisTh MOUCK U HCIIOJIIb30BaHUE MH(POpMAUHM, HEOOXOUMON 175 3()PEKTUBHOTO
BBITIOJTHEHUS MPOPECCUOHANBHBIX 3a/1a4, TPO(PECCHOHAIBHOTO U IMYHOCTHOTO Pa3BUTHSL.

OK 8. CamocrosTenbHO oOIpeneisaTh 3aadyd MpodecCHOHAIBLHOTO W JIMYHOCTHOTO pPAa3BUTHS,
3aHUMAaThCS CaMO0Opa30BaHNUEM, OCO3HAHHO MJIAHHPOBATH M OCYIIECTBIIATH MOBBIIICHUE KBATH(PUKAIIUH.

OK 9. OpuenTupOoBaThCs B yCIOBUAX CMEHBI TEXHOJIOTUH B MPOPECCUOHATBHON eATETLHOCTH.

I[IK 1.3. VYyactBoBaTh B MNpoOBeAE€HUU MPODUIAKTUKA HHMEKIHMOHHBIX W HEMH(PEKIHNOHHBIX
3a00JIeBaHUH.

[1IK 2.1. IlpencraBnare WH(OpPMALMIO B TOHSATHOM JUIS TAallME€HTa BHUJAE, OOBSCHATH €My CYThb
BMEIIATENbCTB.

K 2.2. OcymecTBisaTh JieueOHO-TUarHOCTHYECKUE BMEIIATeIbCTBA, B3aUMOJIEHCTBYS C
y4aCTHHKaMU JIedeOHOT 0 Ipoliecca.

1K 2.3. CoTpyaHuuaTh ¢ B3aUMOJICHCTBYIOIIMMH OpraHU3alMsIMU U CIyK0aMHu.



I[IK 2.4. IlpumeHATh MEIUKAMEHTO3HBIE CpPEICTBA B COOTBETCTBUM C TMpPAaBUJIAMU UX
HCIOJIb30BaHUS.

I1K 3.1. Oka3bIBaTh J0BpaueOHYIO MOMOIIb ITPH HEOTIOXKHBIX COCTOSIHUSAX U TPaBMax.

[IK 3.3. BsaumopeiicTBOBaTh C wiIeHaMH MNpo(ecCHOHANBHOW Opuragsl U JA0OPOBOIBHBIMU
MOMOIIHUKAMH B YCIOBUSIX YPE3BbIYAMHBIX CUTYaLUH.

[Inanupyemble JIMYHOCTHBIE Pe3yJabTAaTbl B XOJE€ peaau3aluu  00pazoBaTEIbHON
MIPOrpaMMBbI:

JIP4. TlposiBasitomivii ¥ JEMOHCTPUPYIOIIMN YBOXKEHHME K JIIOASM TPYyHAa, OCO3HAIOUIUI
IIEHHOCTh CcoOCTBeHHOro Tpyna. Crpemsmuiics K (GOPMHPOBAHUIO B CETEBOWM Cpele JIUYHOCTHO H
pohecCHOHATLHOTO KOHCTPYKTUBHOTO «IIH(PPOBOTO cieaa.



IpakTnyeckoe 3ansitue Ne 1. Onepanuu HaJ MaTPUIIAMH BbIYUCJIEHUE ONPeaeuTe e

OcCHOBHbBIE OoIIpeaeJIeHus.

Onpenenenue.Marpuuneii pasmepa MxN, rae M- YUCIO CTPOK, N- YUCIO CTOJIOLIOB,HA3bIBACTCS

TaGJIHLIa YUCCII, PACHOJIOKCHHBIX B OHNPCACICHHOM IOPAAKC. OTH 4HClIa HA3BIBAIOTCHS DJIEMECHTAMHU
MaTpulbl. MecTo KaXAaoro 3jeMEHTa OJHO3HAYHO OIpCaACIICTCA HOMCPOM CTPOKU U CTOH6L[a, Ha
MNEPECCUCHUN KOTOPBIX OH HAaXOIAUTCA. DJIeMEHTHI MaTpulbl 0003HaYaro0TCsA dij, Tae i- HOMCp CTPOKH, aj-

HOMED CTOJI0MA.

a4y a,
A= ;1 Ay a,
aml am3 amn

Ocnosnble oelicmeus Ha0 MaAmMpuUyamu.
Martpuia MOXXET COCTOSATh KaK M3 OJHOM CTPOKH, TaK W U3 OAHOro croyidna. Boobuie rosops,
MaTpHUIIa MOKET COCTOSITH JIaXKe U3 OJJHOTO SJIEMEHTA.

Onpenenaenne.Ecim uncio CTOJ'I6I_IOB MaTpulbl paBHO YUCITY CTpOK(mZI’l), TO MaTpHulla Ha3bIBACTCA

KBaJIPATHOM.

Omnpenesenne.Marpuiia Buja:

0 0

o 1 .. 0
:E1

0 0 1

HAa3bIBACTCSeAUMHUYHON MATPHULICH.

Onpenenenue.Ecni 8mn = @nm, TO MaTpULIA HA3BIBACTCS CHMMETPHYECKOM.

2 15

[pumep.| 1 3 6 |- cummerpuueckas matpuia
5 6 4




a, 0 0

a,, .

Omnpenenenue.KBanpaTtHas warpuna Buaa Ha3bIBaeTCI JAHATOHAJILHOM
0 0 a

nn
MaTpHUIIEH.
CioxxeHne W BbIYMTAHME MATPHUI] CBOJUTCA K COOTBETCTBYIOIIMM OIEpAMsAM Haa HUX

aniemeHTamMu. CaMbIM TJIaBHBIM CBOMCTBOM 3THUX onepauﬂﬁ SABJIACTCA TO, YTO OHH ONPEACICHBI TOJIBKO IJIA

MaTpHIl OJAMHAKOBOI'O pa3sMmepa. Takum 06pa30M, BO3MOJXHO OIIPCACIIUTL OICpalu CIOXKCHUA U

BBIYMTAHMA MATPHUILL.

Omnpenenenne.CymMmmMoii (pa3HOCTBIO) MaTpUIl SIBJIISIETCS MaTpHUlA, 3JIEMEHTaMH KOTOpPOH
SIBJISIFOTCSL COOTBETCTBEHHO CyMMa (Pa3HOCTD) AJIEMEHTOB UCXOHBIX MATPHII.

Cij = ajjtbij

C=A+B=B+A.
Onepanys yMHO:KeHHs (JeJIeHHsl) MaTPHUIIBI JT000r0 pa3Mepa Ha MPOU3BOIBHOE YHCIIO CBOAUTCS K

YMHOXCHUIO (I[eJ'IeHI/IIO) Ka)XXa0I0 3JICMCHTA MAaTPHUIbI HA 3TO YUCJIIO.

oa,, o4, .. oa,
oA = aa, —od,, .. 0da,,
aa, oa,, .. oa,
o (A+B) =0A toB
A(otp) = A A
1 2 3 1 3 4
[pumep. Jans matpunet A=(2 1 4|;B=|5 7 8|, naiitu 2A + B.
3 2 3 1 2 4
2 4 6 3 7 10
2A=|4 2 8|,2A+B=|9 9 16
6 4 6 7 6 10

Onepanysi YMHOKEHNSI MATPHIIL.




Onpenenenue:llpon3BegeHnemM MaTpull Ha3bIBAETCS MaTpPHUIIA, SJIEMEHTHI KOTOPOM MOTYT OBIThH

BBIUHCIICHBI IO CIENYIOMHUM (popMyram:

A-B=C;

n
Cy = Zaik by,
k=1

U3 IMPUBCACHHOI'O OMPECACIICHUA BUAHO, YTO OIICpaAllsd YMHOXCHUA MaTpUl, ONPCACICHA TOJIBKO

JUISl MATPUIL, YHCJI0 CTOJOI0B NMEPBOM U3 KOTOPbIX PABHO YUCJIY CTPOK BTOPOM.

CBolicTBa onepanyy YMHOKEHHSI MATPHIL

1) YMHOXeHHe MaTpull He KOMMYTaTuBHO, T.e. AB # BA naxe eciu omnpeneneHsl oba

IIPpOU3BCACHUA. O,Z[HaKO, CCJIN AJI1 KaKuX — 100 MaTpul COOTHOIICHUC AB=BA BBIITOJIHACTCA, TO TaKHEC

MaTpulbl Ha3bIBalOTCA NEPECTAHOBOIYHBIMU.

CambIM XAPAKTCPHBIM TIPUMEPOM MOKET CIYXKUTb CAWHUYHAA MaTpula, KOTOpasA ABJIACTCH

MePECTaHOBOYHOM C JIFOOOW IPYroi MaTpuIiel TOTO Ke pa3Mepa.

HCPGCTaHOBOLIHBIMI/I MOTYT OBLITH TOJIBKO KBaApPAaTHBIC MAaTPUIBI OJHOI'O U TOI'O K€ IMOPsIKa.

AE=EA=A
O‘IGBI/II[HO, qTO OJIA JIFOOBIX MaTpul BbIIIOJIHAIOTCSA CIICAYIOIICC CBOMCTBO.

A-0O=0; O-A=0,

rae O — HyJieBasi MaTpuLa.

2) Omnepanusi IEPEMHOXKEHUS MaTPHUIl ACCOLMATHBHA, T.€. €CITM ONpeieNieHbl Tpou3BeaeHuss AB

u (AB)C, 1o onpenenenst BC u A(BC), u BeinonHsieTcs paBeHCTBO:
(AB)C=A(BC).

3) Omnepanusi yMHOKEHUSI MATPHI] AUCTPUOYTUBHA TIO OTHOIIEHHUIO K CJIOXKEHHIO, T.€. €CJIH
umeroT cmbicia BeipaxkeHus A(B+C) u (A+B)C, To cooTBETCTBEHHO!

AB+C)=AB +AC
(A +B)C=AC +BC.

4) Ecnu npoussenenune AB omnpeneneHo, To A7 110000 Yncia o BEpHO COOTHOIIEHUE!

o(AB) = (aA)B = A(aB).
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5) Ecnu onpeneneHo npousseneHrne AB , To onpeneneno npomsseneue BTAT u Bemonnsercs
PaBEHCTBO:

(AB)"=BTAT, rne

HHACKCOM T obo3Hayaercs TPAHCIMMIOHMPOBAHHAA MaTpuIia.

6) 3amMeTHM TaKKe, 4TO I JIF00OBIX KBaapaTHbIX MaTpuil det (AB) = detA-detB.

[Mousitue det(ompenenuTenb, IETEPMUHAHT) OyIET PacCMOTPEHO HHKE.

Omnpenenenue.Matpuily B Ha3pIBaloOT TPaAaHCIIOHMPOBAHHOI MaTpuliel A, a nepexon ot A k B

TPAHCIIOHMPOBAHMEM, CCIIM DJIEMEHTHl KaKIOW CTPOKH MAaTpHIbI A 3amucaTth B TOM JKE IOPSJIKE B
CTOJIOIBI MaTpHIIBI B.

n a4y a
a a a a a a
— 21 22 2n | . — AT— 12 22 m2 |.
A= ; B=A'= ;
aml amZ amn aln a2n amn

JIPYTUMH cjioBamu, Dji = ajj.
B kagecTBe ciencTBUS U3 MPEBIIYIIETO CBOMCTBA (5) MOXKHO 3amucarh, 4To:
(ABC)"=C'B'AT,

IIPY YCIIOBUH, YTO ONPENENIeHO npousBeaeHue Mmarpun ABC.

1 -1
[pumep.Jlaner matpunsl A = |2 4 1|, B=|3|, C=| 2 | u uncno o = 2. Haiitu
1 -4 2 2
A"B+aC.
1 2 1 1 2 1 1 1-1+2-3+1-2 9
AT=|0 4 -4 ATB=|0 4 —4|.[3|=]0-144.3-4.2]=]| 4|
31 2 31 2 2 3-1+41-3+2-2 10
-2 9 -2
oC=| 4 |; ATB+oC=| 4 |+| 4 | =] 8

10 2 12
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1
[Ipumep.Haiitu npoussenenue matpun A = |4 | u B= 2 4 1).

3
1 -2 1-4 1-1 2 4 1
AB=|4|-(2 4 1)=]4-2 44 4.1|=|8 16 4|
3 3.2 34 31 6 12 3
1
BA=(2 4 1)|4|=21+44+13=2+16+3=21
3

3 4
[Ipumep.Haiitn npousseaenue matpui; A= (1 2),B= (5 6J

3 4
AB= (1 2)-(5 6j=(3+10 4+12)= (13 16).

Onpeodenumenu ( 0emepmMuHanmosl) Mampuybl.

a, a, ... a4,
. Ay, Ay .. Ay,

Omnpenenenune.OnpenenureneM KBaJApaTHOW MaTpuibl A= HAa3bIBACTCS
a a a

n2 nn

YHCII0, KOTOPOE MOXKET OBITh BBIYHCIICHO T10 3JIEMEHTaM MaTpPHUIbl 110 popMyIie:

detA= Y (-D)""a, M, , rze

k=1

M — neTepMUHAHT MATPHUIbI, TOJTYYCHHON M3 UCXOIHON BHIUCPKUBAHUEM TIEPBOM CTPOKH U K — ro

cronbna. Cnenyer oOpaTuTh BHUMaHUE HA TO, YTO OINPENENIUTENN UMEIOT TOJIbKO KBaJIpaTHbIE MAaTPHIIbI,
T.€. MaTPUIbl, Y KOTOPBIX YUCIIO CTPOK PABHO YUCITY CTOJIOIOB.

[Ipenpinymas ¢opmyna MO3BOJISET BBIYMCIUTH OIpPENEIUTENh MAaTpPULBl [0 MEPBOIMl CTPOKE,

TaKXke CIpaBeInBa (JOpMya BEIUUCICHUS ONPEIEIUTENS 110 IIEPBOMY CTOJIOLY:

detA = Z‘,(_l)k+1 ayM,,

k=1
BOO6H_IC TOBOps, ONPCACITUTCIIb MOKET BBIYUCIIATHCA 1O 000 CTPOKEC HJIN CTOJ'IGI_Iy MaTpulhbl,

T.€. CipaBeyiuBa popMyra:
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detA= ) (-D"a,M,, i=12..n.
k=1

O4eBUIHO, YTO Pa3IMYHbIE MATPULIBI MOT'YT UMETh OJUHAKOBBIE ONPEICIUTEIIH.

Onpenenurenb eIMHUYHON MaTPUIIbI paBeH 1.

Jna ykazaHHOW MaTpuibl A 4ucino Mix Ha3bIBacTCs JONOJHHUTEJIbHBIM MHHOPOM 3JIEMEHTA
MaTpuIbl aik. TakuM 00pa3oM, MOXKHO 3aKIIOYHTh, YTO KXKABIH AIIEMEHT MAaTpHUIBI MUMEET CBOM
JIOTIOJIHUTENbHBIA MUHOP. [{0MOIHUTEIbHBIE MUHOPBI CYILIECTBYIOT TOJIBKO B KBAJPAaTHBIX MaTpULIAX.

OHDeIIeJIeHHe.I[OHOJIHHTeHLHbIﬁ MHHOP IIPOMU3BOJBHOI'O 3JICMCHTA KBaﬂpaTHOﬁ MaTpHIbI djj

paBeH OMPEICIUTEII0 MATPHUIIBI, TOTYIECHHON U3 UCXOHOM BEIYCPKUBAHUEM I-Oi CTPOKHU Hj-TO CTOJIOIA.

CaoiicTBol. Ba)xHbIM CBOICTBOM ONpEENNUTENEH SABISETCS CIEAYIOIIEE COOTHOLIECHHE!

det A=det AT:

CaoiicTBo2.det (AB) = detA-detB

CroiictBo 3.Ecni B KBaJpaTHON MarpHile MOMEHSATh MECTaMH Kakue-TUOO JBe CTPOKH (WiIH

CTOJ'I6I_Ia), TO OIIPCACIIUTCIIb MaTPULlbl K3BMCHHUT 3HAK, HC U3MCHUBIIUCH I10 a0COJIIOTHOM BEJIMYMHE.

CgoiictBo 4. Ilpu ymHOXeHHH cToJ0Ia (MM CTPOKM) MATPUIBI HA YHCIO €€ ONPEICIUTENb

YMHOKACTCA HA 3TO YHCJIO.

Onpenenenue:Ctondupl (CTPOKH) MaTpPHUIbl HA3bIBAIOTCS JHHEHHO 3aBHCHMBIMM, €CIIU
CYUIECTBYET WX JIMHEWHas KOMOHWHAIMs, paBHas HYJIO, MMEIOIlas HETpUBUAIbHBbIE (HE paBHbIE
HYJII0) PELIEHUS.

CaoiicTBO 6. Eciu B MaTpuiie A CTpPOKHM MM CTOJIOLBI JMHEHHO 3aBUCUMBI, TO €€ OINpe/IeIUTeNb
paBeH HYJIIO.

CBoiictBo 7. Eciu maTpuiia COIepXUT HYJEBOW CTOJOEN WM HYJIEBYIO CTPOKY, TO €€
OIpeNIeNIUTEeNIb paBeH Hymo. (JlaHHOe yTBEp)KJIeHHE OUYEBUAHO, T.K. CUMTATh ONPEAEIUTENb MOXKHO
MMEHHO T10 HYJIEBOM CTPOKE MITH CTOJIOIY. )

CeoiictBo 8. Omnpenenurens MaTpullbl HE H3MEHHUTCS, €CIAM K DJIEMEHTaM OJHOH U3 ero
CTpOK(cTOs1011a) MprOaBUTH(BBIUECTh) 3JIEMEHTHI IPYroi CTPOKH(CTONIOA), YMHOKEHHbIE Ha KaKoe-Inoo

YHrCJI0, HC paBHOC HYIJIIO.
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CBoiictBo 9. Ecnmm s 2J1eMEHTOB Kakoii- JMOO CTPOKM WM CTOJIOIA MAaTPHUIIBI
cootnomenue: d = di#d, , e =ei#ex, f = f1#f, To BepHoO:
a b c a b ¢ a b ¢
d e fl=d, ¢ fl|tld, e, [,
kI m & | m| |k | m
1 2 1
[Ipumep. Beruncnuts onpenenurens Matpunbl A= [0 -2 3
31 1
1 2 1
-2 3 0 3 0 -2
0 -2 3=1I1- | —2-3 1+1-3 =(-2-1-1-3)-2(0-1-3-3)+(0-1+3-2) =
31 1
=-5+18 +6 = 19.
1 2 52
[Mpumep:. Jlausl MaTpHUIBl A = [3 4), B= (1 3} . Haiitudet (AB).
1-i crtocob: det A=4-6=-2; detB=15-2=13; det (AB) = det A -det B = -26.

1-5+2-1 1-2+2-3
2- 1 cioco0: AB = [ ]

7 8
= ., det (AB)=7-18-819 = 126 —
3.5+4.1 3.2+4-3 18

19
—152 =-26.
3agaHus K NPAKTHYECKOH MOATOTOBKE

1.BbrauciauTe onpeaenuTenu:

-2 5 5 -7 4 - 3 6 2 4
a) ; 6) ; 6) ;) ; 0) :
-3 4 3 1 -5 10 5 10 -3 9
2. Pemuth ypaBHEHUS:
2 x+3 1 4 x*-4 -1|
2) -0; 6) -0; 6) =0;
1 4 3X X+22 X—2 X+2
4sin x 1
2 =
1 COSX|
3. Pemuth HepaBeHCTBA:
3x—-3 2 1 Xx+5 2x—2 1 X 3X
a) >0; 6) <0; 6) >5; 2) <14.
1 2 X 7x 2 4 2x

BEPHO
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4. BBIUUCIUTH ONIPECTUTEIIN:

2 1 -3 |4 2 -1 |3 0o 3] [3-25 321
a)l-1 -2 102 -3 -2 e)|-1 -3 0f2)0 -3 6;0)2 5 3;

5 4 1 8 8 2 0O 6 - 1 4 2 1 4 2
_ 2 -1 7 4 2 3 -3 4
. 0 -3 9 -5 21 -1 2
") ; K) ;
0O 0 -1 8 6 2 1 O
0 0 0 5 2 3 0 -5
2 -11 0 6 5 8 4 7 3 26
1 2 - 9 7 5 2 8 -9 4 9
) ;M) P H) .
3 -1 2 3 7 5 3 7 7 -2 7 3
3 1 6 1 4 8 8 -3 5 -3 3 4

5 JlaHbl MaTPULBL A, 5, Bs,, Cas. CymectByror u a) AB, 6) BA,
B) AC,r) CA, 1) ABC, e) ACB, x)CB, 3) CBA?
6. Haiinure m U n, €CIIM U3BECTHO, UYTO a) Az, -B,s =Cpn s
0) Az B =Cous 5 B) A -Bnus =Cou -
_(2 —4}_
5 -6
Haiinure a) A+B;6) B-A;B) 2A-3B;1) A+B+AT +B';
n) A-B;e) B-A;x) A3 BL.

7. JlaHbl MaTPUIIBL: A_(l ZJ, B
-3 -4

-1 2 10 -1

8. JlaHbl MaTpHIIbL: A:[3 0 _1}8: 3 1 |,C=31 -2|,

21 -2 0 -2 01 -1

Haiimute a) AB; 6) BA; B) AC ;) CB; 1) 2C-BA;e) Cc*;
x) cc?; 3) 3C-2E; u) CE; k) AE.

9. Haiitu:
a)3A+2B, eciu A:[Z 1 _1}52[_2 1 OJ;
01 —4 3 2 2
6)3—234.B)2—39—6F)43— 3 Y7 3)
5 —4)2 5) 4—66 —a) 75 126 |2 1/

5 8 -4)Y3 2 5

50 2 3
0|69 -5/4 -13¢) |4 1
4 7 -39 6 5 31 -1 2

111
ot 2 3;
1 3 6

4 2 -1
w5 3 -2
32 -1
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3
( [ gy
x)4 0 -2 3 1)-1| 3 2 2 I/I( j;
) g )223 1’)3—4
3 3 407 1
2

1 1)
K) 01
10. Haiitu 3HaueHre MHOTOUJICHA f(A), €CIIU:

a) f(X)=3X2_4,TIe A:(Z lj,
0 3

0) f(X)=X2-3X+1, 1€ A_[l 2];

-1 3

1 -2 3
B) f(X)=3Xx2-2x+5,10e A=|2 -4 1],

3 -5 2

BOHpOCBI K IPAKTUYCCKOMY 3aHATHUIO 1

1. Yro takoe marpuna?

2. Kakas maTpuIia Ha3bIBaeTCsl €IMHUIHON?

3. /laiiTe noHsATHE AMArOHAIBHON MaTPUIBL.

4. Kak ompezaensiercs cloK€HHE U BblUMTaHME Marpul? B Kakux ciydasXx BO3MOXKHBI 3TH
omnepanuu?

5. OnuuuTe anropuT™ MPOU3BEIECHUS MATPHIL.

IIpakTnyeckas padora Ne 2. HaxoxnaeHue o00paTHOl MATpHIbI, BBIYMCICHHE PaHra
MATpPHUBbI.

OnpenejieHue.)JIeMEHTAPHBIME ~ TIPe0OPA30BAHUSIMH  MATPUIBI  HA30BEM  CIICAYIOIIHUEC

npeoOpa3oBaHUS
1) yMHOXEHHE CTPOKH Ha YHCIIO, OTIIUYHOE OT HYJIS;
2) npubaBieHHE K 3JIEMEHTaM OJHON CTPOKH 3JIEMEHTOB JPYTrOi CTPOKHU;
3) mepecTaHOBKA CTPOK;
4) BeruepkuBaHue (yaJIeHNE) OJHOM U3 OJIMHAKOBBIX CTPOK (CTOJIOIOB);

5)TpaHCIIOHUPOBAHUE.
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Te e omnepanuu, TpPUMEHSEMBbIC I CTOJNOLOB, TakKKe HA3BIBAIOTCS DIIEMEHTAPHBIMH
peoOpa3OBaHUAMHU.
C moMouIpI0 3JIEMEHTapHbIX MPeoOpa3oBaHUl MOXXKHO K KaKOW-THMOO CTpOKE WM CTOJOLy

MPUOABUTH JTUHEHHYIO KOMOMHAIIAIO OCTAIBHBIX CTPOK ( CTOJIOIIOB ).
MuHOpBI.
Belmie ObII0 UCTIOIB30BAHO MOHSTHE JOMOJHUTEIBHOIO MHUHOpa MaTpuibl. [laauM ompeneneHue
MUHOpA MaTPUIIbIL:

Onpenenenne. Ecnu B MaTpune A BBIICIINTE HCCKOJIBKO ITPOM3BOJIBHBIX CTPOK W CTOJIBKO XK€

MPOU3BOJILHBIX CTOJIOLIOB, TO ONPEACIHUTEIb, COCTABICHHBIH M3 DIEMEHTOB, PACIIOJNOKEHHBIX Ha
MEPECeUeHUH 3TUX CTPOK M CTOJIOIIOB Ha3bIBaeTCs MHUHOPOM Mmarpuubl A. Eciu BbIIeneHO S CTPOK U
CTOJIOLOB, TO MOJTY4YEHHBIH MUHODP Ha3bIBAETCSI MUHOPOM IOpsAKa S.

3aMeTHUM, YTO BBILIIECKA3aHHOE IPUMEHUMO HE TOJBKO K KBaJpAaTHBIM MaTpullaM, HO U K
MIPSAAMOYTOJIBHBIM. Ecin BbIUEpPKHYTh M3 UCXOAHON KBaJApaTHOW MaTpULlbl A BBIJEIECHHbBIE CTPOKU U
CTOJIOIBI, TO ONPEICTUTENH MMOJIYYEHHONH MAaTPHIIBI OY/ET SBISATHCS JONOTHUTEIHHBIM MUHOPOM.

AJ'II"C6DaI/I‘IeCKI/Ie JOIMOJIHCHH .

Onpenenenue.AjredpandyecKkuM  JIO0NOJHEHHEM MHMHOPAa MaTpulbl Ha3blBacTCA ero
JIOTIOJIHUTEIbHBI MUHOP YMHOKEHHBIM Ha (-1) B cTemeHu, paBHOM CyMMe HOMEPOB CTPOK U HOMEPOB
CTOJIOIIOB MUHOpA MaTpuIlbl. B yacTHOM ciydae, anreOpanvdeckuM JOMOTHEHHUEM 3JIEMEHTa MaTpPHUIIBI
Ha3bIBAETCS €r0 JIOMOJIHUTENIbHBI MUHOp, B3STHIM CO CBOMM 3HAaKOM, €CIIM CyMMa HOMEpPOB CTOJOLA U
CTPOKH, Ha KOTOPBIX CTOUT JIEMEHT, €CTh YHMCJIO YETHOE U C IPOTUBOIIOJIOKHBIM 3HAKOM, €CIIM HEUETHOE.

Teopema Jlamniaca.Eciu 6b10pano S cmpok mampuysl ¢ HomMepamu i1, ... ,Is, mo onpedeiumens

amot mampuysbl paéeH Cymme npouaeedeﬁud 6CeEX MUHOPOB, PACNOJIONCEHHbLX 6 6bl6paHHle cmpoKax Ha

ux anecedopaudeckue OONOJHeHUs.

OOparHag MaTpuIia.

OnpenenyM onepanuio JeJIeHNs MaTPUILL KaK ONepalnio, 00OpaTHYI0 YMHOXKEHHUIO.

Onpenenenue.Ecnmun  cymecTByroT KBaapaTHele wmartpuipl X M A OJHOrO IOpsIKa,

YIOBJIETBOPSIOILIUE YCIOBHIO:
XA =AX=E,
rae E - emuHu4Has maTpuiia TOTO e CaMmoro Mmopsijaka, 4To W Matpuma A, To Matpuma X

Ha3bIBaeTCsA 00paTHOIi K MaTpHIle A u 0603Hauaercs A,
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Kaxxnas kBagpaTHas MaTpHlla ¢ ONPEIeIUTEIeM, HE PaBHBIM HYJIIO HIMEET 00paTHYI0 MAaTpHUILy U
MIPUTOM TOJIBKO OJHY.

PaccmoTpuM 001muit moaXo/1 K HAXO0XKASHUIO O0OpaTHON MAaTPHIIBI.

I/ICXO[[SI U3 OMPCACIICHUA IPOU3BCACHUA MATPULl, MOKHO 3aIllUCAaTh:

n
AX=E= ) aj Xgj = eij , 1=(1,n), j=(1,n),
k=1

eij=0,

eij=1,
TakuMm o0Opa3om, MojiydaeM CUCTEMY ypaBHEHUI:

i #],

i=j.

a11Xqj +apXpj+... A Xnj = 0

an1X1j +an2Xpj+..+apnXpj =0

Pemms 9Ty CUCTEMY, HAXOJUM 3JICMCHTBI MaTPUIIbI X.

1 2
[Ipumep. [lana matpuna A = (3 j , Haiitn A™,

(311 alzj_(xn X12)_(1 Oj
az1 a2/ \Xz1

X22_01.

ay X, +a;,x, =e; =1

X, +2x, =1 [Xp=-2
ay X, +a;,x, =¢,=0

X, +2x,, =0

X12 =1
a1 X +a22x21 =€, = 0 3X11 +4x21 =0 X21 =3/2
Ay Xpy +U5X,, =€) =1 3x, +4x,, =1 X9y =-1/2

-2 1
Takum oOpaszom, A'lz( j .
3/2 -1/2

Opnako, Takod croco® He yao0eH NpH HaXOXKIACHUM OOpaTHBIX MaTpull OOJBIIMX MOPSAKOB,
M03TOMY OOBIYHO IPUMEHSIOT CIEAYIONIYI0 (hopmymy:

_1i+jM..
0w

det A
rac Mi- I[OHOHHI/ITCJIBHLIﬁ MI/IHOp 3JICMCHTA aji ManI/II_ILI A.
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1 2
[pumep. Jlana Matpuma A = (3 4) , Haiitn A
detA=4-6=-2.
M11=4; M12= 3; M21= 2; M22=1
X11=-2;  X1o=1; X21=3/2;  X=-1/2

-2 1
Takum oOpaszom, A'lz( j :
3/2 -1/2

CaolicTBa 00paHbIX MATPULL.

VYkaxkeM clieyrolire CBOcTBa 00paTHBIX MATPUIL:
1) A=A
2) (AB)1=B1A"
3) (AT)* = (A"

3 2
[Ipumep./lana maTpuna A = (1 4j , HalTH AS,

AZ—AA—3232—1114' A3_321114_4778
1 4)l1 4) (7 18) {1 4)l7 18) (39 86)

3 2 11 14
OtmeTnM, 4TO MaTpHULIBI [ j u ( J ABJISIIOTCA [1EPECTAHOBOYHBIMU.

1 4 7 18
-1 0 3 4
2 -1 1 2
IIpumMep. BeIuucIuTh OnpeacIuTeNb 0 3 2 1
2 4 3

-1 0

11 2 2 -1 2 2 -1 1
2 1 =113 2 1/+3:0 3 1-4-0 3 2
1 4 3 2 1 3 2 1 4

W
AN = W
W = N B

-1 1 2
3 2 11=-1(6-4)-109-1)+2(12-2)=-2-8+20=10.
4 3
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0 3 1/=0 3 1[=20-2)-10-6)=2.

2 -1 1 Jo -2 -3
3 2(=0 3 2|=2(-4)-3(-6)=-8+18=10.
2 1 4 2 1 4

3nauenwue onpeaenurens: -10 + 6 — 40 = -44,

ba3ucHBIN MUHOD MaTPHIILL

Panr matpunsr.
Kak 6b110 cKa3aHO , MUHOPOM MaTpHIIbl OPSJIKA S Ha3bIBAETCSI ONPEAEIUTENb MATPULIBL,
00pa30BaHHOM U3 3JIEMEHTOB UCXOAHOM MaTPUIIbl, HAXOJAIINXCS HA IEPECEUEHUH KaKuX - JIN0O
BbIOpaHHBIX S CTPOK U S CTOJIOLOB.

Onpenenenne. B MaTpule MmopdaakKka mxn MUHOP IOpsaAKa I' Ha3bIBACTCA 6331/ICHBIM, €CJIM OH HC

paBeH HyJHO, a BCC MI/IHOpI)I nop;[mca r+1 W BBIIIIC paBHI)I HYJIIO, HJIn HE CYIIIGCTBYIOT BOBCC, T.C. r
COBIIAAAacT C MCHBIIINM M3 YHUCCJI M UJIN N.
CtonOupl W CTPOKM MAaTpPHIBl, Ha KOTOPHIX CTOMT Oa3WCHBIA MHHOp, TAaKXE Ha3bIBAIOTCS
0a3HCHBIMH.
B ManI/IHG MOKET 6BITI> HECKOJIBKO paanqu,Ix 6a3I/ICHI)IX MI/IHOPOB, UMCHOIIINUX OI[I/IHaKOBI)II\/JI
MOPSIIOK.

Onpenesenne. HOpSIILOI( 0a3uCHOTO MHUHOpPA MaTpullbl HA3bIBACTCA PAHIOM MaTpHUlbl H

obo3Hauaercs Rg A.
OdeHb BaKHBIM CBOMCTBOM 3JIEMEHTAPHBIX NPEe0Opa30BaHUM MaTpull SBJSIETCS TO, YTO OHHU HE
HU3MCHAIOT paHI’ MaTPUIIBI.
Onpenenenne. MaTpumpl, MOJTyYeHHBIE B pe3yJbTaTe AJIEMEHTApHOTO HpPeoOpa3oBaHMUS,
Ha3bIBAIOTCS IKBUBAJEHTHBIMH.

Haz[o OTMCTUTD, YTO PaBHbLI€ MaTPHULbI U IBUBAJICHTHBIC MaTPUIBI - ITIOHATHUA COBCPIICHHO
pa3jInuHbIC.

TCOEeMa.Hau60ﬂbW€€ YUCNO JIUHEUHO He3A8UCUMbBIX Cm0ﬂ6u06 6 mampuye paeHo Yuciy

JUHEHO He3A8UCUMbBIX CMPOK.

T.x. OJICMCHTApPHBIC HpCO6p330BaHI/I${ HEC HU3MCHAIOT pPAaHr MaTpUlbl, TO MOXHO CYIICCTBCHHO

YOPOCTUTH MPOHECC HAXOXKIACHUSA paHTra MaTPpHIIbI.
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[Ipumep.OnpeaenuTs paHr MaTPUILBI.

PO 00 1 0 00 5 1 5 1 5
0000 O ~[2 0 0 0 11j~(2 11) ‘2 11‘:11—10:17&0:>R9A=2.
200 011

[Tpumep:OnipeneauTh paHnr MaTpUIIbL.

3 57 4 8 12) (1 2 3 L2 3 L 2
1 2 3|~1 2 3|~]1 2 3 ~[1 ; SJ’ ‘1 3‘:3—2:1;:&0:>Rg:2.
1 35 1 3 5 1

[Tpumep.Onpenenuts paHur MaTPULIBI.

b2l 1213 4] 2
34268~(34268j"34
1213 4

Ecimu ¢ mnoMompio  3JeMEHTapHBIX MpeoOpa3oBaHUN HE yOaeTcs HaWTH  MaTpuily,

‘=4—6:—2¢0.:>Rg:2.

SKBUBAJIECHTHYIO UCXOJHOM, HO MEHBIIETr0 pa3Mepa, TO HAXOXKJIECHUE paHra MaTPUIIbl CIelyeT HAUUHATh C
BBIUMCIICHHS] MUHOPOB HauBBICILIETO BO3MOKHOTO MOpPsAKa. B BhIIENPUBEAEHHOM IPUMEPE — 3TO MUHOPBI
nopsiika 3. Eciu XoTst Ob1 OIMH M3 HUX HE PABEH HYIIIO, TO PAHT MATPHUIIBI paBeH MOPSIKY ITOTO MHUHOPA.

Teopema 0 6a3UCHOM MHHODE.

Teopema.B npoussonvhoi mampuye A Kadxcovlili cmonbey (Cmpoxa) s6isiemcs TUHEUHOU
KoMOUHayueti cmoadoyoe (Cmpok), 8 KOMopvlxX pacnonoNHceH OA3UCHBIL MUHOP.
Takum obpazom, pane npouzeonvHol mampuyvl A pageH MAKCUMATbHOMY YUCTY JUHEUHO

He3a8UCUMBIX CIMPOK (CMonoyos8) 6 mampuye.

Ecnu A- kBagpatHas marpuna u detA = 0, To mo kpaiiHei Mepe OJUH U3 CTOJIOLOB — JIMHEHHAs
KOMOWHAIMS OCTalbHBIX CTONOIOB. TO ke camoe ChpaBenjiuBO W JUIsl CTPOK. J[aHHOE yTBepKIeHue
CJIEyeT U3 CBOMCTBA JIMHENHOW 3aBUCUMOCTH IIPH OIIPENEIUTENE PABHOM HYIIIO.

3agaHus K NPAKTHYECKOMY 3aHATHIO.

Yacrte 1:

1. HaiiTu panr MaTpHIlsL:
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2 3 1
A=0 2 -1 1
4 0 5
2.
1236 1
A=|2 3 1 6 -1
3126 0),
3 2
1 -4
3. |7 10
5 6

2. HaiiTi MaTpuIiel, 0OOpaTHBIC ISl TAHHBIX U CIIEIATh TPOBEPKY:

1 2 3 -4 5
alg 402 31

3 -5 -1

1.HaiiTi panr MaTpHIIbL:

2 1 3 -2 4 1 2 3 6 0 2
4 -2 5 1 7 2 3 16 1 0
2 -1 1 8 2 31 2 6 0 0
) 0) B)
" 3 4 2 6 8 0 2 4 10 -2 o
1 2 1 3 4 3 6 15 -3

2. Haiitu MaTpuiisl oOpaTHbBIE TaHHBIM:

2 5 7
3 4

Y 6)634
5 7 5 -2 -3

Bompocsr k 3ansTHIO 2

1. Yro Takoe obpaTHas maTpuna?

w O o

o b~ O
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[aiite onpeneneHre MUHOpa MaTPHUILIbI?
Jaiite onpenenenre aredpandeckoro JOMOIHEHUS MAaTPULIBI.
UTo Takoe paHT MaTPHUIIbl U KaKOBO €ro 3HaYeHHUe?

Kaxkwue MaTpulbl Ha3bIBAKOT 9KBUBAJICHTHBIMH?

o 0k~ N

HpaBI/IJ'IO HaXOXIACHUSA OIIPEACIUTCIIA.

IIpakTuyeckoe 3ansitue Ne 3.Pemenue cucrem JMHeilHbIX ypaBHeHuii mo npasuiay Kpamepa

u I'aycca.

Mertona Kpamepa. (I"'abpuens Kpamep (1704-1752) mBeliniapckuii MaTeMaTHK)

JlaHHBII METOJ TaKXe€ MPUMEHUM TOJIbKO B CIy4ae CUCTEM JIMHEWHBIX YPAaBHEHUU, IJI€ YUCIIO
MEPEeMEHHBIX COBMANaeT C YHCIOM YypaBHeHHH. Kpome TOro, HeEoOXOIUMO BBECTH OTpPAHHYCHHUS HA
koa¢dumenTs! cucteMbl. Heobxonrnmo, 4ToObl Bce ypaBHEHUS ObLIN JIMHEHHO HE3aBUCUMBI, T.€. HU OJTHO
ypaBHEHHUE HE SIBISLIOCH Obl TUHEHHONW KOMOMHAILIMEH OCTaIbHBIX.

Jl1s 3TOro HE0OX0IMMO, YTOOBI ONPEAEIUTENb MATPUILIBI CUCTEMBI HE paBHsuIcs 0.

detA= 0;

JleiicTBUTENBHO, €CITH KaKoe- JIN00 ypaBHEHUE CHCTEMBI €CTh JIMHCHHAs KOMOWHAIIUS OCTAIBHBIX,
TO €CITH K 3JIEMEHTaM KaKOH- MO0 CTPOKH MPHOABUTH AJIEMEHTHI IPYrod, YMHOKEHHbBIE Ha Kakoe- J100
YHCIIO0, C MOMOUIbIO JMHEWHBIX MPEeoO0pa30BaHUN MOKHO MOJYYUTHh HYJIEBYIO CTpoKy. Ompenenutens B

9TOM cllydae Oy/eT paBeH HYIIO.

Teopema. (IIpasuno Kpamepa):

Teopema.Cucmema u3z N ypagnenuii ¢ N HeuzBeCMHbIMU
a, X, +a,x, +..+a, x, =b,
Ay X, +a,,X, +...+a,,x, =b,
a,x, +a,x, +..+a,x, =b,
8 cayuae, eciu onpeoenumenb Mampuybl CUCHEMbl He PABeH HYI0, UMeem eOUHCMBEEHHOe peuleHue

U 9Mo peuienue Hax0OUmcs no Popmynam.

Xi = AilA, 20e
A=detA, a di — onpedenumens mampuybvl, nOIY4AEMO U3 MAMPUYLL CUCTEMbL 3AMEHOL COLOYA

icmonbyom c60600HbIX HeH08 Di.



23

aytyy by ay-a,
a,,..da,. . b, a,. . ..a
Ai 21 2i—i 2 2i+1 2n
anl"'ani—l bn a i+1 "ann
[Ipumep.
a, X, +a,x, +a;x; =b,
4y X) +apX,; +dyX; =b,
a3 X, +a3,X, +ay3x; = b,
ag 4 diz by a, aj a, b a; a,; a4
A=l|a, ay ay|; Mi=|b, ay ayl; A=la, b, ayl; As=la, ay,
ay; d3 Ay by ay, asy a,, by asy as; djz
X1 = A1/detA; X2 = Ao/detA; X3 = As/detA;
[Ipumep.HaiiTu pelenne CuCTEMBI ypaBHEHHIA:
Sx-y—z=0
xX+2y+3z=14

5 -1 -1
A=l 2

4 3 2
X1 =Al/A=1;

0 -1
A=114 2

16 3

5 0 -1
A2= 1 14 3

4 16 2

3
2

4x+3y+2z=16

3 =5(4-9)+(2-12) —(3-8)=-25-10+5=-30;

-1

= (28 — 48) — (42— 32) =-20 — 10 = -30.

= 5(28 — 48) — (16 — 56) = -100 + 40 = -60.
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X2 = AofA =2;
5 -1 0
As=1|1 2 14{ =5(32-42)+ (16 —56) = -50 — 40 = -90.
4 3 16
X3 = As/A = 3.

Kax BUJHO, PE3YJIbTAT COBIIAAACT C PE3YJIIbTATOM, ITIOJTYYCHHBIM BbIIIIC MATPUYHBIM METOJ0OM.

Ecnau cucrema omnopoana, T.e. bi = 0, To mpu A#0 cucTtemMa MMeET €IMHCTBCHHOE HYJIEBOE
pemieHne X1 = X2 =... = Xn = 0.

ITpu A = 0 cuctema umMeeT 6ECKOHEUHOE MHOKECTBO PEIICHUN.
JI1s1 caMOoCTOATENBHOTO PELICHHUS

x+3y—-6z=12
3x+2y+5z=-10; Omeem:x=0;y=0;z=-2.
2x+5y—-3z=6

Meroa I'aycca COCTOMT B CIEAYIOLIEM: CUCTEMY YPAaBHEHHMU IPHUBOIAT K JKBUBAJICHTHOM €H

X0J).

CHUCTEME C TpPEYroJbHOM MaTpuile. OTH JEWUCTBUS HA3bIBAIOT MPAMBIM XoAoM. M3 momydenHoun
TPEYroJbHOW CHUCTEMBI MEPEMEHHBIE HAXOAT C MOMOIIBIO MOCIEA0BATEIbHBIX MOJICTAHOBOK (0OpaTHBIM

[Ipumep: Pemuts cucremy u3 3 ypaBHeHHil meTooM ['aycca.

x—4y—2z=-3
3x+y+z=5
3x —5y—6z=-9

Meton T'aycca ocHOBaH Ha NpPHUBEIEHUU CHUCTEMBl YpPaBHEHHH K TpPEyrojpHOMY BHAY. ITO
JOCTUTAETCS MOCIEA0BATEIbHBIM NCKIIOYEHNEM HEU3BECTHBIX U3 YPABHEHUN CUCTEMBI.

YMHOXHMM IIepBO€ YpaBHEHHUE HA -3 U MPpUOABUM €ro KO BTOPOMY U TPETheMY ypaBHEHUsIM. B

x—4y—2z=-3
13y +7z =14
7y =0

Teneps pa3zgenuM BTOpoe ypaBHeHHE Ha 13, 3aTeM YMHOXXHMM €ro Ha -7 M MPUOAaBHUM €ro K

pe3yibTaTre MoJiydum CUCTEMY, B KOTOpOﬁ HEU3BECTHOC X MCKIIIOYCHO U3 BTOPOT'O U TPETHETO ypaBHeHHfI.

TPETbEMY ypaBHEHUIO. B pe3ynpTaTe moiayduM CHUCTEMY YpaBHEHHi, B KOTOPOM MCKJIKOYEHO U3 TPETHErO
YPaBHEHUSI HEU3BECTHOE .
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(x—4y—22=—3

L7
{ YT137 713
49 98

—_—— = — —
k 13 13
IIpuBeneHne UCXOQHOW CUCTEMBI YPAaBHEHUMN K TPEYTOJIBHOMY BUAY HA3bIBACTCS IPSMBIM XOI0M

Meroaa ["aycca. [lanee peanuszyem obpartHbIii X0 MeToa ["aycca.

98 49
zZ= ( >=2

313
_14 7
Y=137 13 °7

x=-3+4-0+2-2=1

Takum obpazom, x =1, y=0, z=2.

Onpenenenue. Eciu by, b2, ....om = 0, To cucrema Ha3piBaeTCsS OMAHOPOTHON. OJHOPOIHAS

CHUCTCMa BCCraa COBMCCTHA, T.K. BCCr/ia UMCCT HYJICBOC PCIICHUC.

OneMeHTapHbIE HDGO6D330B3HI/I5I CHUCTCM.

K snemenTapHbIM npeoOpa3oBaHUSIM OTHOCSITCS:

1)IIpubapnenne Kk 00EHM YacTsIM OJHOTO YPaBHEHUSI COOTBETCTBYIOIIMX YacTeil Ipyroro,
YMHOXEHHBIX Ha OJIHO U TO K€ YHCJIO, HE PABHOE HYIIIO.
2)IlepecTaHOBKA ypaBHEHUI MECTAMH.

3)y,I[aJ'ICHI/IC N3 CUCTCMBI ypaBHeHHﬁ, SABIAOIIUXCA TOKIACCTBAMU OJIS BCEX X.
38}13HI/IH K HpaKTI/[‘-ICCKOﬁ MMoJAroToBKE

I/ICCJ'IGI[OBaTB COBMCCTHOCTD CJIICAYIOIINUX CUCTCM.

2% =Xy + X3 =2, Xp +2Xy —4X%5 =1,
a) (X +2%, +3%3 =-1, 0) 12X +X; —9Xg =-1,
Xp —3X, —2X3 =3, X, — Xy — X3 =2,
2X1 +TXy +3X3 + X4 =6, 3X; —5Xy +2X5 +4X, =2,
B) 13Xy +9X; +2X3+2X, =4, ) 7% —4Xy + X3 +3X,4 =5,

OXy +4X, + X3 +7X4 =2, 5%, + 74X, —4X5 —6X4 =3;
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3X; —2Xy —=5X3 + X, =3, Xq + X, —6X3 —X4 =6,

2%, —3X, + X3 +5X4 =3, 3X; — Xy —6X3 —4X, =2,
A) Xy +2X, —4x, =3, © 2%y +3X, +9X 3 +2X4 =6,

Xp — Xy —4X3 +9X, =22; 3Xy +2Xy +3X3 +8%, =—T7.

Pemuth cucremsl ypaBHeHuit o popmynam Kpamepa:

3X; —5x%, =13,
a
10x; —11x, +5x5 = 36;

2%, — X, =81,

2Xq + Xy =5, X1 + Xy —2X3 =6,
B) 1% +3X3 =16, r)42X% +3X, = 7X3 =16,
5Xy =3X%3 =0; SX1 +2Xy + X5 =16;
5X; +8X, + X3 =2, 2%y —3Xy + X3 =—7,
I 3% —2%, +6X3 =—7, e) X +4X; +2%3 =1,
2X1 + Xy —Xg =-5; X1 —4X, =-b5.

3. Uccnenyiite cucreMsbl U B cllydae COBMECTHOCTH peluTe ux Mmeroaom ['aycca.
3X, —2X, —3X%, =5,
0) 1% —3X, +4x%; =1,

6X, +3X, +4x%, =3,
a
X, —TX, —2X; =0;

3X, =X, +2X; =5;

3X1 +2Xy + X5 =5, 2%y —3X, +3X3 =2,
B) X1 + Xy —X3 =0, r) 2% — X9 + X3 =2,

4%, =Xy +5X%3 =3, X; + Xy + X3 =6;

Xg + Xy —X3 =0, 2X; —3Xy +3X3 =3,
I) X1 —Xp +Xg =4, €) 12X — X, +7X3 =5,

=X+ Xy +X3 =2, X; + Xy + X3 =6;

X +2X, =3X; =3, [ X —X, + 2%, +2X, =2,

X, +2X, +4X; =9, 3%, — 2%, — X3 — X, = -1,
X 3
) 2% + 7%, — X3 =0, 5, — 3%, —4X; — 2%, =4,
3X, +8X, —%X; =1, 7% —4X, — 71X, — 5%, =T,

X1 +3X, —X3 — X4 =0, X1 — Xy + X3 —X4 =0,

K)

X1+ Xy =Xz +X4 =2; 33Xy + Xy —2X3 + X4 =7.

3Xy —2Xy +2X3 —2X, =1, X1+ Xy + X3 +X4 =6,
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2% +3X, =X+ X, =2, 2% + 3%, =5%; + X, —X; =0,
X — 2%, + %, =3, X +2X, +3X;3 + 2%, + 2X; =3,
) Xy + X, + X —2X, =7, M AX +TX, + X3 +5%X, +3X; =1,
3X, —8X, + 2%, — X, =5; 5X; + 9%, +4X; +7X, +5X; =8;
00)
4x; +3X, — X3 =5,
2, — X, — 2%, = 3, X, 42Xy + X3 — X, + X5 =1,
H) 13x, — 4x, + 3, =10, 2%, +5X%, +6X; —5X, + X5 =0,

8% —9X, +4x; =17. X = 2%+ Xg =X, =X =3,
X, 43X, +2X5 — 2X, + X =1,

TX, — X, +2X; =5;
X —4X, + X3 + X, — X5 = 3.

Bomnpocs! k 3aasTuio 3

Yro Takoe cucTema JUHEHHBIX YPABHEHUN?

B kakux cinyyasx cucrema JIMHEHHBIX YpaBHEHUM UMeeT pelieHue?

CKOJIBKO pelIeHU HMEET CUCTEMA JIMHEWHBIX YPaBHEHUN?

B uem cyTts MeTona Kpamepa?

B kakux ciaydasx cuctema JMHEHHBIX YPAaBHEHUM NMeEET penicHue?

B kakux cioyyasx cucTeMa ypaBHEHUH MOXKET OBbIThb pelleHa W YTOHA3bIBAETCS €€
peuieHusiMu?

ouhkwdE

IIpakTnueckoe 3ansitue Ne 4. Onepanuuu HaJ BeKTOpaMu. Beruuciaenue MoayJis
U CKAJISIPHOTO NPOMU3BEJACHUSA BEKTOPOB.

Omnpenesenne.BekTopom Ha3bIBaeTCs HAPaBJICHHBIH OTPE30K (YIopsaoueHHas napa To4ek). K

BCKTOpPAM OTHOCHUTCS TAKIKEC N HyJIeBOﬁ BCKTOP, HAYAJIO U KOHEI KOTOPOT'O COBIIAAAOT.

Onpenenenue./ITuHOi (MOQy/1eM) BEKTOpa HA3bIBAETCA PACCTOSHUE MEXIY HAYaloM U

KOHIIOM BEKTOpa.

-

OHDeHeHeHHe.BCKTOpH Ha3BIBAIOTCA KOJUIMHEAPHBIMM, €CJIM OHH PACIIOJIOXCHBI Ha OJTHOM

WM NapajienbHbIX NpsaMbIX. HyneBoil BeKTOp KoTnHeapeH 11000My BEKTOPY.

Onpe}leﬂeﬂue.BeKTopm Ha3bIBAIOTCA KOMILIAHAPDHBIMHA, CCIM CYHIECTBYCT IIJIOCKOCTD,

KOTOPOW OHM NapaJuIeIbHBI.
KonnuueapHble BEKTOpbl BCerJa KOMIUIAHAPHBI, HO HE BCE KOMIUJIAaHAPHBIE BEKTOPHI
KOJUINHEAPHBI.

OHDCJ]CJICHP[C.B@KTOPBI HAa3bIBAKOTCA PaBHBIMHA, CCIM OHHW KOJJIMHCApPHBI, OAWHAKOBO

HaIpaBJICHBI 1 UMCIOT OJJMHAKOBBIC MOJYJIN.
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Beskue BekTOpbl MOXKHO TpHBECTH K oOOmleMy Hayaly, T.e. [OCTPOUTH BEKTOPHI,
COOTBETCTBEHHO paBHbIC JNAaHHBIM U HMeroliue obiiee Hayano. W3 ompeneneHus paBeHCTBA BEKTOPOB

CIIENLyET, YTO J000H BEKTOP UMEET OECKOHEYHO MHOTO BEKTOPOB, PABHBIX EMY.

Onpenenenne.JInHeHHBIMHU onepanmusasMM Haa BCKTOpaMH  Ha3bIBACTCA  CIOXKCHHEC U

YMHOKCHHE Ha YUCJIO.

CyMMOI1 BEKTOPOB SIBJISIETCS BEKTOP - ¢ =d + b

Ipoussenenne - b =a a; |b

= a‘a‘, IIPH 3TOM d KOJUIMHEapeH b5 .

Bekrop i conanpasiet ¢ BektopoM 5 (1T 5 ), ecim a> 0.

BeKTop § MPOTHBOMOJIOKHO HarnpasieH ¢ BektopoM 5 (i T4 5 ), ecun a< 0.

CBoiicTBa BEKTODOB.

1)a + b = b + i - KOMMYTaTHBHOCTb.
Ddi+(b+cé)=(a+ b))+
a+o=a

4)d +(-1)a =0

5) (a-B)a = a(Ba) — accoraTuBHOCTH

6) (atP)d = ad + Bd - AUCTPUOYTUBHOCTD
Nao(d + b)=od+taob

8)1ldi=a

OnpeaeaeHue.

1) ba3ucom B MMPOCTPAHCTBE HA3BIBAIOTCH 00bIe 3 HCKOMIUIAaHAPHBIX BEKTOpA, B3ATHIC B

OTPEETICHHOM TTOPSIIKE.

2) ba3ucoM Ha IUIOCKOCTH HAa3bIBAIOTCS JIOObIE 2 HEKOJUIMHEApHBIE BEKTOPHI, B3SATHIC B

OIPEICTICHHOM TOPSIKE.

3)ba3ucoM Ha psMOii Ha3bIBaETCs JTF00O0H HEHYJICBOI BEKTOP.

_— — —

Omnpenenenune.Eciu e, e,,e; - 0a3uc B IpocTpaHcTBe U a = e, + e, +¥ e; , To unucna o, B

M Y - Ha3bIBaOTCA KOMIMOHCHTAMM UJIH KOOPAUHATAMM BEKTOpa d B 3TOM Oasuce.

B cBs3u ¢ 3TUM MOXKHO 3amucaTh CJICOAYIOIIUC CBOMCTBA:
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- PpaBHBIC BCKTOPbLI UMCIOT OANHAKOBLIC KOOPJAWHATHI,

- 1P YMHOXCHHHU BEKTOpPA HA YHUCJIO €T0 KOMIIOHEHTBI TOXKE YMHOXAIOTCA Ha 9TO YUCIIO,

Aa=Mae, +fe, +y e)= (e, +(Af) e, +(A7) e, .

- IIpH CJIOKCHUHN BCKTOPOB CKJIAABIBAOTCA UX COOTBCTCTBYIOINEC KOMIIOHCHTHI.

—_ — —_—

a=aq.e ta,e, +aze;, b= pie +p,e, + e,

i+ 5=+ B)e +(a,+Be, +(a,+ e, .

JInHeliHasA 3aBUCUMOCTh BEKTOPOB.

_  —

OHDe}]e.IIeHI/Ie.BeKTOpr a;,....,d Ha3bIBAIOTCS JIMHEHHO 3aBUCUMBbIMH, €CJIM CYHIECTBYET

n

— — —_—

Takas JMHeHHas KoMOMHaIMs &, a, +Q,a, +...+a,a, =0, Ipy He PaBHBIX HY/IIO OAHOBPEMEHHO i , T.€.

a +a; +..+a 0.

—_— —_— —_

Ecnu e Tonpko npu o = 0 BeINONHACTCS &, +a,ad, +...+a,a, =0, TO BEKTOPbl Ha3BIBAIOTCSA

JIMHENHO HE3aBUCUMBIMHU.

—_—

CeoiictBo 1.Eciu cpean BEKTOPOB a, €CTb HYJIEBOW BEKTOp, TO 3TH BEKTOPBI JIMHEHHO

3aBHUCHUMBI.

CaoiicTBo 2. Eciu x cucreme TUHEHHO 3aBHCHUMBIX BCKTOPOB I[O68.BI/ITB OJWH HWJIN HECKOJBKO

BCKTOPOB, TO IMOJTYUYCHHAA CUCTCMA TOXKE 6yz[eT JIMHEHHO 3aBHCHMA.

CBoiictBo _3.CucreMa BEKTOPOB JMHEWHO 3aBHMCHMMa TOTJa W TOJBKO TOT/A, KOT/Aa OJIUH M3

BCKTOPOB pacCKJIaAbIBACTCA B HHHCﬁHYIO KOM6I/IHaHI/IIO OCTAJIbHBIX BEKTOPOB.

CBoiicTBO 4. J[t00ble 2 KOJIMHEApHBIX BEKTOpa JIMHEWHO 3aBUCUMBI U, HA00OPOT, J100bIE 2

JIMHEIHO 3aBUCHUMBIC BCKTOPBI KOJUIMHCAPHBI.
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CBoiicTB0o 5. J[100ple 3 KOMIUIAHAPHBIX BEKTOpA JIMHEHHO 3aBUCHMBI M, HA00OpOT, J00BIE 3

JIMHEHHO 3aBUCUMBIC BCKTOPbI KOMIIJIAHAPHEI.

CBoiicTBO 6. JIt00ObIe 4 BEKTOpA JIMHEWHO 3aBUCUMBI.

CucreMa KOOpJIHHAT.

Jiis  ompeneneHuss TOJOXKEHUS MPOM3BOJIBLHOW TOYKHM MOTYT HCIIOJIb30BAThCS Pa3IMYHbIC
cucteMbl KoopauHat. [loiioskeHHe TPOW3BOJIBHONM TOYKH B KaKOW- JTMOO CHUCTEME KOOPAHMHAT JOJDKHO
OJTHO3HAYHO ONpeAenAThCA. [IOHATHE CHCTEMBI KOOPAMHAT TMPEACTABISET COOOM COBOKYITHOCTH TOYKH
Hayaja oTcuera (Havajla KOOpJIMHAT) M HEeKoToporo Oasuca. Kak Ha MJIOCKOCTH, TaKk U B MPOCTPAHCTBE
BO3MOJKHO 33JJaHHE CaMbIX Pa3HOOOpa3HBIX CUCTEM KOOPAMHAT. BBHIOOP CHCTEMBI KOOPJMHAT 3aBUCUT OT
XapakTepa TIIOCTaBJICHHOH TIE€OMETPUYECKON, (HU3MUECKOW WM TEXHUYECKOW 3amadd. PaccMoTpum

HCKOTOPLIC HauOoJIee YacTo MNPUMCHACMBIC HAa IIPAKTUKE CUCTECMBI KOOPAHWHAT.

JlekapToBa cucTeMa KOOpJMHAT.

3adukcupyem B mpocTpaHcTBE TOUKY O U pacCMOTPUM IIPOU3BOJIBHYIO TOUKY M.

_

BCKTOp OM HA30BEM panyC- BCKTOPOM TOYKHU M. Ecau B MIPpOCTPAHCTBC 3a4aThb HCKOTopHﬁ

6331/10, TO TOYKe M MOKHO COIIOCTaBUTH HCKOTOPYIO TpOﬁKy YUCCII — KOMIIOHCHTBI €€ paaAnyC- BEKTOpA.

Omnpeaesenue./lekapToBoii cucTeMoil KOOPAMHAT B IPOCTPAHCTBE HA3BIBAETCS COBOKYITHOCTH

Toukdn u Oasuca. Touka Ha3bpIBACTCS HAYAJOM KOOpAuHAT. [IpsiMble, MPOXOAIIAE dYepe3 Havaao
KOOP/IMHAT HA3bIBAIOTCS OCSIMH KOOPJAMHAT.
1-1 ock — och abcumee
2-51 OCh — OCh OpPAUHAT
3-51 0Ch — OCh AIJIMKAT
YroObl HaWTH KOMIIOHEHTBI BEKTOpA HYXKHO M3 KOOPJMHAT €ro KOHIIA BBIYECTh KOOPJWHATHI
Hayaja.

Ecu 3amansl Touku A(X1, V1, Z1), B(X2, Y2, Z2), To AB= (X2— X1, Y2 — Y1, Z2 — Z1).
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Onpenenenue. ba3zuc Ha3piBaeTCs OPTOHOPMHMPOBAHHBIM, €CJIM €r0 BEKTOPHI IOMAPHO

OpTOIroHaJIbHBI U paBHBI CIUHUIIC.

Omnpenenenue./lekaproBa cucreMa KOOpAMHAT, 0a3uc KOTOPOH OPTOHOPMHPOBAH HA3BIBACTCS

JAEeKapTOBOI MPSIMOYT0JbLHOM CHCTEMOI KOOPIMHAT.

Hpuwmep. Haus Bextopsid (1; 2; 3), & (-1; 0; 3), ¢(2; 1; -1)ud (3; 2; 2) B HexkoTopoM GasHce.

Tloka3aTh, 4TO BEKTOPHI 4, 5 U ¢ 00pasyloT Ga3uc U HAlTH KOOPAMHATH BekTopa d B 3TOM Gasuce.
Bekropsl 00pa3yroT 0a3uc, ecliii OHM JIMHEHHO HE3aBHCHMBI, APYTUMH CIIOBaMH, €CIIU

YpaBHCHHU:, BXOJAILIUE B CUCTEMY.

a—-pB+2y=0
20+0-f+y =0 JUHEHHO HE3aBHCHMBI.
3a+3-y=0

Torna d =aa+ fb+yc.
ITO yCIIOBHE BHIOIHSIETCS, €CIIM ONPEAEIUTEb MATPHUIILI CHCTEMBI OTIMYEH OT HYJIS.
1 -1 2
2 0 1120
-1

0 1| 2 1 2 0
l|= + +2 =-3+(-2-3)+12=4=#0
I -1 3 -1 3 3

oa, + pb, +yc, =d,

aa, + fb, + yc, = d, JIna pemienns 3Toi CHCTEMBI BOCIIONb3yeMcs MeTonoM Kpamepa.
aa, + pb, +yc, =d,

01H21

20
+ +2 =3(-3)+(-2-2)+12 =-1.
2_1‘ ‘23‘ (-3)+(-2-2)

Ao=la, dy, ¢|=2 2 1|=(2-2)-3(2-3)+2(4-6)=-4+15-4=7,
-1

N
©
QU
w
(@)
w
W
[\
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AZ
=—==7/4;
s A ;
a b dj| (1 -1 3
A= |®2 b, d,|=2 0 2/=-6+(4-6)+18=10;
a, b, d, 3
A3
=—=5/2;
e A 5

WTOoro, KOOpAMHATHEI BEKTOpa deo6asuce i, b,¢. d {-1/4,7/4,5/2}.

I[.TII/IHa BEKTOpa B KooOpAMHATaX OIPCACIIACTCA KaK paCcCTOAHUC MCKAY TOYKaAMMU Ha4dajla U

KOHIIa BekTopa. Ecnm 3amanel 1Be TOoukM B mpocTpaHcTtBe A(X1, Vi, Z1), B(Xz, Vo,

AB| = J(x, =5 + (=) + (222"

Zz), TO

Ecnu Touka M(X, y, Z) neJaur orpe3ok AB B cooTHomeHun A/, cuuTas oT A, TO KOOPIUHATHI

3TOH TOUKH OIPCACIIAOTCA KaK:

:!"Lxl+}\’x2. :lv%‘”“yz, Z:W1+XZ2
TR TR n+A

B gactHOM ClIydae KOOPJAHHATHI CEPEAMHBI 0TPE3KA HAXOAATCA KakK:

X

X = (X1t X2)/2; y = (y1 + Vy2)/2; z=(z1+29)/2.

JIMHEWHBIC oNepalii HaJl BEKTOPAMH B KOOPJIMHATAX.

ITycTh 3agaHbI BEKTOPBI B IPAAMOYT0JIbHOM CHCTEMe KOOPAMHAT

a(x,,y,,2,); b(xz,yz,25), TOrNA TMHEHHbIE ONIEPAIMK HAJ HUMH B KOOPAMHATAX UMEFOT BUJL!

a+b=c(x, +X5y,+ V532, +2,); a-a=(ox,;ap,;02,)

CkansapHoe IpOM3BEICHIE BEKTOPOB.
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OHDe}IeHeHHe.CKaJ’[ﬂpHLIM MPOU3BECACHUEM BCKTOPOB a u l; HAa3bIBACTCA 4YUCIIO, PABHOC

MPOU3BCACHUIO JJIMH 3TUX CTOPOH HAa KOCUHYC yIJjia MCKAY HUMHU.

i-5 =lill s |cose

CBOMCTBA CKAJISIPHOTO MPOU3BEICHUS

il%

1) d-a=
2) -6 =0,ecru dL p wim i=0wm 5 =0.
3) i-b = b -d;

4) a(p+C)=da-b +d-c;
5) (mad)-5 =da-(ms)=m(a- 5 ); m=const
Ecnu paccmarpusath Bektopsl a(x,,v,,z,); b(x,,V,,z,)B 1eKapTOBOH NPAMOYrOJILHON cCUCTEME

KOOPJMHAT, TO

i-b =XaXo+ YaYo + ZaZp

I/ICHOHBSyﬂ INOJIYYCHHBIC PaBCHCTBA, II0JIydYacM (I)OpMy.]'Iy AJI1 BBIYHUCIICHUA yIJla MCKIAY

BEKTOPAMH:

X X, + +z z
cos = @ b T Vb T 2,2

-

a .

Ipumep. Haiitu (Sd +35 )(2d - b ), ecnu |d| =2, ‘5‘ =3, alb.

10i-3-53-5 +6i-5 -35 -5 =10a] ~3fp[ =40-27 =13,

2

k. @-a=la =4, b-b=|p| =9, @-b=0.
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[pumep.Haiitn yron Mexty BekTopamu iu 5 , ecmu d =i +2j +3k,

b=6i +4] -2k .
Te.i=(1,23), 5=(64-2)
i-b=6+8-6=28:

6| =36+16+4 =/56.

la|=V1+4+9 =414,

8
COSQp = = =
? Jlase 21414 14

8 i—% = arccos —
7’ ¢ 7

ckaisspuoe  mpomsBenenwe (34 - 2k )(Ba - 65), ecmm

IIpumep.Haiitu

@ =4, |p|=6, @b=x/3.
1

23 —+
2

i-5-10i-5+125 -5 =15|a —28|d|‘5‘cos§+12‘5‘2 =15-16-28-4-6-

15q-a-18
+12-36 = 240 — 336 + 432 = 672 — 336 = 336.

Hpumep.Haiitn yron Mexty BekTopamu au 5 , ecmu d =3i +4j + 5k,

b=4i +5j -3k .
Te. d=(3,45), &5=(45-3)
i-b6=12+20-15=17:
@ =9+16+25=/50;  |b|=~16+25+9=/50.
17 17 7
¢ = arccos —.
50

CoSp= —— —=—1;
?= 50450 50

Ipumep.ITpn KakoM MBEKTOPsI d = mi +j wb=3i- 3j - 4k HEPIEH UK YJIAPHEL.

i=(m, 1,0); 5=(3,-3,-4)

G-b=3m-3=0, =>m=1.

IIpumep.Haittu ckansipHOe NMPOU3BEACHUE BEKTOPOB 2a+3b +4c u 5d+6b+7¢ , €CIIH

s

=1, |p|=2, [¢=3, arb=arc=hré=7
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(251 +3b +45)(55+65+75)
10G-G+12G-b +14G - +15G-b +18b -b +21b -& +

+20c-a+24b-¢c+28c-¢c =10

3amauuns

3ananme 1: KonnuueapHsl 11 BEKTOPBI €, M G, , Pa3JIOKEHHbIE 110 BEKTOPaM d 1 b ?

Bamanue 2: [lepreHUKYISPHbI JIM BEKTOPLI 4 U b ?

3aganue 3: KoMIUTaHapHbI 11 BEKTOPHI 4, 6, C?
3aganue 4: [Ipu kakoM 3HaueHun & Bektopsl AB u AC HeprneHauKyIspHbI?
a=1{1+2;3},b ={-3,0,-1},¢, =2a-4b,c, =3d +b.
d=1{-2,3+1},b={L,+1-3},c = {1,-9;1}.

a=1{13-1},b={3-23}.
3amanue S: [lans koopauHatsl BepmuH nupamuasl ABCD . Beraucnuts:
1) oObem nupamMubl;

2) wany pedpa AB ;

3) momane rpanu ABC;
A)A(e;-2;3),B(0;-1,2),C(3;,-4;5).
B) A(-1,2;1),B(-13,+4),C(0;1;-2).

C) A(L-11),B(-12;-4),C(2;0;-6),D(-2;5,1).

Bomnpocs! k 3ansTuio 4

1.Yt0 Takoe BekTOp?

2. B yem oTiiMuue BEKTOpa OT CKAJSIPHON BEIUUUHBI?

3. Kak HaliTu mpoeKInu BEKTOp Ha KOOPAUHATHBIE OCH?

4. Kak HailTu JyIMHY BEKTOpa?

5. Kak HaliTu ckaisipHOe npou3BeaeHue?

6. Kak onpenenuTes nepneHIuKyIIpHOCTh U NapaJIEIbBHOCTh BEKTOPOB B IPOCTPAHCTBE?

7. Kakne BEKTOpBI Ha3BBIBAKOT KOJUIMHEAPHBIMU?
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IpakTnyeckoe 3ansaTe Ne 5. CocraBjieHHe ypaBHeHHH MNPSAMbIX W KPHUBBIX BTOPOro
nopsiaka. Ux nocrpoenue.

YpaBHeHne JUHNUHN HA IIJIOCKOCTH.

Kak u3BecTHO, 1100asi TOUKAa Ha IUIOCKOCTH ONpEAENseTcs IBYMsI KOOpAMHAaTaMHU B KaKOM-
mbo cucreme koopauHat. CHUCTEMBl KOOpPAMHAT MOTYT OBITh pa3jIMYHBIMH B 3aBUCHMOCTH OT
BbIOOpa Oa3uca U Hayana KOOpAUHAT.

OmnpenejieHue. YpaBHeHHeM JUHHH Ha3bIBaeTcs cooTHomeHue Y = f(X) Mexny koopauHatamu

TOYCK, COCTABJIAIOIIUX 3TY JIMHUIO.

OTmeTHM, YTO YpaBHEHHUE JTUHUHM MOXET ObITh BBIPAXKEHO MapaMeTPUUECKUM CITIOCOOOM, TO €CTh
KaXKJasi KOOpJAWHATA KaX/10i TOUKH BhIpaXKaeTcs Yepe3 HEeKOTOPHI He3aBUCUMBIN mapameTp t.

XapakTepHbIil MpUMep — TPACKTOpHUs NBIKYIIEHCS TOYKH. B 3ToM ciydae ponb mapamerpa
UTPAET BpEMH.

YpaBHeHue npsAMoON Ha INIOCKOCTH.

Onpenenenne. JIrob6as npsAMad Ha IUIOCKOCTH MOXKCT OBITE 3a/laHa YPAaBHCHUCM TIICPBOTO

nopsiiKa

al

A 1) ray
AX T by T C—=1;

npuYeM TIOCTOsHHBIE A, B He paBHBI Hyiio ogHoBpeMenHo, T.e. A2 + B%t 0. D1o ypaBHeHme

MEPBOTro MOopAgaKa Ha3bIBArOT o0 muM YPaBHECHUEM l'[pﬂMOﬁ.

B 3aBucumoctu ot 3HaueHui noctossHHbIX A,B 1 C BO3MOXKHBI CIIEAYIONINE YaCTHBIE CITyYau:

C=0,A#0,B#0—npaMas npoxoauT yepe3 Havyano KOOpaAuHaT
A=0,B#0,C=0{By+ C =0} npsmas napamiensta ocu Ox
- B=0,A#0,C#0{Ax+C =0} - npsamas napamieiabaa ocu Oy
B =0, A # 0 — npsimas coBnajaer ¢ ocsio Oy

A =0, B # 0 — npsamas coBnazaaer ¢ ocbto Ox

YpaBHeHHE PSIMOI MOKET OBITH MPEICTABICHO B Pa3IMYHOM BHJIE B 3aBUCHUMOCTH OT KaKUX
— 00 3a/TaHHBIX HaYaJIbHBIX YCIIOBUM.

YpaBHeHne NpAMON IO TOYKE U BEKTOPY HOPMAJIH.
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Omnpenesienue.B nexkapToBoil MPsIMOYTOJBHON CHCTEME KOOPJAMHAT BEKTOpP C KOMIOHEHTaMH (A,

B) nepnenaukynspen npsmoii , 3aanHoi ypaBHeHreMm Ax + By + C = 0.

[Ipumep.Haiitu ypaBHeHue npsimoii, npoxoasiiei yepe3 Touky A(1, 2) nepneHAnKyJIsIpHO BEKTOPY
n(3,-1).

CoctaBum nipu A = 3 u B = -1 ypaBHenuwe mnpsimoii: 3x — y + C = 0. Ing HaxoXIeHUS
koa¢pdunmenta C NoACTaBUM B MOJTYYCHHOE BBIPAXKEHHE KOOPIUHATHI 3aJaHHOU TOUKH A.

[Tomyuaem: 3 —2 + C =0, cnenoBarenpro C = -1.

Hroro: nuckomoe ypaBuenue: 3x —y—1=0.

YpaBHeHUEe NPIMON, IPOXOIAIIEN Yepes IBE TOUKH.

[Tycte B mpocTpaHcTBe 3amanbl aBe Touku Mi(X1, Y1, Z1) uMa(X2, Y2, Z2), Toraa ypaBHEHHE

IIPSAIMOM, IPOXOIAIIEH Yepe3 3TH TOUKH:

X=X Y-y,  Z—Z

Xo =Xy Vo=V 2,72

Ecniu kakoit- nub0 w©3 3HaMeHaTelned paBeH HYJIO, CIEIyeT MPUPABHATh HYIIO
COOTBETCTBYIOIIUI YUCITUTEb.

Ha nnockocTu 3anucanHoe Bbllle ypaBHEHHUE MPSIMON YIIPOILAETCS:

Yo~y
Y= :#('x—xl)
Xy =X

€CIIN X1 # X2 U X = X1, €CIINX1 = X2.

Vo=V _ K i
= KHa3bIBaeTCs YrJ0BbIM KOI(PPUUHEHTOM IIPSIMOM.
X, —X
2 1

Hpobb

[Tpumep.Haiitu ypaBHeHue npsmoii, mpoxosmieit uepes3 Touku A(1, 2) u B(3, 4).

[TpuMmeHss 3anKMcaHHYIO BhILIE (GOPMYITy, TOTydaeM:

4-2
-2= x—1
y 3 "D
y—2=x-1
x—y+1=0

YpaBHEHHE IPSIMOM IO TOUKE M YTIIOBOMY I(OZ-)d)d)I/IUI/IeHTV.
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Ecnu o6mee ypaBuenue npsimoit Ax + By + C = 0 mpuBecTd K BUIY:

__Ax_C
Y B B
A C
¥ 0003HauuTh — - —=k; ——=5h; me y=kx+b, TO NOIYYEHHOE YPABHEHUE HA3bIBACTCH
B

yPaBHeHHEeM NPSAMOi ¢ YIJI0BbIM K03 punuentom K.

VYpaBHEHUE IPIMOM 10 TOYKE M HAIPABJIAIOMIEMY BEKTODY.

ITo aHanoruu ¢ IMyHKTOM, PaCCMaTpPUBAIOLIMM YpPaBHEHHME NMPSMOM 4epe3 BEKTOpP HOpMalu
MO>KHO BBECTH 3aJlaHUE IIPSAMOM 4Yepe3 TOUKY U HAIPABJIIFOLIUN BEKTOP IPSIMOM.
Onpenenenne. Kaxplii HeHyneBoil BeKTop d(ot1, 02), KOMIOHEHTBI KOTOPOTO YIOBICTBOPSIOT

ycioBuio Ao + Baz = 0 Ha3bIBaeTCsl HANPaBJISIIOIIMM BEKTOPOM IMIPSMOiA
Ax+By+C=0.
[Mpumep. Haiitu ypaBHeHHE NPSAMON ¢ HampaBJIsonM BeKTopoM d (1, -1) u nmpoxosieit uepes
touky A(1, 2).
YpaBHeHHEe HCKOMOH TpsiMoii Oyaem mckath B Bujae: AX + By + C = 0. B coorBercTBUU C

OIIpCACIICHUCM, K03(1)(1)I/II_II/IGHTH JOJIKHBI YIOBJIETBOPATH YCIIOBUSIM.

1.A+(-1)-B=0,Te. A=B.

Torna ypaBaenue npsimoit umeet Bua: AX + Ay +C =0, mm x +y + C/A=0.

npu X = 1, y =2 nonyuaem C/A = -3, T.e. HICKOMOE ypaBHEHHE!

x+y-3=0

YpaBHeHrEe OpsIMON B OTPE3KAX.

Ecnu B oOmem ypaBHenun npsimoit Ax + By + C = 0 C # 0, To, pazaenus Ha —C, MOTyYHM:

AL B
C C
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['eomeTpuyeckuii cMbIci KOA(PGUIUEHTOB B TOM, YTO KOA(PGUIUEHT a SIBISETCS KOOPAMHATOM
TOYKH IIEpeceUeHHs MPsIMOii ¢ ockio OX, a b — KoopauHATON TOUKH IIepeceueHust MpsiMoii ¢ ockio Oy.

[Tpumep.3anaHo obiee ypaBHeHHe npsiMoit X —y + 1 = 0. Haiftu ypaBHeHHE 3TO# TpsIMOi B

OTpE3Kax.
C: ,—E—FXZI’ a:'l, b:1.
1
HopmanbHoe ypaBHEHUE NPAMON.
1
Ecnu o6e yactu ypaBHenus Ax + By + C = 0 pa3nenuts Ha uucio (= iﬁ » KOTOpOe
A" +B

Ha3bIBACTCA HOPMHUPYIOIIEM MHOKHTEJIEM, TO ITOJTYyYUM

XCOSp + ysing -p =0

HOPMAJIbHOE YPAaBHEHUE MPSIMOM.

3HaK + HOPMHPYIOLIETO MHOKUTENS HaJl0 BEIOUpaTh Tak, 4Toos! -C < 0.
p — AJMHA NEepHEeHAUKYJsApa, ONMYLUIEHHOTO W3 Hayajla KOOpAMHAT Ha MpsMYyIo, a ¢ - yroi,

O6paBOBaHHBIﬁ 9THUM NECPHCHAUKYIIAPOM C TOJOXKUTCIIBHBIM HAIIPaBJICHUEM OCH Ox.

[Tpumep./lano obuiee ypaBHeHue npsimoit 12x — Sy — 65 = 0. TpeOyercs HanucaTh pa3iuyHbIe
THUIIBI YPABHEHUM 3TON IIPSIMOM.

25,
65 65y

S |
(65/12) (—13)

YpaBHEHUE ITOU MPSMOM B OTPE3KaX:

ypaBHEHHE 3TOU MPSIMOM C YTIIOBBIM KO3 (ULIMEHTOM: (IeIUM Ha 5)
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HOPMaJbHOE YPaBHEHHUE MPSMON:

U=————=— —x—-—y-5=0; cosp = 12/13; sing = -5/13; p = 5.

CJ'IeI[yeT OTMETHUTH, YTO HC KAXAYIO IPAMYIO MOXHO IPCACTaBUTh YpPaBHCHHEM B OTPE3Kax,

HaIpuMmep, MpsAMBIC, TaPAJUICIIbHBIC OCAM HUJIU MMPOXOAAIIHNE YCPC3 HAYAJIO KOOPAUHAT.

H[!I/IMGQ.HpHMaﬂ OTCEKACT Ha KOOPAHWHATHBIX OCIAX PaBHBIC II0JIOXKUTCIBHBIC OTPE3KH.

CocTaBUTh ypaBHEHHUE MPSMOM, €ClU IIOMIAAb TPEYTOJIbHUKA, 00Pa30BaHHOIO 3TUMU OTPE3KaMU paBHa §
2

CM“.

VpaBHEHHME NIPSMOM UMeeT BUI: > 4 2 —1, a=b=1; ab/2=8; a=4;-4.

a
a = -4 He TOAXOMT 110 YCIOBHUIO 3a/1a4H.
Hroro: f+Z:1Hon+y—4 =0.
4 4
[Ipumep.CocTaBuTh ypaBHEHHE MPSIMOH, Mpoxomsiield uepe3 Touky A(-2, -3) W Ha4ago

KOOD/IMHAT.

X=X Y=

YpaBHeHUE NMPSAMON UMEeT BUL: = ,Tiex1= y1=0; X2=-2;y2=-3.
X=X Yy ™N
x=0 _y-0 ; S 3x—2y=0.
-2-0 -3-0 -2 =3

Yroxa MEXKAY INPAMBIMH HaA IMJIOCKOCTH.

Omnpenenenue.Ecnu 3amansl aBe npsambiey = KixX + by, y = kox + by, To octpsiii yron mexmy

OTUMMU PAMBIMUA 6y216T ONPCACIATECA KaK

kz _kl
1+ kK,

tga =

JIBe nipsiMble mapaienbHbl, eciu K1 = Ko.
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JIBe mpsiMble mepreHauKyIspHbl, eciu K1 = -1/K.

Teopema.llpavvie Ax + By + C = 0 u Aixx + By + Ci1 = 0 napannenvhvl, koz2oa

nponopyuoraivisl ko3gpuyuenmolt A1 = AA, B1 = AB. Eciu ewe u C1 = AC, mo npsimvle co8naoarom.

Koopaunatel TOYKM TiepeceueHUsi JIBYX NPSIMBIX HAaXOASATCS KaK PpEIICHUE CHUCTEMBbI
YPaBHEHUUATUX MPSIMBIX.

YpaBHeHue npaMoON, OPOXOAdIIEl Yepe3 JaHHYIO TOUKY

OEepHEeHANKYILSIPHO JTaHHOU IIPSIMOM.

Omnpenenenue.lIpsamas, npoxoasmas yepe3 Touky Mi(X1, y1) U nepHeHAUKYISIpHAs K PAMOM y

= kx + bnpeacraBnsiercs: ypaBHEHHEM:

1
Y= Z_Z(x_xl)

PaccTosiHNE OT TOYKH A0 HDﬂMOﬁ.

Teopema.Eciu 3adana mouxka M(xo, yo), mo paccmosaunue 0o npawou Ax + By + C =0

onpedeﬂﬂemc;z KakK

|Axo + By, +C|
d= .
NA? + B?

Joka3areabcrBo.Ilycth Touka Mi(X1, y1) — OCHOBaHHE MHEPIEHIUKYISAPA, OMYLIICHHOTO U3

To4YKM M Ha 3aaHHYIO0 IIpsAMyto. Toraa paccrosHue Mexxay ToukaMu M u Mai:

d =J(x, —x,)> + (7 — o)’ (1)

KoopauHaTsl X1 y1 MOTYT OBbITh Haii/IeHbl Kak pelleHne CUCTEMbl ypaBHEHHUI:

Ax+By+C=0
{A(y —Yo) = B(x=x,)=0
Btopoe ypaBHEHUE CHCTEMBI — 3TO YpaBHEHHE MPSAMOW, MPOXOASUIEH Yepe3 3alaHHyI0 TOYKYy Mo
MEPIICHANKYIISIPHO 3aJaHHOU MPSIMOMA.
Ecnu mpeoOpaszoBats nepBoe ypaBHEHHE CUCTEMBI K BUTY:
A(X —Xo) + B(y —Yo0) + AXo + Byo + C =0,

TO, pemasi, HOJIy4YnM:
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A

X =X, I—W(Axo + By, +C),
B
Y=Y :_m(/bco +By, +C)

[ToncraBiss 3Ty BepakeHUs B ypaBHeHHe (1), HaXoqum:
p |Ax, + By, + C|
NA* + B®

TeopeMa noka3aHa.

[Tpumep.OnpeneauTs yroia MeXIy npsMbiMA: Y = -3X + 7; Yy = 2X + 1.

2-(3)
ki=-3; ka=2 tgp = |———=1; ¢ =n/4.
1 2 ge ‘1 Z32 ¢
[Ipumep.Ilokazars, yto npsimeie 3x — Sy + 7 =0 u 10x + 6y — 3 = 0 nepreHANKYJISIPHEI.
Haxomum: k1 = 3/5, k2 =-5/3, kikz = -1, cnenoBatenbHO, psMbIe MEPIICHANKYISIPHBI.
[pumep.Tansl Bepuunbl Tpeyroasauka A(0; 1), B(6; 5), C(12; -1). Haiitu ypaBHEHHE BBICOTHI,

MPOBeICHHOM U3 BepIuuHbI C.

Haxomum ypaBHeHHe cTOpoHbI AB: X~ 0_ y__l; X _y=l.gx= 6y — 6;
6-0 5-1 6 4

2X—3y+3=0; y=2xi1.
3
Hckomoe ypaBHeHue BhICOTHI uMeeT BuI: AX + By + C= 0w y = kx + b.

k = —%. Torma y = 3 x+b. T.x. BeicoTa mpoxoaut uepe3 Touky C, TO ee KOOpAMHATHI
2

YIOBJIETBOPSIIOT JAHHOMY YPABHEHUIO: —] = _3 12 + b, oTKyna b = 17. Uroro: y= _3 x+17 .
2 2

Otser: 3X + 2y — 34 = 0.

Kpusrnie BToporo nopsaka.

KpI/IBaSI BTOPOT'O MOpAJAKa MOXKET OBITH 3alaHa YpaBHCHUCM

Ax?+2Bxy+ Cy? + 2Dx + 2Ey + F = 0.

CymecTByeT cucteMa KOOpAMHAT (HE 00s3aTelIbHO JAEKAPTOBA NPSMOYTOJIbHAs), B KOTOPOH

AAaHHOC YPAaBHCHUEC MOKCT OBITh MMpEeaACTaBJICHO B OAHOM M3 BUIAOB, IPUBCACHHBIX HUXKC.
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2 2

X
1) —+°5 =1 - ypasuenue snmnca.
a b
Xy
2) 5+ b_ = -1 - ypaBHenue “MHUMOr0” FmIIHIICA.
a
¥y
3 T =1 - ypaBnenue runep6ossL.
a
4) a°x? - c?y? = 0 — ypaBHeHHE JBYX NEPECEKAIOIINXCS TIPSMBIX.

a
5) y? = 2pX — ypaBHEHHE MapaboIIbI.
6) y?—a?=0— ypaBHEHHE ABYX NapaIETbHBIX IPAMBIX.
7) y?+ @’ =0 - ypaBHeHHE IBYX “MHUMBIX” NAPaJIETbHBIX MPIMBIX.
8) y? =0 - mapa COBNANAIOMMX TIPIMBIX.
9) (x—a)?+ (y—b)?=R?— ypaBHeHHE OKPYKHOCTH.
OKpY»KHOCTb.

Xx—a)y+(y—-h)?=R°

B okpyxxHOCTH

LCHTP UMEET KOOpAMHATHI (a; D).

IIpumep.HaiiTn KoOpAMHATEI LIEHTPA U PAINYC OKPYKHOCTH, €CIIA €€ YPAaBHEHUE 33J1aHO B BUJIE:

2x% +2y* —8x +5y—4=0.

Jyis HaXOKCHUST KOOPIMHAT I[EHTPa M Paauyca OKPYKHOCTH JaHHOE ypaBHEHHE HEOOXOIMMO
IIPUBECTH K BUlY, YKa3aHHOMY BblI1lI€ B I1.9. JlJi 3TOro BbIAEIUM OJIHBIE KBAIPATHI:
X2+y?—4x+25y-2=0
X2 —4x + 4 -4 +y?+ 25y +25/16 —25/16 -2 =0
(X — 2%+ (y + 5/4)2— 25/16 — 6 = 0
(x — 2)% + (y + 5/4)% = 121/16

Orciona naxoaum O(2; -5/4); R =11/4.

DiumIc.

Onpeneenne. JJIUICOM HA3BIBACTCS KpuBas, 3alaHHAsl YPaBHCHUCM

2 2

X y 1

_I__
at b’

Omnpeaesnenue.PoxycaM HA3bIBAIOTCS TAaKHE JBE TOYKH, CYMMa PACCTOSHUM OT KOTOPBIX 10

JIFO0OM TOYKU DJIJIUIICA €CTh ITOCTOSHHAS BEJIMYMHA.



y
1
17 7
\\ﬁoa\ X

F1, F2 — dokycer. F1=(c; 0); Fa(-c; 0)

C — TMOJIOBUHA PACCTOSIHUA MEXIY (OKycamH,
a — OoJbIIast MOTYOCH;

b — manas monyocs.

TeogeMa.CDOKyCHoepaccmOﬂHue U NOJIYOCU IJIIUNCA CBA3AHBL COOMHOULEHUEM .

a?=b?+c%

Jloka3zareabcTBO. B cjIydyac, €CJIM TO4YKa M HaxoguTcs Ha MNEepeCCUCHUMU OJIIMIICa C

o 2 2
BEPTHKAIILHOM OChIO, I1 + 2 = 2Vb” +¢” (1o teopeme Iudaropa). B ciydae, ecnu Touka M Haxomurtcs
Ha MepPeceueHU  AILTUIICA C TOPU3OHTATIBLHOM OChIo, 1 + 2 = a — € + a + C. T.k. 1o omnpeneaeHuo cymma

'l + > — MOCTOsIHHAA BEJIMYHMHA, TO , IpUpPaBHUBAA, oJy4aeM:

a?=b? +¢?

r+r;=2a.

Omnpeaeaenue.opma  dummnca  ONPENENseTCS  XapaKTEPUCTHUKOM, KOTOpas — SBISAETCA

OTHOIICHHUEM (I)OKYCHOFO pacCTOAHUSA K OOJIBIIIEH OCH M Ha3bIBACTCS IKCHCHTPUCUTETOM.

e =cla.

Txk.c<a,Toe<1l.

Omnpenenenune. Bennunna K = b/anaseiBaercs k03 (pUIIMEHTOM CKATHS DIUIMIICA, @ BETHYHHA

1 -k = (a— b)/ana3piBaeTcs caKATHEM DIUTHIICA.

Ko>(Q(pUIIHenT cxaThs 1 SKCIEHTPHCUTET CBA3aHBI COOTHOMIeHNeM: k2 = 1 — €2,




45

Ecmma=Db (c =0, e =0, poKyChI CTUBAIOTCS), TO SJUTUIIC MPEBPAIIAETCS B OKPYKHOCTb.

2 2
. ‘xl yl 1
Ecan mna toukn M(X1, y1) BBINOIHAETCA ycloBHe: — T <l, To OHa HaxomuTCs BHYTPH
a b

2 2
xl yl 1
3JUININCA, a ecii —; + b_2 > 1, To TOUKAa HAXOUTCS BHE DJUIUIICA.
a

Teopema./[na npoussonvrot mouku M(x, v), npunaonedxcaweii 3a1Uncy 6epHol COOMHOUEHUSL.

n=a-ex,n=a+ex.

Joka3zatenbcTB0.Boinie ObuIo MokazaHo, yTo 1 + 2 = 2a. Kpome Toro, u3 reoMeTpuyecKux

COO6pa)I(eHI/Iﬁ MOJKHO 3aI1ucarh.

n=yx-c)+y’
7, :1/()c+c)2 +y2

\/(x—c)2 +y° +\/(x+c)2 +y’ =2a

ITocne Bo3BecHUS B KBaJaApaT U IIPpUBCACHUS HO,I[O6HLIX cJlaracMbIX.

(x+¢)’ +y* =4a’ —4a\(x—c)* +y> +(x—c)* +°
dex =4a’ —4ay(x—c)* +)°
\/(x—c)2+y=a—£x=a—ex.

a

AHaJIOrM4HO JTOKa3hIBaeTCs, 9To 2 = a + eX. Teopema JokasaHa.

C snnunicoM cBsi3aHbl JBE NMPsIMbIE, Ha3bIBaeMble AUpeKTpucaMu. X ypaBHeHUs:

X =ale; x=-ale.

Teopema./[na moeo, umobbl mouka nexcana Ha dAaunce, HeooXo00UMo U OOCMAMOYHO, YMoObl
OmHOWeHUue paccmosius 00 oKyca K paccmosiHuio 00 COOmMEemcmayoueli. OUpeKmpucsl pagHsIOCH
IKCYeHmpucumemy e.

[Tpumep.CocTaBUTh ypaBHEHHME MpPsMOM, NpOXojdiield dYepe3 JeBbl (OKYC W HUKHIONO

2 2

X_+y_:1
25 16

1) KoopauHaTs! HIDKHel BepmuHEL: X = 0; Y2 = 16; y = -4,

2) Koopaunatsl ieBoro dokyca: c?=a?-b?=25-16=9; c=3; F2(-3; 0).

3) VYpaBHeHue MPSIMOH, MPOXOISAIIECH Yepe3 ABE TOUKH:
x__O:y_M; i:y_“l; dx=-3y—12; 4x+3y+12=0
—3-0 0+4 —3 4

BCPpUIMHY 3JIJIMIICA, 3aJaHHOI'0 YPABHCHUCM:
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[Mpumep. CocrtaButh YypaBHeHue duimica, eciu ero ¢okycel F1(0; 0), F2(1; 1), 6oabimas och

paBHa 2.
Wy
72

YpaBHEHHUE 3IUINIICA UMEET BUA: —5 5 = 1. Paccrosume Mexy doxycamu:
a

2¢ = ,/(1-0)? +(1-0)? =+/2, Takum o6paszom, a% — b? = c2 = %

10 yCJI0BHUIO 2a = 2, ciefoBaTenbHo a =1, b = Ja* —c* =J1-1/2=+2/2.

2 2
X
Hroro: —+y— =1

1 1/2
l'unepbomna.

Onpenenenue.'mnep00J10ii Ha3bIBA€TCSI MHOYKECTBO TOYEK IIOCKOCTH, U KOTOPBIX MOJYJIb

PasHOCTU paCCTOﬂHI/Iﬁ OT JABYX HOAaHHBIX TOYCK, HA3bIBACMBIX q)OKycaM]/l €CTh BCJIMYHMHA ITOCTOAHHA,

MCHbIIAA PACCTOAHUA MCIKAY Q)OKycaMI/I.

M(X, y)

r

/:5 S

c

ITo onpenenenuto lri—r2l=2a. Fi, Fa— doxycel runepbonsl. F1F2 = 2¢.

BriGepem Ha runepOoiie mpou3BoIbHYI0 Touky M(X, y). Torna:

r = 1/(x+c)2 +y2
r, = \/(x—c)2 +y2

\/(x+c)2 +y? —\/(x—c)2 +y> =2a
(x+c)’ +y> =4a’ +4a|(x—c)* +y* +(x—c)* + )’
da\/(x—c)* +y* =—4a’ +4xc

2 2 2.2 4 2 2.2
a(x—c) +a'y =a -2axc+xc
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a’x’ =2a’xc+a’c’ +a’y* =a’ —2a’xc+x*c’
a’x*+a’c’ +a’y’ —at —x*c’ =0
—x* (¢’ —a*)+a’(c* -aP)+a’y’ =0
x2(62 _az)_azyz =a2(c2 _a2)
0603HaunM c? — a% = b? (reoMeTpUUECKH 9Ta BEIUYMHA — MEHbIIIAs MOTYOCh)

212 2.2 2.2
ab”=bx"—-ay

2 2
a b

[Tosryunny KaHOHUYECKOE YpaBHEHHUE THIIEPOOIIBL.
['mnepbona cHUMMETpUYHA OTHOCHUTEIBHO CEPEeIUHBl OTpe3Ka, COEAMHSIOMEro (OoKychl
OTHOCHUTEIILHO OCEil KOOpIMHAT.
Ocpb 2a Ha3bIBaeTCs IEHCTBUTENBHON OChIO TUIIEPOOIIBI.

Ocb 2b Ha3bpIBaeTCSI MHUMOI OCBIO THITEPOOJIBI.

I'unep0Oosa MMEET ABE ACHMIITOTHI, YPABHEHHS KOTOPBIX| y = +— x.

Q|

Onpenenenne.OTHOLICHNE e =£ > ] Ha3bIBacTCA IJKCIHCHTPUCUTECTOM I‘I/IHep60J'H>I, ric ¢ —
a

MIOJIOBUHA PACCTOSHUS MEXY OKycaMu, a — IEUCTBUTEIbHAS MOIYOCh.

C yueTom TOr0, uTO 2 — 2% = b2

2 2 2 2
, ¢ a +b° b

e =—=—=—
a2 a2 a2

Ecmma=Db,e= /2, 1o runepbosia Ha3pIBacTCS pABHOOOYHOM (PABHOCTOPOHHEI).

Onpenenenue./Ie mnpsiMble, MNEPHEHIUKYISIPHbIE JEUCTBUTENBHOM OCH TUIEpOONBl U

PaCIIOJIOKCHHBIE CUMMCETPHUYHO OTHOCHTCIBHO HEHTpa Ha PpacCTOSAHUU a/e or HEro, Ha3bIBAKTCA

AUpeKTpucaMu runepoomnsl. X ypaBHeHUs: | x = +

Q|
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Teopema.Eciu I — paccmosinue om npouseonvhol mouku M eunepb6onvi 00 Kakoz2o- aubo
gokyca, d — paccmosinue om moil sce Mouku 00 COOMEeMCmMayiouel IMoMy HoKycy OUpeKmpucol, mo

omnowenue rld — eequuuna NOCMOARHAA, pasHasd IKCYeHmpucumenty .

Joka3zatenbcTB0.11300pa3umM cxemMaTnyHo TUnepooiy.

y

ale d

x,y)

W3 04eBUIHBIX TEOMETPHIECKUX COOTHOLICHNI MOYKHO 3aMucash:
ale + d = X, cnenoBarensHo d = X — a/e.

(x—c+y =r

272
) _Xxb 2 2 _ 2 22
M3 xkaHOHMYECKOro ypaBHEHHs: V = —— -b , C yuerom b° =c¢“—a“:
a
272
2 2 2 2
ro=x"-2xc+c + > -b" =
a
2.2 2
X c
=x? —2xc+c’ + > —x*=c*+a’=|=x-a
a a
C
r=—x-—a

TormpaT.k.c/a=e, Tor=ex—a.

r o ex—a
Hroro: — = =e,
d a
x_i
e

Jlns neBoii BeTBU runepOoIIbl JOKa3aTeNbCTBO aHAJIOTUYHO. Teopema JIoKkazaHa.
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[Ipumep.Haiitn ypaBHeHue TUMEpOOSIBI, BEPIIMHBI W (POKYCHl KOTOPOH HaxomiTCs B

2 2

X
COOTBETCTBYIOILIMX BEPIIMHAX U (POKycaX IILIIUIICA ? +—=1,

5
Tt sounica; ¢° = a2 — b2,

Jlns runep6onsr: ¢2 = a2 + b2,

y i

-
N
<> \

2 2

Xy
YpaBHeHME rUnepOOJIbL: ? - ? =1,

[Tpumep.CocTaBUTh ypaBHEHHUE TUIEPOONBI, €CIM €€ SKCIEHTPUCHUTET paBeH 2, a (HOKYCHI

2 2
X

COBIIAZIAIOT ¢ (hOKYCAMH JILTHIICA C ypaBHeHHeM — +—— =1.

25 9
Haxomnm doxycHoe paccTostaEec? = 25 — 9 = 16.
Jnsrunep6omsr: ¢ = a2 + b? = 16, e=cla=2; c=2a; c2=4a% a’=4;
b?=16 -4 =12.

2 2
X

Ly
Hroro: — — =1 - uckomoe ypaBHeHHE TUIIEPOOJIBI.

4 12

[Tapabora.

Onpene.neﬂne.l'[apaﬁonoﬁ HAa3bIBACTCA MHOKCCTBO TOYCK INNIIOCKOCTH, KaxKaasd N3 KOTOPBIX

HaXOJUTCSI Ha OJJMHAKOBOM PAacCTOSHUU OT JAHHOM TOYKH, Ha3bIBaeMOM (POKycoM, U OT JTaHHOH MpsAMOii,

Ha3bIBAEMOW TUPEKTPUCON M HE MMPOXOAAIICH uepe3 (pokyc.
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Pacnonoxum Havano KOOpJIMHAT MocepeinHe MeXTY (POKYCOM U JTUPEKTPUCOM.

AY
A M€

p/2 p/2

Benuuuna p (paccrosiHue oT (okyca 10 AUPEKTPUCHI) HA3BIBAECTCA NMapaMeTpoM NapadoJbl.

BriBeieM kaHOHUYECKOE ypaBHEHHE MapaOoIIbl.
W13 reomerpuueckux cootnomenuii: AM = MF; AM =X + p/2;
MF? = y2 + (x — p/2)?
(X +p/2)* = y* + (x - p/2)?
X2 +Xp + pAl4 = y? + X2 — xp + p?l4

y? = 2pX

VYpaBHEHUE TUPEKTPUCHL: X = -P/2.

[pumep.Ha mapa6ore y? = 8X HailTH TOYKY, pacCTOSHHE KOTOPOi OT AUPEKTPHUCH PaBHO 4.
W3 ypaBHEeHUs1 TapaboIIbl MoTydaem, 4to p = 4.
r =X+ p/2 = 4; cnenoBareabHO:
X =2; y*=16; y=+4. Uckomble Touku: M1(2; 4), Ma(2; -4).
3a1aHus K MPaKTHIECKON TTOITOTOBKE
3agaua 1. Jlansl Tpu nocienoBaTeNbHbIE BepIMHBI napauienorpamma A(1;2), B(-1;3),C(-4;-2). He
HaXOJIs1 KOOPAUHATHI BepIIMHbI D, HalTu:

1) ypaBuenue cropons AD;
2) ypaBHeHue BbIcOTH BK, omymienHoii 3 Bepuunbl B Ha ctopony AD,;
3) mmuny BeicOTH BK;
4) ypaBHenue auaronaiau BD;
5) TaHreHC yriia Mexay JUaroHaIsIMH MapaieorpaMma.
3anucarpb o01IMe ypaBHEHUSI HAICHHBIX NPAMBIX. [10CTpOUTH uepTex.

3agaua 2. Jlansr Toukn A(1;2;3), B(-1;3;5), C(2;0;4), D(3;-1;2). Haiitu:



2)
3)
4)
5)
6)
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1) obmiee ypaBuenue miockoctu ABC;
o01iee ypaBHEHUE IUIOCKOCTH, Ipoxosuieil uepe3 Touky D mapamnensho minockoctu ABC;
paccrosinue ot Touku D 1o muiockoctu ABC;
KaHOHUYECKHE ypaBHEHHUs Ipsimoil AB;
KaHOHUYECKHE YpaBHEHHUS MPSMOI, MPpoXosiiei yepes Touky D napamiensHo npsimoit AB;

o01iee ypaBHEHHE IUIOCKOCTH, Mpoxosuieil uepes3 Touky D nepnennukynspuo npsmoii AB.

2
3agaua 3. YpaBHeHue BTOpPOro mnopsjaka 2X +9y2 -4x+6y+2=0 IIyTEM BBIIEICHUS ITOJIHOIO

KBaJipaTa MPUBECTH K KaHOHUYECKOMY BuAy. [locTpouts KpuByto, onpeneasieMyto STUM YpaBHEHHEM.

1)

2)
3)

3anaua 4. Kpusas 3a1aHa B IOJISIPHON CUCTEME KOOPAMHAT YPABHEHUEM p = 3¢ .

Tpebyercs:

HAalTM TOUKH, NeXallie HAa KPUBOH, 1aBas (0 3HAYECHHS depe3 NPOMEKYTOK, PaBHBIH -,
8

Ha4uHasi OT ¢ =0 10 ¢ =27,
IIOCTPOUTH IOITYYECHHBIE TOYKHU;
MOCTPOUTH KPUBYIO, COSIMHUB IMMOCTPOCHHBIEC TOUKH (OT PYKH WM C TIOMOIIBIO JIEKaa);

4) cOoCTaBUTh YpaBHEHHE STON KPUBOM B MPSIMOYTOJIbHOM JEKapTOBOM CUCTEME KOOPIMHAT.
33113‘[3 5. HOCTpOI/ITB Ha IINIOCKOCTH TICOMCTPUYCCKOC MCCTO TOYCK, OIIPCACIIICMOC
HEpPaBEHCTBAMH
1<x<2
x<y<2x'
, y<4/9-x?
) x>0,y>0

Bormpocsl k 3aHsATHIO 5

Yro Takoe ypaBHEHUE JIMHUU?

Yro Takoe kacarenabHast K KpUBOU?

Kakue xkpuBbie Ha3bIBalOT KPUBBIMU BTOPOTO MOpsiAKa?

Kakue xpuBble BTOpOro nopsizika Bam U3BECTHBI?

3anucarh ypaBHEHUE MapadoIIbl.

3anucaTh ypaBHEHHE DIUIMIICA.

3anucarh ypaBHEHUE OKPY>KHOCTH.

Kak noctpouts kKacaTenbHyo K KpUBOM 2 nopsiaka?

Kak coctaBuTh ypaBHEeHHE NEPHIEHAUKYISIpa K MPSMON B TOUke?
10 UYro Takoe GoKychl KpUBBIX BTOPOTO MOpsiaAKa?

©COoNo R WDE
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IIpakTnyeckoe 3ansaTue Ne 6. Ilpemen ¢ynkuun. OCHOBHbIE TeopeMbl O Ipeaesax.
PackpbiTHe HeomnmpeaejeHHOCTH. 3amMeuaTesibHble Npeaebl. BolunciieHne mnpeaeaoB ¢ MOMOIIbIO
3aMevaTebHbIX Npe/esioB.

IIpenen GyHKIIMU B TOUKE.

y \ f(x)
A+e I !
A R
A-e |
01 a- g+ AX
[Tycte dynkuus f(X) onpeneneya B HEKOTOPOH OKPECTHOCTH TOYKHU X = a (T.€. B CAMOM TOYKE X = a

(byHKIHS MOXET OBITh M HE OTpE/IeIICHa)

Onpenenenue.Huciio A Ha3siBacTcs nmpeaesiom Gpyukimu f(X) mpu x—a, ecinu s aroodoro €0

CYLICCTBYECT TAKOC YUCIIO A>0, YTO IJIA BCEX X TAKHX, YTO

0<|x-al<A

BEPHO HEPaBEHCTBO | f(x) - Al <e.

To xe OMIpCACIICHUEC MOXKET OBITH 3aIIMCAHO B JAPYroMm BUIE:

Ecnm a - A<x<a + A, X#a, TO BepHO HepaBeHCTBO A - e<f(X) <A + &.

3anuck npenena GpyHkuud B touke: lim f(x) = 4

Onpenenenune.Ecmu f(X) —>Ainpu x — a Tombko mpu X<a, To lim f(x) = 4, - Ha3pIBaeTcs

x—a—-0
npeneiaom Qyakiuu f(X) B Touke X = a cieBa, a ecnuf(X) —>Aonpu X — a TOIBKO MpHU X>a, TO

lim f(x)= A,Ha3piBaetcs mpeneaom ¢pyHkuuu f(X) B Touke X = a cnpasa.

x—a+0
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[IpuBeneHHOE BBIIIE ONMpEe/iCHHEe OTHOCUTCS K citydaro, koraa Gyukuus f(X) He ompezesnena B

CaMoO# TOYKE X = a, HO OIIPE/Ie]IEHAa B HEKOTOPOU CKOJIb YTOAHO MaJIOM OKPECTHOCTH ITOU TOYKHU.

[Mpenensbl A1 1 Az Ha3bIBAIOTCS TAKXKE OJJHOCTOPOHHUMH Tipeneaamu ¢yukiun f(X) B Touke x = a.

Takoke roBOpsIT, uTO A — KOHeYHbIii npeaes ¢pyukiun f(X).

HDCI{GJI d)VHKIlI/II/I npu CTPEMJICHHUHN apryMCHTA K OCCKOHEUYHOCTH.

Onpenenenue.Uucio A HaspiBaercs mpeaenom dyakmuu f(X) mpu x—oo, ecnu it 1r000T0

arcia €>0 cymectByer Takoe uncio M>0, 4to st Beex X, | x| >MBBIIONHsETCS HepaBEHCTBO
4-f(x)|<e
[Tpu 3TOoM mpeanonaraercs, uto GyHKIws f(X) ompeaencHa B OKPECTHOCTH OECKOHEYHOCTH.
3anuchIBaloT: h_I}l f(x)=A
Xm0

AHaJOrMYHO MOXHO ONpEeAeNuTh npenensl m f(x) = A pis moboro x>Mu
X—>+0

lim f(x)= A nnaaoboro x<M. I'padmuecku MOXKHO NPEICTaBUTh

X—>—00

OCHOBHBIE TEOPEMBI O IpeAcaax.

Teopemal.lim C = C, rae C = const.

X—a
Crenyromuye TeopeMbl CIPaBEIUBBI MPH Tpeanoiokenuu, uto Gynknuu f(X) u g(X) umeror

KOHCYHBIC IIPCACIIBI IIPU X—>a.
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o

3

j
b
o
e

Teopema2. lim (/(x) £ g(x)) = lim £(x) £ lim g(x)
I[OKaSaTCJ'ILCTBO 3TOM TCOPECMBI 6y,Z[CT IIPpUBCACHO HUIKC.

Teopema 3. %[f(x) -g(x)] = &12}1 f(x)- 133 g(x)

CaeacrBue.lm C- f(x) =C-lim f(x)

o S0 Elj}]f (x)
o g(x)  lm g(x)

Teopema 4. npu lim g(x) #0

Teopema 5.Ecau f(X)>0 661usu mouku x = a u lim f(x)= A, mo A>O0.
Awnanornyno onpenensercs 3Hak npeaena mpuf(x) <0, f(x) > 0, f(x) <O0.

Teopema 6.Ecau g(X) <f(x) <u(x) 6bausu mouxu x = a u lim g(x) =lm u(x)= A, mou im = 4

x—>a

Onpenenenue. Oynkius f(X) HaspiBacTcs OrpaHMYeHHO BOJIM3HM TOYKH X = a, €CJIH

CyIlIecTBYyeT Takoe unucio M>0, yto | f(x) | <MB6mM3H TOUKH X = a.

Teopema 7.Ecau ¢ynxyus f(X) umeem xoneunwiii npeden npu x—»a, mo oHa oepaHuyeHa eoau3uU

mo4YKUu X = a.

JokazaTteanbcerso.ITycts im f(x) = A4, T.e. | f(x)- A| < &, Torma

F() =] ()= A+ A <|f ()~ A +|4]
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, T.€.

[f(x)|<e+|4

S| <M, rieM=¢+ |Al

HekxoTophble 3aMedaTebHbIE Mpeaeabl.

P(x)
lim , taeP(X) = aoX" + aix™! +.. .+an,
X—»00 Q(x)
Q(X) = box™ + b1Xm-1 +...+bm - MEHOrOUIEHBI.
a a a a
x"(ay +—+.. 1) ay+—+..+—2
P(x) — X xn — xn—m X Xn
b b b b
0(x) x"(by + L+t ) by + 4.+
m m
X X X X
a
ay+—+..+
lim —— X' _%
X—>00 bl b
by+—+. 4+ 0
X x"

0, npu n<m

Hroro: ]jm@: a—o, npu n=m
=0 O(x) | b,
o, npu n>m

IlepBblil 3aMedyaTeIbHBLIN IpeaeI.

]jmsmle

x—0 X

. . ) I
Bropoii 3amMeuaTebHbII npexesa. im (1 + —j =e

X—>0 X

YacTo ecru HEMoCpeICTBEHHOE HAaXOKACHUE Tpeenia Kakoil — 0o QyHKIMU mpeacTaBiseTcs
CJIOKHBIM, TO MOXHO ITYyTEM npeo6pa3OBaHI/1$[ Q)YHKIH/II/I CBCCTHU 3ada4y K HAXOXKIACHUIO 3aMCYATCIIbHBIX
IPEJIeIIOB.

Kpome Tpex, n3i0KeHHBIX BBIIIE, TPEIEIOB MOKHO 3aITUCaTh CIETYIONINE TIOJIe3HbIe Ha MPAKTUKE

COOTHOIIICHUS.
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l].m]n(1+x):1; fim _l—lna; h.m(l-i-x) _I:m

x—0 X x—0 X x>0 X

[Ipumep.Haiitu npenen.

im tgmx —fm M _m

=0 s nx 0 px n
[Ipumep.Haiitu npenen.
. lgx—1gx ) sin( x —x .osm(x—x,) .. 1 1 1
lim EX — 18X — lm ( 0) _ ( 0)-11m =l =
=X X=X, x> (X —X,)COSXCOSX, *>% X=X, *>% COSXCOSX, Cos” X, C€OS” X,

[Ipumep.Haiitu npenen.
2 .

. ———sin(z/4—x) .

Sin X — cos x . J2 . —sin(zr/4—x) 1
x—or/4 T —4x x—>r/4 T —4x x—>r/4 2\/5(71-/4_)() 2\/5

ITpumep.Haittu nipenen.
y=r/2-x P _ |

cosx _ x=z/2—y _1 cos(m —y):ﬁmsmy:_

xor/2 g —2x 0 2y y—0 y 2
T=2x=rn—-m+2y
ITpumep.Haittu nipenen.

13\ gy [P L4) 4Y 4\
]jm[x J :]jm(x j —dx—>oo t=tm| 20| —fm|1+2| hm|1+2| =
xoo\ x —1 xX—®© x—1 Yoo y Yoo y Yoo y

Yy —=>®©
1 4z 1 z 4
={Z=1}=ﬁm(1+_j =[ﬁm(l+—}} _ et

4 Z—>0 Z Z—>0 Z

x> —6x+8

[Tpumep.Haittu npenen ——.
e -2 x2 —8x +12

I[J'I}I HaXOXKIACHUA 3TOr0 npeaciia pas3jioKuM Ha MHOXKUTCIIM YUCIUTCIIb U 3HAMCHATCIIb JTaHHOM

apoou.
X? —6X + 8 =0; X2 —8X + 12 =0;



57

D=36-32=4; D =64 - 48 = 16;
X1 = (6 +2)/2 =4 X1 = (8 +4)/2 =6;
X2=(6-2)/2=2; X2=(8-4)2=2;

1].m(x—2)(x—4):]jmx—4:2:1
=2 (x=2)(x—-6) ~2x-6 4 2

Torna

IIpumep.Haittu nipenen.

. \/1+x+x2 —\/1—x+x2
hm 2

x—0 X —x

JOMHOXHM YUCIINTCIIb u 3HaMCHATCJIb I[pO6I/I Ha

I+x+x?—14+x—x2 2x

COMPSKEHHOEBBIPAXKECHHE:  lim = [im
0 x(x—l)(\/ler+x2 +\/1—x+x2) 0 x(x—l)(\/leerx2 +\/1—x+x2)

__ 2
o141

ITpumep.Haittu nipenen.

2_ —_— —_— F—
lim¢:{x2—5x+6=(x—2)(x—3)}=lim(x Dx-3) _3-2_1
=3 x7 =9 =3 (x=3)(x+3) 3+3 6

X —6xt+11x-6

x>l xP=3x+2

[Ipumep.Haiitu npenen

Pa3inoxxuM YuciauTeNns U 3HaMeHaTellb Ha MHOYKUTENH.
X-3+2=(X-1)(x-2)
X3 —6x% + 11x— 6 = (X — 1)(X — 2)(x — 3), T.K.

X3 —6x2+11x—6 x-|1
X2 —x%%-5x + 6

- 5XTF TIX

- 5x% + 5x
6X - 6

6X - 6

x?—5x+6=(x—2)(x—3)

fim (x=D(x-2)(x-3) _
-l (x=1)(x—-2)

Torna
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[Ipumep.Haittu npenen.

. 2a+2h 2h
n

. e . 2s os——2sin(a+h) . B
h.msm(a+2h) 251211(a+h)+sma=h.m 2 22 _hmZSm(a+hz(cosh 1):
h—0 h h—0 h h—0 h

-2
= 2lim sin(a + ) - lim ZSm—(}zZ/Z)z a-(—1/2)=—sina
h=>0 A(h/2)

j— p— 2_ —
x® —2x* —4x+8 _jim (x° =4)(x 2):Iim X+ 2

lim = - He omnpeneneH, T.K. IIpH
o2 3x* _16X° + 24x% —16 2 (X—2)°(3x+2) 2 (x—2)(3x+2) pedt P

CTPEMIICHHHU X K 2 UMEIOT MECTO Ppa3iIuYHbBIC OJHOCTOPOHHUE IIPEACITIBI -00 U +o0,

33)13![1/15[ K HpaKTI/I'{eCKOﬁ nmoaAroToBKe

. 3-Tx*+5x° 3x2 +1 . . x+10x+21
Lo lim s Olimy e P Im e as
sin? X 4\
. J9+x-2 7. X=
2 Iﬁ'ﬂs‘ Ja—x-3 ) '!EE‘ NG ) lo'[!? X+3
2x
%) [im (V4X* =X =2x); 3) |inl1(2—X)H.
. 4x*-2x+1 3 + 4 20° —7x—4
2. B R 6) lims ; :
) IXIID 2x° +3x% -2 ) '!ID 3x* + X ") I!H] 20° —13x+20
. 3—x+11 . ys. 1—COS3X x*+3)2
K Lz 2-Jx+6 )Ilm x* ) Iolm X* =2
47)(
®) [im(x+Vx*+4x); 3 [im (3x=5)".
600 02
3.9 i 4x° —3x* +8 5 lim1og, 2X% + X o 3x —4x+1
.a - =, - 5 B - -
'ID 1-2x-2x° 650 *+8 !E[‘ X2 —3X+2 "
M2 ) fim s )Ilm(HSTX-
T ar— —_— Y, € )
653 AJX+6—3 ! !DJ dsin x oo \ X — 2

5X

®) lim@2x+x2 =vx); 3 [im(Bx—-2)"*.

0> -1
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%) lim(x —/x—=2);

06—

. 3t -2xt -7
0 Mg, s

2 \/_

) I!EPB 8+ X

x) |irn(\/x2 +5X —X);

X—>0

. 3x¥-5x?+2
0-2) “m 205X —x

) Iim\/2x+3—3.
e Ax—2-1

) [im X — v x + x*);
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6x%2-3x+1

6) ||m6 3x2-5x :

0—o0

1-cosd

2 “Ep 1- cos3o

3X

3) lim@x-1 .

x—1

) 8x2+7
% lim 2x2+x;

I. 1—cos4x_
A !m 2xtg3x

1

3) lim (3—2x).

x—l1

. X —16x°
6 limlog,| — ;= |

D i cos306-1.
M 5tg2x

2x

3 lim (x-1)*.
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7x* —4x? 43 . 16X +X
T lim—— 6 lImi7 5 »
3x
o Ix+1-2. . C0SO0—COS’X X*+2
lim——— 2 lim » 9 lim|
653 X—2—1 00 06— X +1

x) [im (X + Vx> —4x);

06—

3x

3) lim (=3-2x)*2.

0—>-2

X*—3X+2

®) I!ED 2x%° —5x+2

o [i 2x° +3x+1
Mo r5x+3’

X 3 2x+1
) IHD(X%’J /

32 —x-2 .
—4x+1’

lim

2
-1 3X
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o li 4x° —2x+1 o [3x 4 f 2x? —Tx—4
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I 3—+/x+11.

oLrD 2—+X+6

. 1-cos3x 2 ,3\2
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60 X X0

Bomnpocs! k 3aasTrIO 6

Uro Takoe npenen GyHKIuu?

Kaxkast pyHkmus Ha3pIBaeTCs OrpaHUUEeHHON ?
Ilepeuncnnure OCHOBHBIE CBOMCTBA MPEEIIOB.
Kak naiitu npenen npocredmmx GyHKIH?

Kaxk JIMKBUIMPOBaTh HEONPEIEICHHOCTD 00/00 MPH HAXOXKICHHUHU TIpejiesia?

o gk~ wnh -

Kak nukBuanpoBats HeonpeaeneHHocTs /0 mpu Hax 0k IeHUH Tpesesna?

IIpakTnueckass padora Ne/. BoluncieHue 0JHOCTOPOHHHX IPENEJIOB, KiaccHpuKanus
TO4YeK pa3pbIBa.

HenpepbIBHOCTD d)VHKHI/II/I B TOYKC.

Omnpenenaenue. Oynknus f(X), onpeneneHnas B OKPEeCTHOCTH HEKOTOPOH TOYKU X0, HA3bIBACTCS

HenpepbIBHOI B TOYKeE X0, €CJIM Ipe/ien (PYHKINU U €€ 3Hau€HUe B 3TOM TOUKE paBHBI, T.€.
lim f(x) = f(x,)
X=X,

ToT xe GakT MOXKHO 3anucaTh nHaue: im f(x)= f(lm x)
X—>Xo XX,

Omnpenenenune.Ecmu pynkuust f(X) ompeneneHa B HEKOTOPOH OKPECTHOCTH TOYKH Xo, HO HE

SBJIIETCS HENPEPHIBHOW B CAaMOM TOYKE X0, TO OHA HA3bIBAE€TCS Pa3pbIBHOM (yHKIMEH, a Touka Xo —

TOYKOH pa3pbIBa.

[Tpumep HenpepbIBHON (YHKIUU: y

f(xo)+e

f(xo) /
f(Xo)-¢ !

0 Xo-AXoXo+AX
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[Tpumep pa3pbiBHON (DYHKITUH:
y
f(xo)+e
f(Xo)

f(x0)-¢

Xo

/

X

Onpenenenne. Oynkuus f(X) HasbiBaeTcss HenpepbIBHOIL

B TOYKC Xo, CCJIHM A JIF000T0

MOJIOKUTENLHOro umcia £>0 CYHmIECTBYET TAKOC€ YHCIO A>0, 4TO 1JId JIFOOBIX X, YAOBJICTBOPAIOIIUX

YCIIOBUIO

|x—x0|<A

BEPHO HEPABEHCTBO | f(x)= f(x, )| <€,

Onpenenenne. Dynkius f(X) Ha3piBaeTCs HeNMPEPBIBHOM B TOYKE X = X0, €CIIM NPUPAIICHHE

(bYHKI_[I/II/I B TOYKE X0 SABJIIETCSI OECKOHEYHO MAJION BEIMYHMHOM.

f(x) = f(xo) + a(x)

rae o(x) — 6ECKOHeUHO Mamasi Ipu X—>Xo.

CBoWcTBa HENIPEPBIBHBIX () YHKIHI.

1) CymMa, pa3HOCTh M NPOU3BENECHUE HENPEPBIBHBIX B TOUYKE Xo (QYHKIMH — ecTh (yHKIuS,

HENpPEpbIBHAS B TOUYKE X0.

f(x)

2) YactHoe ABYX HENpEepbIBHBIX (YHKIMNA ~— — — €CTh HemnpepbiBHAA (YHKLHUS MPU YCIOBHUH, UTO

g(x)

g(X) He paBHA HYIIO B TOUKE X0.

3) Cymnepro3unysi HeNpepbIBHBIX (PYHKINI — ecTh HeTpepbIBHAS (DYHKIIUS.

DTO CBOMCTBO MOXKET OBITh 3aMMCAHO CJIEIYIONIUM 00pa3oM:

Ecmu u = f(X), v = g(X) — HenpepbiBHBbIE QYHKIIUH B TOUKE X = Xo, TO pyHkuus V = g(f(X)) — Toxe

HenpepbIBHAI(PYHKIUS B 3TON TOUKE.

CHpaBCIlJlI/IBOCTB MMPUBCACHHBIX BBIIIC CBOMCTB MOXKHO JIETKO JA0Ka34aTb, UCIIOJIB3YSA TCOPCMEI O

npenenax.

HGHDGDBIBHOCTI) HEKOTOPLIX JIEMCHTAPHBIX d)VHKI.[I/IfI
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1) ®yuxmus f(x) = C, C = const — HenpepsiBHas (QYHKIHS Ha BCCH 00JacTH OMpEIeIeHuUs.

4
a,x" +ax" +..+a

2) PanonansHas GyHkius f(x) = HEeMpephIBHA JUISI BCEX 3HAYCHHUN X, KPOME

box" +bx"" +..+b,
TeX, MPU KOTOPBIX 3HAMEHATEIbh 00paIacTcsi B HOJIb. TakuM 00pa3oM, (GYHKIHs 3TOTO BHJA HEIIPEPhIBHA
Ha BCcel 00JIaCTH ONpeIeICHUS.
3) Tpuronomerpudeckue GpyHKIUHU SINKU COSHETTPEPHIBHBI HA CBOCH 00JIACTH ONPE/ICIICHUS.
JlokaxeM cBOMCTBO 3 st QyHKIUH Y = SINX.
3anuiieM npupaiieaue GyHkimu Ay = sin(X + AX) — SiNX, win nocje mpeodpa3oBaHus:

Ay =2cos x+g sin —
2 2

lim Ay =2 lim| cos )cﬁthsing =0
Ax—0 2 2

Ax—0

JlelicTBUTENEHO, UMEETCS TpeAen NMPOU3BEACHUs NBYX (DyHKIuMil COS x+7 u Sjn%. [Ipn

Ax
3TOM (YHKIUSI KOCUHYC — OTpaHndeHHast pyHKuus npu Ax—0 (cos| x + EX <l,artk.

npeaci q)YHKIII/II/I CHHYC lim sin & = (0, TO OHA ABJISICTCS 0OECKOHEYHO MaJION npu Ax—0.
Ax—0 2

Takum oOpa3oMm, uMeeTcs NPOM3BEIEHUE OrPaHWYEHHOM (QYHKIMM Ha OECKOHEYHO Maiylo,
ClIeZIOBAaTeNIbHO 3TO TMpou3BeleHHe, T.e. (PyHKIus Ay — OeckoHeuHO Maias. B cooTBercTBUM C
PAcCMOTPEHHBIMHU BBIIIIE ONpeNesieHUIMU, QYHKIUS y = SINX — HemnpepbiBHAS (QYHKIUSA IS JIHOOOTO
3HA4YeHUs X = X0 M3 OOJIaCTH OmpeseNeHus, T.K. €€ MPUpaIleHue B 3TOW TOUKEe — OECKOHEYHO Masas
BEJIMYHHA.

Touknu pa3pbiBa U UX KJ'IaCCI/Id)I/IKaIH/IH.

Paccmorpum HekoTopyro ¢dyHkuumio f(X), HemnpephiBHYIO B OKPECTHOCTH TOYKH Xo, 3a
UCKJIFOYEHUEM MOXET OBITh caMoil 3TOH Touku. M3 onpeneneHust TOUku pa3pbiBa QYHKIHMHU CIETyeT, 4TO X
= X0 SBIISIETCSI TOUYKOH pa3pbiBa, eclii (yHKIHUS HE ONpe/eNeHa B ATOW TOYKE, MM HE SBISIETCS B HEl
HEIPEPBIBHOM.

Creayer OTMETUTh TaK)Ke, YTO HEMPEPHIBHOCTh (PYHKIIMU MOXET OBbITh OJHOCTOpOHHEH. [ToscHuM
3TO CIIEYIOIUM 00pa3oM.

Ecnu omgHOCTOpOHHMIT mpenen (CM. BBIIIE) ]jmo f(x)=f(x,), To GyHKUMS Ha3bIBACTCS
xX—x+

HEIPEPBIBHOM CITPaBa.
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s

Ecnu ogHoctopoHHMil mpegen (CM. BBIIIE) ]jm0 f(x)=f(x,), T0 ¢yHKUUSA Ha3bIBaeTCA
X—>x—

HEIPEPBIBHOM CJIEBA.

X0

Omnpenenenue.Touka Xo Ha3bIBaeTCS TOUKO# pa3pwiBa ¢pyukimu f(X), ecnu f(x) He onpezenena

B TOYKE X0 HUJIK HE ABJISICTCA HGHpCpBIBHOfI B OTOM TOUYKE.

Onpenenenue. Touka Xo Ha3bIBa€TCS TOYKOM pa3pbiBa 1- ro poaa, eciiu B 3TON Touke QyHKIUS

f(X) umeeT KoHEUHBIE, HO HE PaBHBIC JAPYT APYTY JICBBII U MPABBI MPEACIBL.

lm /()% lim f(x)

X—x9+0
J71s1 BBITIOJTHEHUSI YCIIOBHH 3TOTO OIpeesieHus He TpeOyeTcst, uToOb! (QYHKITUS Oblia ompe/ereHa B
TOYKE X = X0, JIOCTaTOYHO TOTO, YTO OHA OIpEJIeNIeHa CJIeBa U ClpaBa OT Hee.
W3 onpenenenust MOXKHO CAeNaTh BBIBOJI, YTO B TOUKE pa3pbiBa 1 — ro poaa GyHKIIHS MOXKET UMETh
TOJIbKO KOHEYHBIH CKayoK. B HEKOTOPBIX YaCTHBIX ClydasX TOUKY pa3pbiBa 1 — ro poja elie MHOTIa
HA3BIBAIOT YCTPAHUMOI TOUKOI pa3peiBa, HO MOAPOOHEE 00 ITOM TOTOBOPUM HIKE.

Onpenenenue. Touka Xo Ha3pIBaeTCAd TOYKOH pa3pbiBa 2 — ro poja, €ciu B 3TON Touke (pyHKUIUA

f(x) He umeeT x0T OBl OAHOTO U3 OAHOCTOPOHHHX MPEEIIOB MM XOTS OBl OJMH M3 HUX OECKOHEUEH.
[pumep.Oynkus dupuxne (Aupuxne [lerep 'ycra(1805-1859) — Hemeukuii MaTeMaTHK, 4iICH-
koppecnonnieHT IlerepOyprekoit AH 1837r)
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I, x— payuonanvroe uucno

-]

0, x-—uppayuonamnoe yucio

HE SIBJISIETCS HEMPEPhIBHOU B JIF000M TOUKE Xo.

[Mpumep.Oyukus f(x) = 1 iveer B Touxe x0 = 0 TOuKy pa3zpsiBa 2 — ro poja, T.K.
X

lim f(x) =405 lim_ f(x)=—0.

x—0+0

~10

sin x

[Mpumep.f(x) =

X

OyHKIMS HE ompeneneHa B Touke X = (, HO UMeeT B Hel KOHeuHbId npenen lim f(x)=1, T.e. B
x—0

touke X = 0 (yHKIUS UMEET TOUKY pa3peiBa 1 — ro pojga. To — ycTpaHUMasi TOUKa pa3pbiBa, T.K. €CIU
JTOONPENEIUTh (QYHKIUIO:
sin x

—, npu x#0

f=1 x’
1, npu x=0

I'paduk sToM pyHKIMU:
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-1

Ota ¢yHKuuMs Takke obo3Hadaercs Sign(x) — 3Hak x. B Touke X = 0 GyHKIMS HE ompeelieHa.
T.K. neBbIiA 1 TPaBBIN TIpeeNbl GYHKIIMN PAa3IUYHbI, TO TOYKA pa3peiBa — 1 — ro poxa. Ecim noonpenenutsb
byukuo B Touke X = 0, monoxus f(0) = 1, o pyHkuus OyneT HenpepbiBHA cripaBa, eciiu moyiokuTh F(0)
= -1, To ¢yHKuMsa OymeT HempepblBHOW clieBa, ecnu Tonoxkuth f(X) paBHOe KakoMmy- JHOO YHCIHy,
oTIM4HOMY OT 1 mnu —1, To ¢pyHKIMs He OyneT HenmpepblBHA HU CJI€Ba, HU CIIpaBa, HO BO BCEX CIIydasx
TeM He MeHee OyaeT uMmeTh B Touke X = 0 pa3peiB 1 — 10 ponga. B aTom npumepe Touka paspsiBa 1 — ro
poJia He SBIIAETCS yCTPAaHUMOM.

Taxum o6pazom, JUIst TOro, 4ToObI TOUKa pa3pbiBa 1 — ro poaa Obljia yCTpaHUMOM, HEOOXOIUMO,
YTOOBI OJTHOCTOPOHHHUE MPEJEIIbI CTIpaBa U clieBa ObUIM KOHEYHBI U PaBHbI, a (QYHKIUS Obuia OBl B ATOU

TOYKE HC OIIPCACIICHA.

HenpepbIBHOCTH d)VHKHI/II/I Ha MHTCPBAJIC 1 HA OTPE3KC.

Onpenenenue. Oyukius f(X) Ha3pIBacTCS HenmpepbIBHOI HA MHTEpPBAaJie (0TPe3Ke), ECIIH OHA

HeTIpephIBHA B JIFOOOW TOUKE MHTEPBaIA (OTPE3Ka).

[Ipu »TOM He TpeOyercss HENMPEPHIBHOCTh (PYHKUIMH HAa KOHIAX OTpe3Ka WM HHTEpBala,

H€O6XOJII/IMa TOJIBKO OJHOCTOPOHHAA HETIPCPLIBHOCTH HA KOHIIAX OTPE3Ka WJIM MHTCpPBAJa.
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CBolicTBa (hYHKIMHA, HENIPEPLIBHBLIX HA OTPE3KE.

CeroiictBo 1: (TTepBast Teopema Beiiepiirpacca (Betiepirpace Kapn (1815-1897)- nemenxwuii
MaTeMaTHK)). OyHKIUsA, HEPEphIBHAS Ha OTPE3KE, OrpaHHUUYCHA HAa 3TOM OTpe3Ke, T.e. Ha oTpeske [a, D]
BhInosHseTcst yciaoue —M<F(X) <M.

Jloka3aTeabCTBO ITOTO CBOMCTBA OCHOBAaHO HA TOM, YTO (DYHKI[HMS, HEHpPEphIBHAS B TOYKE Xo,
OrpaHUYeHa B HEKOTOPOH e OKPECTHOCTH, a €CJIM pa30uBaTh OTpe30K [a, b] Ha GeckoHEYHOE KOIMYECTBO
OTpPE3KOB, KOTOPBIC “‘CTATUBAIOTCS” K TOYKE X0, TO 00pa3yeTcss HEKOTOPasi OKPECTHOCTh TOYKH X0.

CaoiictBo 2:®DyHKuus, HenpepbiBHAsS Ha orpe3ke [a, D], mpuHMMaer Ha HeM HamOoJbIIee H
HaMMEHbIIICE 3HAUCHHS.

T.e. CyIIeCTBYIOT TaKue 3HAYCHUS X1 U X2, uTof(X1) = m, f(X2) = M, npuuem

m<f(x) <M

OT™eTHM 3TH HauOOJIbIIMEe U HAUMCHBIINE 3HAUYCHUS (DYHKIIUS MOXKET MPHHAMATh HA OTPE3KE W
HEeCKOJIbKO pa3 (Hampumep — f(X) = sinx).

PazHocTh MeXIy HamOOJBIIMM M HAMMEHBIIMM 3HAuYCHHEM (YHKIIMHM Ha OTPE3KEe Ha3bIBACTCS
KoJie0aHueM (QYHKIIUH Ha OTPE3KE.

CaoiictBo 3: (Btopas teopema Bonbrano — Kormm). dyHkius, HenpepbiBHAsS Ha oTpeske [a, b],
NPUHUMAET Ha 3TOM OTPE3KE BCE 3HAYCHUS MEXK/TY JABYMS IPOU3BOJILHBIMU BEITMYMHAMH.

CeoiictBo 4:Eciu ¢ynkuus f(X) HenpepblBHA B TOYKE X = X0, TO CYIIECTBYET HEKOTOpas
OKPECTHOCTh TOYKH X0, B KOTOPOH (DYHKIIHSI COXPaHsET 3HaK.

CeoiictBo_5: (TlepBas Teopema bombriano (1781-1848) — Komm). Ecmu  ¢ymkius  f(X)-
HempepbiBHAs Ha OTpe3ke [a, D] u mMeeT Ha KOHIAX OTpe3Ka 3HAYCHHS MPOTHBOIOIOXKHBIX 3HAKOB, TO
CYILIECTBYET TaKasi TOUYKa BHYTPH 3TOro oTpe3ka, rae f(x) = 0.

T.e. eciusign(f(a)) = sign(f(b)), ToIxo: f(xo) = 0.

Onpenenenue. Oynknus f(X) Ha3pIBacTCS pABHOMEPHO HeNPEPBIBHOI Ha oTpe3ke [a, b], ecau s

aroboro €>0 cymectByer A>0 Takoe, 4To JUIs TOOBIX TOYEK X1€[a,b] u X2€[a,b] Takux, uro
|x2 —x1] <A

BEPHO HEPABEHCTBO | f(x2) — f(x1) | <e

OTnuuue paBHOMEPHOI HENPEPHIBHOCTU OT “O0BIYHON” B TOM, UTO IS JItOOOTO € CYIIECTBYET

CBOE A, HE 3aBHCSIIIIEE OT X, a IPH “00BIYHON” HEMPEPHIBHOCTH A 3aBHCHUT OT € U X.
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CroiictBo__6: Teopema Kanrtopa (Kautop I'eopr (1845-1918)- Hemernkuii MaTeMaTHK).
@OyHKIMS, HeNpepbIBHAS HA OTPE3KE, PABHOMEPHO HEMPEPhIBHA HA HEM.

(D10 CBOMCTBO CIPABEIIMBO TOJIBKO IS OTPE3KOB, @ HE JIJIsl MHTEPBAJIOB U NOJYHUHTEPBAJIOB.)

LIpumep. y = sin 1

X
] - \
- ~
- \
o.[#] |- —~——
: \\\~
-3 -2 -1 - 1 2 3
_\\\ ) | :
\\ 3
~
~

®ynkuua y = sin 1 HenpepbpiBHa Ha uHTepBaie (0, a), HO HE SBJIAETCS HA HEM PABHOMEPHO
X

HCHpCpHBHOﬁ, T.K. CYIICCTBYCT TAKOC€ 4YHUCIIO A>0 TaKo€, 4TO CYHICCTBYIOT 3HAUCHUA X1 H X2 TaKHC,

aro| f(x1) — f(x2) | >¢, € - m060oe "mCIO IPU yenoBUM, UTO X1 U X2 GIIU3KH K HYIIIO.

CaoiictBo_7: Eciu ¢dynkuus f(X) ompeneneHa, MOHOTOHHAa W HEMpPEpbIBHA HA HEKOTOPOM

POMEXYTKe, TO U oOpaTHas el GpyHKIws X = g(Y) ToKe OJHO3HAYHA, MOHOTOHHA U HETIPEPHIBHA.

[Tpumep.lccnenoBars Ha HENMPEPHIBHOCTh (PYHKIMIO U OMPENEIUTh THI TOYEK pa3pbiBa, €CIH
OHH C€CTh.
x+4, x<-1
f(x)=4x*+2, —1<x<1
2x, x>1

m f(x)=3 lim f(x)=3
fm f(x)=3 lm_f(x)=2

x—>—1+0

B TOUKE X = -1 ()yHKIIMS HETIpepbIBHA B TOYKE X = | Touka paspsiBa 1 —ro poaa
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Hpumep.McenenosaTs Ha HEMPEPHIBHOCTh (YHKIIHIO U ONPEAETHTh THI TOYEK Pa3sphblBa, ECIU OHU

€CTh.

S ()

X

cosx, x<0
={x°+1, 0<x<l1
X, x2>1

fim f(x)=1 lim_f(x)=2

lim

x—0+0

B Touke X = 0 QyHKIUS HETpepbIBHA

f()=1lm f(x)=1

B TOUKe X = | Touka paspbiBa 1 —ro pona

W

~__

- -1t/2

3ajaHus K NPAKTHYECKOH MOATO0TOBKeE

I

q 1

3ananneNel: Hccnenosats Gpynkuuo ) = |

- ) o
(X) Ha HCIIPCPBIBHOCTL: HAUTU TOYKH Pa3phbiBa

¢byHKIMU ¥ onpeAenuTs ux TuMm. [locTpouts cxemaTuueckuit rpaduk QyHKIUH.
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[x
—,x<0,
X

3. y=X 1-x2

L,x>l.
x—1

,0<x<],

~

(3]
2y <o,
X

5.y=<V9-x2,0<x<3,

7.y=1 —V9—x“ ,-3<x<3,

9.y=< 4 —x

Bompocsl k 3ansTuto 7
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|x+3|
X <=3,
x+3
_ 2
Cy=<Y9—-x7,-3<x<3
1
,x>3
x=3
(2]
——,x<0
X
4.y =2 4—x2ﬁﬁx£2,
! , x> 2.
x—2
"
.
— ! X <=2,
x+2
6.y=<-— 4—x2,—2<x32,
v~
,X>2
x=2
“
.
1
——x<-1,
x+1
_ 2
8.y=<Vl-x“,-1<x<0,
|x
—,x>0.
X
“
g
1
- ,Xx <=3,
x+3
10.y=JV9-x2 3<x<0,
3|x
— x>0
X

Jaiite onpenenenre HeNpepbIBHON (PYHKIIMH.

[aiiTe onpeneneHre TOYKU pa3pbiBa.

1
2
3. HCpC‘-II/ICJ'II/ITe BUJIbI TOUCK pa3phLIBa.
4

. JlaiTe onpenenenrue OJHOCTOPOHHETO MpEIEa.
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IIpakTnyeckoe 3ansitue Ne§. BorunciieHue Npou3BOAHBIX CJ0KHBIX QyHKIUIA.
IIpou3BoaHas CJI0KHOM (PYHKIMH.
Teopema./lycmo ¥y = f(X); U = g(X), npuuem obracme 3nauenuii hynxkyuu U 6xooum 6 obracme
onpeoenenus Gpynrxyuu f.

Tozoa y'=f"w)-u

Jloka3aTreabCTBO.

Ay _ Ay Au
Ax  Au Ax

. A . .
im 2 = fim A A%
Ax%OAx Au—0 Au Ax—0 Ax

( ¢ yaetom Toro, uto eciiu AX—0, To AU—0, T.K. U = g(X) — HerpepbIBHAS QYHKIIHA)

dy _dy du
dx du dx

Torma Teopema nokaszaHa.

Jlorapudmmueckoe nuddepeHnpoBaHue.

Inx, npu x>0

Paccmorpum Kuuio vy =In|x| = )
pin by 4 | | {ln(—x), npu x<0

Torga (Inlx|)'= 1 ok (ln x)' :l; (In(—x))’ = =)' _1
X X X

’
X

')
f@)

'
YuureiBas HOHy‘iCHHHfI pe3yiibTaT, MOKHO 3aIllnuCaThb (ln‘f(x)‘) =

!

[ )
/(%)

Cnoco6 gorapudpmuueckoro auddepeHIUPOBAHUA COCTOMT B TOM, YTO CHayajga HaXOJST

OTtHomIeHNEe Ha3bIBacTCs Jorapudmuyeckoii npon3BoaHoii Gpyukuuu f(X).

Jorapu(pMHUECKyI0 MPOU3BOAHYIO (PYHKIIMH, a 3aTEM IPOU3BOIHYIO caMOil (PYHKIIMU 10 popMmyIie

[ =(m|f )" f(x)

Crnioco6 norapudmuyeckoro audpdepeHIupoBaHnus yA00HO MPUMEHATh Ul HAaXOXIACHUS
MIPOU3BOJIHBIX CIIOKHBIX, OCOOCHHO ITOKAa3aTeIbHBIX M IT0Ka3aTeIIbHO-CTENICHHBIX (DYHKIWMA, UIs
KOTOPBIX  HEIMOCPEICTBEHHOE  BBIYMCICHHME  IPOU3BOAHON C  HCIOJIB30BAaHHMEM  IPaBHI
g depeHIMPOBaHUS PEACTABISAETCS TPYIOEMKUM.
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[Ipon3BoaHAas IOKA3aTENILHO- CTENEHHON () YHKIINH.

(DYHKI_[I/IH Ha3bIBACTCA HOKaSaTeHBHOﬁ, €CJIM HE3aBHCHMas IIEPEMCHHAA BXOIUT B IIOKa3aTCJib

CTCIICHU, U CTGHCHHOﬁ, CCJIM NEpCMCHHAaA ABJIACTCA OCHOBAHUCM. Eciu xe u ocHOBaHHE M MOKa3aTellb

CTETICHH 3aBHUCAT OT IIEPEMEHHOM, TO Takasi PyHKIuUs OyIeT MoKa3aTeIbHO — CTEIICHHOM

ITycts U = f(X) u v = g(X) — pyHKIIMH, HUMEIOIIKE TIPOU3BOAHBIE B TOUKe X, f(X)>0

Haiinem npousBoanyto Gpyukimu Y = U'. JlorapupMupys, moIydum:

Iny = vinu

!

u
=v'hhu+v—
u

!

< <

y' :uv(vu—+v']nuj
u

’

—1
(uv) =vu" u'+u"vhu

XCOSx

[Tpumep. Haiitu nponsBoaHy0 QpyHKIMH f (x) = (x2 +3x)
V =XCO0SX;

o 2 .
[To moy4eHHo# BhIIIe popMysie moaydaem: U =X~ + 3x;
v = cos x — xsin x;

[TpousBoaHbIe TUX GYHKIUN: 1’ = 2x + 3;

OKOHUaTeIBHO!
F(x)=xcosx-(x” +3x) - (2x+3) + (x° +3x) " (cos x —xsin x) In(x” +3x)

TIponsBoanas oOpaTHBIX YHKIIUHA.

[Tycte TpeOyeTcs Haiitu npousBoanyro ¢yHkuuu y = f(X) mpu ycrmoBuu, uto oOparHas ei
bynkus X = g(y) uMeeT mpon3BOIHYIO, OTIHMYHYIO OT HYJISI B COOTBETCTBYIOIICH TOUKE.

Jnst pemenus 3ol 3anaun nuddepennupyem GyHkimo X = g(y) mo x:

1=g'(»y'
T.K. §'(y) # 0)/' =—
g'(y)
dy _ 1
dx dx
dy
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T.€. IPOU3BOIHAS 00paTHOI PyHKIMK 0OpaTHA MO BETUYKMHE MPOU3BOIHON TaHHON (YHKITUH.

[Mpumep. Haiitu ¢popmyiy uist mpon3BoaHOM (yHKIMM arcty.
Oynknus arctgasisercs: GyHkuuei, oopaTHoi GyHKIUHU g, T.e. €e MPOU3BOIHAS MOXKET OBITH

HalJIeHa CJIeAYIOIUM 00pa3oM:

Y =12x; X = arctgy;

M3BecTHO, 4TO ' = (1gx)’ =

b
cos?® x

[To npuBeaeHHOH BhIlIE GOpMYIIE MOTyYaeM:

;o 1 . d(arctgy) 1
Y d(arctgy)/ dx’ dy 1/cos” x

T.x.

2 2 o
— =1+1#g’x =1+ y?; TO MOXKHO 3aIlHCaTh OKOHYATCIIbHYIO dbopmyny Il TPOU3BOAHOM

COSs X

ApKTaHI'CHCA.

, 1
(arctgy)' = =5
l+y

Takum 00pa3om moxydeHsl Bce (OpMyIIbI Al MPOU3BOIHBIX apKCHHYCA, ApKKOCUHYCA U IPYTHX
oOpaTHbIX (PYHKINH, TPUBEICHHBIX B TAOIHIIC TPOU3BOTHBIX
y:sin(x2 +3);
Pemenue:
Hcnonszyem Gpopmyny (sinu)’ =cosu-u’.

y=sinu,rme u=x>+3;

’

y'=(sinu), -u’=cos u-2x = cos (x> +3)-2x
y= (x2 +ex)m;

Pemennue:

Hcnonb3yem Gopmyiy (u” )' =n-u"t-u'.

10
Y=U",rne u=x*+e*;

y' =10u° - (x? +ex)’ =10(x? +e* ) - (2x+e*).
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sinx
1

y=x"-e

Pemenue:

yr — (XZ) esinx + XZ(esinx) — 2xesinx + Xzesinx(sin X) — ersinx + Xzesinx COS X.
[Tpumep 2.

Haittu )"

a) Yo +2x°y-x* =0,

Pentenue:

Oynkuuss y=y(x) B TOpuMepe 3ahaHa HesBHO. UYUToObl HAaWTH €€ NPOM3BOJIHYIO

npoauddepennupyem o0e yacTH paBEHCTBA MO X, IMoOJaras, 4To y €CcTh (QYHKIUS OT X M 0003Hadas

MPOM3BOHYIO Y uepe3 y':
2y +4%-y+2x°y' - 2x =0,
BrIpazuM U3 moxydeHHOTO paBeHCTBA Y’ !
(Zy + 2x2)y' = 2X—4xy:

, 2X—A4xy
2y +2x*"

6) Cosy =4y” +¢*,
Pemienue:

AHAJIOTUYHO TPeabIAYIIEMY IPUMEPY:

—siny-y =8yy'+e";

(~siny-8y)y' =¢*:
r_ _eX

Y = sin y+8y "

Xx=t>+3,
B)
y = cost.

Pewenue:
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!
UcnonszyeM popmyny Yy = L
X

t’
_ (cost) _ —sint
g 2

3aaHue K NPaKTUYeCKOil MOAr0TOBKeE

Yacrs 1.

y=e’
y B ex _e—x
2
= e +e”
2
y — 16\/x3+6x+14
y= e(3x+5)2

3x
y=a

yzaxex

y =1g(2x)
y =In3x

y =log,(4x-2)
1)y =In(x)

y = (Inx)*
y=5(2x* -3x+4)°
y=4m

y=3(2-x)(5-2x)

y=3x*-2

B 4
Y \2 15
y =3sin(3x —1)

. 1
y =arcsin v1-x* +—
V3

y — 3arct93x

y =Insin x
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y =sin® 3xcos® 2x
Bonpocs! k 3ansTuio 8
JaliTe onpeneneHne Npou3BOAHON (DYHKITHH.
Kakyro ¢ yHKIHIO Ha3pIBAOT CIIOKHOM?
[lepeuncnure mpaBuiia HAXOXKACHUS TIPOU3BOJHOM CIOKHON (PYHKIINH.

Kakyro ¢pyHKIMIO Ha3bIBat0 00paTHON?

o B~ w0 D

Kak Haxonat npou3BoHbIE K OOPaTHBIM (PYHKIHSIM?

IpakTnyeckoe 3ansitue Ne 9. IlpousBoanbie u AudpPepeHunaNbI BHICIIMX MOPATKOB.

[Ipou3BogHEIC B I[I/Id)(beDGHHI/IaJ'IBI BBICHIHUX TTOPAAKOB.

[Tycts dpynkuus f(X)- muddepenimpyema Ha HekoTopoM uHTepBase. Toraa, tuddepeHUpys
ee, oJy4aeM IePBYIO MMPOU3BOIHYIO
, , df (x
V= fi =L
X
Ecnu naiitu npousBoanyto Gpysakuuu f'(X), monyuum Bropyr npousBoanyio Gyskimu f(X).

yll :f”(x) — d f(x)

dx’

vy EY
t.e. Y' = (Y) i I :E(Ej

O9TO0T IpoLEeCC MOKHO IPOAOJIKATE U Jajlee, HAXOAA ITPOU3BOAHBIC CTCIICHHU M.

dny 3 i dn—ly
dx"  dx\ dx""

O6H_[I/Ie OpaBujia HAXOXKJICHHWA BBICIIINX IMTPOU3BOAHBIX.

Eciu ¢pynkiuu U = f(X) u v = g(X) muddepenimpyemsl, TO

1) (Cu)(n) = Cu(n)’
2) (uxv)® =y yO;

3) w-v)" =vu' +nu" v + —n(nz'— D u"IV" 4+ n(n— D"'EZ —(k=D)] u"y®e 4

v,

OT0 BeIpakeHUE Ha3bIBacTcs opmyJion Jleiionmnna.

Taxoke o opmyie dy = fV(x)dx"mosker 6bITH Haiien auddepentuan N- ro mopsIKa.
JOuddepennnan pynxuuu. Ilycrs pynkius y = f(X) umeeT mpor3BOAHYIO B TOUKE X:

. Ay_ ,
A ™

Torma MoxHO 3amucaTh. Ay = f'(x) + a , Tae o—0, npu Ax—0.
Ax
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CnepoBarenbHo: Ay = f'(x)-Ax+a-Ax.
Bennunna aAX- OeckoHeuHO Maias 6osiee Beicokoro mopsiaka, ueM f'(X)AX, T.e. f'(X)AX- riaBHas
4acTh npupameHus Ay.

Onpenenenue./Indpdepenuuanom dyaxnuu f(X) B Touke X Ha3pIBacTCs TIJaBHAs JIMHEHHAs

YacTh NMPUPALICHUS PYHKIUH.
O6o3nauaercst dymnu df(X).

W3 onpenenenus ciexyet, uto dy = f'(X)AxXunu

dy = f{x)dx.

MO>KHO TaK>Ke 3alucaTh. "(x) = ﬂ I'eoMeTpuuecKuii CMBICTT ,Z[I/I(bd)eDeHHI/IaJ'Ia.
d.
X

U3 tpeyromparka AMKL: KL = dy = tga-Ax =y "Ax
Takum oOpazoM, auddepenunan ¢ynkuuu f(X) B Touke X paBeH NPUPAIICHUIO OpPJHHATHI

KacaTelbHOU K rpaduKy 3TON (YHKIIMU B pacCMaTpHUBAEMOI TOUKE.

CaotictBa quddepeHnmaia.

Eciu u = f(X)u v = g(X)-pynkuuu, muddepeHmpyeMbie B TOYKE X, TO HEMOCPEACTBEHHO U3

onpeneneHus auddepeHiana cieIyroT CIeIyoInue CBONCTBRA!

1) du#v)=(uz£v)dx=udx £vdx=du £dv

2) d(uv) = (uv) dx = (uv + vu)dx = vdu + udv
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3) d(Cu) =Cdu
u vdu —udv
4) d| — =
Vv Vv

Jluddepennman cioxHorl GYHKINHA.
HMuBapuantHasg dopma 3anucu guddepeHuuana.

[Mycts y = f(X), X = g(t),T.€. y - cinoxHas GHyHKIHS.

Torma dy =[f(x)g ()dt = F(x)dx.

BugHo, uro ¢opma 3amucu guddepeHinuana dy He 3aBUCHT OT TOro, OyIAeT JH X
HE3aBHCUMOU NEpEeMEHHON UM (PYHKIMEH KaKoii- TO Ipyroi MepeMeHHOH, B CBSI3U ¢ 4eM 3Ta ¢popma
3alMCH HA3bIBACTCS HHBAPUAHTHOM (popmoii 3anucu JudpepeHunaa.

Onmnako, eciu X - He3aBUCUMasl TIEpeMEeHHast, TO

dx = AX, HO
€CJIM X 3aBUCHT OT {, TO Ax #0X.

Takum obpazom, popma 3amucu dy = f'(X)AXHe ABIsCTCS HHBAPUAHTHOIA.

o ) 1
[Tpumep. Haiitu nmpousBoaHyto GyHKUINUN y = xcos xsin x + ECosz X

Cuauana npeoOpasyem JaHHyI0 QYHKIMIO. y = lsjn 2x + lcosz X
2 2

’

1 . 1 1 . 1 . .
y =Esm2x+§x2cos2x+52cosx(—smx)=Esm2x+xcos2x—s1nxcosx=xcos2x.

x'e
ITpumep.Haiitn nponsBoaHyo QyHKIMH Y = — I
X+

3 x2

,(2xe” +x22xe" )P +1) - (20)x%e”  2x%e” +2x%e" +2xe” +2x%e" —2x’e
(" +1)7 (o +1)°

3 2xe" (x* +1+x%)
(x> +1)°

X

IIpumep. Haliti mpon3BoaHyr0 GyHKIMHA § = In /g X
2 sinx
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, 1 1 1 smx-—xcosx _ 1 SN X —XCOSX _ SN X—SIN X+ XCOSX _
I X2 sinlx L. x_x sin’x sin* x -
g - cos” — 2sin —cos —
2 2 2
_ Xcosx
sin * x
2x*
[pumep. Haiitu npoussoauyro GpyHkuuu Y = arcig .
;o 1 8x’(1—-x*)—(-8x")2x* B (1-x*)*(8x’-8x" +16x") 3 8x’ +8x" 3
y_[H 4x° j (1-x*)? N S S S (S G
(1-x")*

[Tpumep. Haiitu npousBogHyto GyHKIUU Y = X2’ Inx

y'= (xzexz) Inx+x’e" 1
X
:xex2(1+2h1x+2x21nx)

3ajaHue K NPAKTHYECKOH MOATO0TOBKeE

HaiiTu npou3BoaHbIe OT YKAa3aHHBIX (DYHKIUIA:

2x-1 -
1. =X*+In(x* +8x-1).6) y=arccos—=— 2. =5In 3X- COS5X
_ tgx
~ sin X —Ccos X
3. a) y=hl+Vx2 -1);6) y = 2% 4. a) y=x>+arcsiny/1-x2;

Jx -1

_ Ax+7
X =x

2 2 2 2 2
:(erx +x’e” 2x)lnx+xex =2xe" (1+x*)Inx+xe* =

6)

6)
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5.2) Yy=(2Xx+€7)%6) y=n3NX
COS2X

_ x+1
x2 —In x

7. a) y= (eﬂ/; +1)(1+ezx); 0) y = Cth

2—Inx
gt —g™
9. a) y:sin22x-cos§;6) y:InT
10" +10~
Y=

COS X+ 2X

Jx

Ila) y=x*+e";6) y=

ex
=t
y=49 o1

Bomnpocsr k 3ansTuio 9

Uro Takoe muddepennman GpyHKun?
KaxoB cmbicn nuddepennmana?
Yro Takoe MpOU3BOHAS BBICIIETO MOpPsiAKa?

Yro Ttakoe quddepeHIman BpICIIEro nopsjika’?

2 e o

10.

12.

8.a) y=X-107"7,6) y=

KakoBo npaBuiio HaxoKAEHUsI TPOU3BOIHOM BBICIIETO MOpsIKa?

a)  y=tg?’6x—e*;  06)

et +1
COS X

y=arctgx’ —Insinx; ¢

y=sin*3x-C0S*2X; )

KakoBo npaswmiio HaxoxaeHus quddepeninana BEICIIETo mopsaKa?

IIpakTuyeckoe 3axanue Ne 10. ITosinoe nucciaenopanue pynkuunu. I[locrpoenune rpagukos.

UccnenoBanune yHKIMHI ¢ HOMOIIBIO IPOU3BOIHON.

Bospacranue u yosiBanue yHKIIMIA.

Teopema.l) Eciu ¢pynxyus f(X) umeem npouszeoonyio na ompeske [a, b] u sospacmaem na

IMOM ompesKe, Mo ee NPoU3B00HAs: Ha IMom ompeske Heompuyamenvha, m.e. T(X) >0.
2) Ecnu ¢ynxyus f(X) nenpepwviena na ompeske [a, b] u ougpgpepenyupyema na
npomexcymke (a, b), npuuem T(x) > 0 oz a<x<b, mo sma ¢pynxyus eéospacmaem na ompeske [a, b].

JloKka3aTeJILCTBO.

1) Ecmu pynkius f(X) Bospacraert, To f(X + AX) >f(X) mpu Ax>0 u f(X + AX) <f(X) mpu Ax<O0,
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TOra:

SEAM -, SO A S
Ax ’ Ax—0 Ax -

2) Ilycts f'(X)>0 mmast m00BIX TOYCK X1 M X2, IPUHAIEKAIITUX OTPE3KY [a, b], mpuuem X1<Xo.

Torpa o Teopeme Jlarpamka: f(X2) — f(X1) = F'(€)(X2 — X1), X1<e<x2
ITo ycnosuto f'(€)>0, cnemoBarensHo, f(X2) — f(X1) >0, 1.e. dynkus f(X) Bo3pacraert.

Teopema nokazana.
AHaIOrMYHO MOXKHO C/IEaTh BBIBOJA O TOM, uTo eciu (yHkuus f(X) yObiBaeT Ha oTpeske [a,
b], To f'(x)<0 Ha s3Tom oTpe3ske. Eciu f'(X)<0 B mpomexyTke (@, b), To f(X) yObiBaeT Ha oTpeske [a, b].

KoneuHo, maHHOe yTBEp)KIeHHE crpaBeinBo, eciu (yHkuus f(X) HempepbiBHA HA OTpe3Ke
[a, b] u nuddepennmpyema na unrepnaie (a, b).

I[OKaSaHHYIO BBIIIC TCOPEMY MOKHO IIPOMIITTFOCTPUPOBATH TCOMETPUUCCKHU .

y y

PPPP

\ X \ \x

Touku DKcTpeMyMa.

Onpenenenue. Oynkius f(X) umeer B Touke X1 MAKCUMYyM, €CITH €€ 3HAUYEHUE B DTON TOUYKE
Oombllle 3HAYCHUI BO BCEX TOYKAX HEKOTOPOrO MHTEpBaia, cojepikamiero Touky xi. Oyukuums f(X)
uMeeT B TOYKe X2 MuHUMYM, ecnu (X2 +AX) >f(x2) mpu nrobom Ax (AX MOXeT ObITh H
OTPULATEEHBIM).

OueBuaHO, 4TO (YHKIHUS, ONpEAeTIeHHas Ha OTPE3KEe MOXKET UMETh MAKCUMYM U MHUHUMYM
TOJBKO B TOYKAaX, HAXOJAIIMWXCS BHYTPH OTOTO OTpe3ka. Hemp3s Takke MmyTaTh MakKCUMyM H
MUHUMYM (YHKIIMA C €€ HauOONbIIMM W HAUMEHBIIMM 3HAYCHHEM Ha OTPE3Ke — ATO TMOHATHUSA
MPUHITATIAATIEHO Pa3JInYHBIE.

Onpenenenue. Toukn MakcuMymMa ¥ MHHHUMYMa (YHKIUH Ha3bIBAIOTCS TOYKAMHU
IKCTpeMyMa.
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Teopema.(HeoOXoquMOE yCIOBUE CYIICCTBOBaHHs 3KcTpemyma) Ecau  ¢gynxkyus  f(X)
oupepenyupyema 6 mouke X = X1 U MOUKA X1 SAGIAENC MOYKOU IKCMPEMYMA, MO NPOU3BOOHAS
@yuKkyuu odbpawaemcst 6 Hyib 8 SMOoL MoUKe.

Joka3zareabcTBo.lIpennonoxum, uro pynkuus f(X) umeer B Touke X = X1 MAKCUMYM.
Torna npu 10cTaTOYHO MaJIBIX HOJIOXKUTENBHBIX AX>0 BepHO HEPABEHCTBO:

S +Ax) < f(x,), T.C.

f(xl +Ax)_f(x1) <0

Torna
f(x1+AX)—f(X1)>O npu Ax <0
Ax
f(x1+Ax)_f(x1)<0 npu Ax >0
Ax
ITo onpenenenuto:
lim f(xl +Ax)_f(x1) :f’(xl)

Ax—0 Ax
T.e. eciu Ax—0, Ho Ax<0, To f'(X1) > 0, a ecitu Ax—0, Ho Ax>0, 10 f'(X1) < 0.
A BO3MOXHO 3TO TOJILKO B TOM citydae, eciu mpu Ax—0 f'(x1) = 0.

Jast ciyuast, ecnu Qynkuus f(X) umeer B TOYKe X2 MHUHHMYM TeopeMa JOKa3bIBAaeTCs
aHAJIOTMYHO.
Teopema nokasana.
CaencrBue.O0paTHOe yTBepKACHHE HeBepHO. Ecnmym mpomsBogHas (QyHKIMH B HEKOTOPOM
TOYKE paBHA HY/IIO, TO 3TO €Ile HE 3HAYMUT, YTO B 3TOM TOUKEe (YHKIHS HMEET HKCTPEMYM.
KpacHopeunBhIii mpuMep 3Toro — GyHKIHS Yy = X°, HPOU3BOJHAS KOTOPOil B Touke X = () paBHa
HYJIIO, OIHAKO B 3TOU TOUKE (PYHKIUS UMEET TOJIbKO Meperud, a He MaKCUMYM WM MUHUMYM.

Onpenenenue. KpuruueckumMu ToYKaMH (DYHKIUM HA3bIBAIOTCS TOYKH, B KOTOPBIX
Mpou3BOHAs (DYHKIIMH HE CYIIECTBYET WJIU PaBHA HYIIIO.

PaCCMOTpeHHaSI BbIIIC TCOpEMA JAa€T HaM H€O6XOI[I/IMI:I€ YCJI0BUA CYIICCTBOBAHUA
9KCTpEMYMaA, HO 3TOI'0 HEAOCTATOYHO.

Hpumep:f(x) = | x | [Mpumep:f(x) = 3\/;

yy

b

X

B Touke x = 0 pyHKIIUS ©UMEET MUHUMYM, HO B Touke x = 0 pyHKIIMSA HE UMEET HU
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HE UMEET MPOU3BOTHOM. MaKCUMyMa, HI MUHUMYMa, HU TPOU3-
BOJTHOM.

Boo0iie roBopst, dbyukius f(X) MokeT MMETh 3KCTpeMyM B TOUYKax, IJie MPOU3BOIHAS HE
CYLIECTBYET WJIN paBHA HYJIIO.

Teopema.([locTraTouHble yCIOBUS CYILIECTBOBAHUS IKCTPEMyMa)

Ilycmo @pynxyus 1(X) nenpepwiena ¢ unmepsane (@, b), komopwiii cooeporcum kpumuueckyio
MOUKY X1, U ouggepenyupyema 60 cex MouKkax 3mo2o UHmMepsaia (Kpome, modicem Ovimv, Camou
MouKu X1).

Ecnu npu nepexode uepes mouxy x1 cieea Hanpaso npoussoonas @yukyuu f1(X) mensem snax

T

¢ “+” Ha “-*, mo ¢ mouke x = x1 ynkyus 1(X) umeem maxcumym, a eciu npouz800HAsL MeHsilem 3HAK

6«

c Ha “+”- mo QyHKyus umeem MUHUMYM.
Jloka3aTebCTBO.
Tycts f'(x)>0 npu x<x
f'(x)<0 npu x> x
ITo Teopeme Jlarpamxa: f(x) — f(x1) = F(&)(X — X1),rme X<e<Xi.

Torma: 1) Ecim x<Xi, o e<x1;  f'(e)>0; f'(g)(X — X1)<0, cnemoBarensHO
f(X) — f(x1)<0 mmm  f(X) <f(x1).
2) Eciiu x>X1, Toe>X1f' (€)<0;  f'(€)(X — X1)<0, ciemoBarenbHO
f(X) — f(x1)<0 mmm  f(X) <f(x1).
T. XK. OTBETHI COBIAAIOT, TO MOXKHO CKa3atTh, 4To f(X) <f(X1) B 1rOOBIX TOYKAax BONM3MU X1, T.C. X1 —
TOYKA MaKCHMyMa.
Jloka3aTenbCTBO TEOPEMBI [Tl TOUKH MHHUMYMa ITPOM3BOIUTCS aHAJIOTUYHO.

Teopema oka3zaHa.

Ha ocHOBe BEBIIIECKA3aHHOTO MOXHO BLIpa6OTaTI> CHHHBIﬁ TOpAI0K HeﬁCTBHﬁ npu
HaXO0XJICHUHN HAnOOJILIIEr0 ¥ HAMMEHBIIIETO 3HAYCHUS (i)YHKIII/II/I Ha OTPE3KE.

1) HaiiTi KpUTHYECKHE TOUYKH (HYHKITHH.

2) Haiitu 3HaueHus1 QYHKIUH B KPUTHYECKHUX TOYKaX.

3) Haiiti 3HaueHus GYHKIUM HA KOHI[AX OTpE3Ka.

4) BbIOpaTh Cpeu MOTYYCHHBIX 3HAUCHUI HANOOIbIIICE 1 HAUMEHbIIICE.

HccnegoBanme CbVHKIII/II/I Ha 3KCTPEMYM C TOMOIIBIO
OPOU3BOAHBIX BBICIINX ITOPAAKOB.

[Mycts B Touke x = x1f'(X1)) = 0 m f'(X1) cymecTtByer W HempepblBHA B HEKOTOPOH
OKPECTHOCTH TOYKH X1.
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Teopema.Ecau f(X1) =0, mo ¢pynxyus 1(X) 6 mouxe x = x1 umeem maxcumym, ecau f(x1)<O0 u
munumym, ecau f(x1)>0.

Jloka3aTeJabCTBO.

[Mycts f'(X1) = 0 u /(X1)<0. T.k. pynxus f(X) menpepsisua, To f''(X1) Oyaer oTpunareapbHOI
U B HEKOTOPOH MaJIOi OKPECTHOCTH TOYKH X1.

T.k. f'(X) = (F(x))'< 0, To f'(X) yObIBaeT Ha oTpe3Ke, coaeprkaiieM Touky X1, Ho f'(X1)=0, T.e.
f'(x) > 0 mpu x<xim f'(X) < 0 mpu X>X1. DTO U 03HAYACT, YTO MPH MEPEXOJE YePEe3 TOUKY X = X1
npousBoaHas f'(X) mensier 3Hak ¢ “+” Ha “-“, T.e. B 3TOM TouKe pyHKuMs f(X) nMeeT MakcuMyMm.

HJ’IH CclIydas MUHUMYMa (bYHKI_[I/II/I TEOpEMa NOKa3bIBACTCA aHAJIOTMYHO.

Ecmu f'(X) = 0, To xapakrep KPUTHYECKON TOYKH HEHW3BeCTeH. [l ero ompenesieHus
TpeOyeTcs nanbHeilnee uccae10BaHue.
BBINYKIOCTh U BOTHYTOCTb KPUBOM.
Touku neperuoa.

Onpenenenne.KpuBasi oOpaiieHa BBITYKIOCTbIO BBEPX Ha MHTepBaie (a, D), ecnu Bce ee
TOUKH JIe)KaT HUXKeE JI000M ee KacaTesIbHOM Ha 3ToM nHTepBaiie. KpuBas, oOpalieHHast BHITYKJIOCThIO
BBEPX, HAa3bIBaeTCsl BBINMYKJIOH, a KpuBas, oOpallleHHas BBIIYKJIOCTBIO BHHU3 — Ha3bIBaeTCs
BOTHYTOI.

>

Ha pucynke nokasana WuIrOCTpanys MPUBEIEHHOIO BBILIE ONPECIICHMUS.

Teopema 1.Eciu 60 ecex moukax ummepeana (a, b) emopas npouszsoonas gynxyuu f(X)
ompuyamenvra, mo kpuseas 'y = f(X) oopawena svinyxiocmoio ésepx (evinykia).

Joka3zarenbcrBo.[lycts xo(a, b). [IpoBenem kacatenbHyr0 K KPUBOW B 9TOM TOUKE.
VYpaBHenue kpuBoi: y = f(X);

YpaBHEeHHE KacaTeNbHOM: V — f (XO) =f '(XO )(x— xo).

Crenyer nokasats, uto Y=y = f(x) = f(x,) = f'(x, )(x = x,).

To Teopeme Jlarpamxka ms f(X) — f(xo): V-V = f "(o)(x- X,)—f '(xo )X —X,), Xo<C<X.
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y=y==x)lf"(©)=f'(x,)]

ITo Teopeme Jlarpanxa aiis f’(C) - f'(xo) Ly-y= f”(c1 )c— X, )(x— X, ), X, <c <c

[Tycth x >Xgroraa Xo<C1<C<X. T.k. X — Xo> 0 u C — Xo> 0, ¥ KpOMe TOTO MO yCIOBHUIO
f"(¢,) <0, cuenoBarenbHo, y—y<0.

ITycth X<XoTorma X<C<Ci1<Xou X —Xo< 0, €—Xo<0, T.K. IO yCIIOBUIO f"(c,) < O, TO
y—y<0.

AnayiornyHo aokasbiBaetcs, yro ecnu f''(X) > 0 na unrepBane (a, b), To kpusas y=f(x)
BOTHYTa Ha HHTEepBaie (a, b).

TeopeMa JOKa3aHa.

Omnpenenenue.Touka, OTAENSONAsS BBINYKIYIO 4YacThb KPUBOM OT BOTHYTOW, Ha3bIBAETCS
TOYKOI nmeperuda.

OueBuHO, YTO B TOUKE MEepernda kacaTebHasi IEPECeKaeT KPUBYIO.

Teopema 2./Tycmb kpusas onpeodensemcs ypasuenuem Y = f(X). Ecau emopas npoussoonas
f1a) = 0 wwu f1(a) ne cywyecmeyem u npu nepexooe uepez mouxy x = a f(X) mensem 3nax, mo
MOYKA KpUBOU ¢ AOCYUCCOll X = a A6JIsemcs MOUKoll nepeuba.

Hoka3zartenabcrBo. 1) [Tycts f/(X) < 0 npu x<awm f”'(X) > 0 npu x>a. Toraa npu
X<axkpwuBas BBIITYKJIA, a IPH X>aKpHUBasi BOTHYTA, T.€. TOYKA X = a — TOYKa neperuoa.

2) Ilycte f'(x) > 0 mpu x<bwm f''(X) < 0 mpu X<b. Torma npu X<bkpuas oOpaIeHa BHITYKIOCTHIO
BHU3, a pu X>h — BeIMyKI10CTRIO BBepX. Torma X = b — Touka neperuoa.

Teopema nokazaHa.
ACHUMIOTOTEL.

[Tpu uccnenoBaHuy (QYHKIMH 4YacTo OBIBAET, YTO NPHU YAAJEHUU KOOPAMHATHI X TOYKHU
KpUBOW B OECKOHEUHOCTh KpUBasi HEOIPaHUUYEHHO MPHOIMKAETCS K HEKOTOPOH MPSMOiA.

Onpenenenue.lIpsmas Ha3pIBaeTCA aCHMIITOTON KPUBOMW, €CIIM PACCTOSHUE OT IEPEMEHHON
TOYKHM KPUBOM J0 ATON NPSIMOM NpPHU yJAIEHUHU TOUKH B OECKOHEUHOCTh CTPEMUTCS K HYIIIO.

Cnenyer OTMETUTb, YTO HE Jt00as KpUBas MMEET aCUMITOTY. ACHUMHOTOTHI MOTYT OBITh
npsiMble M HakJIOHHBIE. VccrenoBanue pyHKIMI Ha HAJTMUYKME aCUMIITOT UMEET OOJIbIIOE 3HAaYeHUE U
MO3BOJISIET O0JIee TOUHO OINpPENEIUTh XapakTep GYHKIIMH U MMOBeACHHE IpadrKa KpUBOH.

Boo0mie roBops, KpuBas, HEOrPaHHYEHHO NPHUOIMKASACh K CBOEH acHUMIITOTE, MOXET U
nepecekarhb ee, Ipu4YeM He B OJIHOM TOUKe, KaK MMOKa3aHO Ha MPHUBEIEHHOM HIDKE rpaduke QyHKIUN

X

¥ =Xx+e 3 sin x. Ee HaKJIOHHAs aCHMIITOTA Y = X.
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10

PaccMoTpuM mosipoOHEE METOABI HAXOXKICHUST aCUMIITOT KPUBBIX.

BCDTI/IKELHI)HI)IG ACUMIITOTHI.

W3 ompeneneHus acCUMNOTOTHI cleAyeT, 4yro eciu im f(x)=oc0 mmm lim f(x)=c0 wm
x—a—0

x—a+0

lim f(x) =00, To mpsiMast X = a — acummnTora Kpusoi Yy = f(X).
xX—a
Hanpumep, 11 GyHKIME £(x) = 2 npsiMast X = 5 ABJISIETCS BEPTUKAIBLHON aCHMITTOTOM.
x—=5

HaxJIoHHBIC aCHUMIITOTEL.

[Mpennonoxum, uto kpuBas Y = f(X) uMeeT HaKIOHHYIO acUMOTOTY Y = KX + b,

15
12. 5

10

oP
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O0603HauMM TOUYKY IepeceueHHs] KpUBOM W MEpIeHAMKYNIsIpa K acumnrtore — M, P — Touka
[IEPECEYCHHUST ITOr0 INEPIEHIUKYJApa C aCUMITOTOM. YTron MeXIy acuMmMnTorod m ocero Ox
o6o3naunm ¢. [lepnenauxynsp MQxk ocu Ox nepecekaeT acuMnToTy B Touke N.

Torna MQ =y — opaunara Touku kpuBoid, NQ = 3 - opaunarta Touku N Ha aCUMIITOTE.

- N _ A
yeropmio: lim|MP{=0, ZNMP=¢, |NM|= o

VYron ¢ - NoCTOsAHHBIH 1 He paBHbIi 90°, Torna

lim [MP| = lim |[NM |cos ¢ = lim [NM| =0

X—>00

[NM| = [MO ~|ON| = |y~ 7| =| f (x) ~ (kx + D)
Torna lin:o[f(x) —(kx+b)]=0.

Uraxk, npsimast Y = kKX + b — acumnrora kpuBoi. [yt TOYHOrO ONpeneNneHus ITOi MPSIMOi
HEOOXO/IMMO HAWTHU CIIOCOO BBIYUCICHUS KOAPPHULIUEHTOB Kub.

B IMOJIYYCHHOM BBIPpa)XCHUH BHIHOCHUM 34 CKOOKH X

ﬁmx[&—k—é}zo

X—>0 X X

X—>®0 X X X—>0 X X—>0

) b
T.K. X—0, TO hm[f(x)—k——}=0,m<. b = const, To ﬁmézo; mk =k .

Toraa lim ACONS k—0=0, CIeIoBaTeJIbHO,

X—>00 X

Y

X—>00 X

T.x. im [f(x) — (kx+ b)] =0, 10 lm [f(x) - kx]— lim b = 0, cienoBaTeabHO,

b = lim [ £ (x) — kx]

X—>0

OTMeTHM, YTO TOPU3OHTAJIBHBIE ACHMITOTHI SBJISIOTCS YaCTHBIM CJIy4aeM HAaKJIOHHBIX
acummnrot nipu K =0.

2
X +2x-1
[Tpumep. HaiiTu acuMOTOTHI U TOCTPOUTH rpapuk PyHKIMH YV = .
X
1) BeprtukanbHble acUMOTOTHL: Y—>+00X—0-0: y—-00X—0+0, cnemoBarenbHo, x = 0-

BEpTUKAJIbHAA aCUMIITOTA.
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2) Hak/ioHHbBIC aCUMIITOTHI:

b=m%c(f(x)—x)=m330(—x2 +2x_1—xj=1im(x2 +2x_1_x2j=lim(zx_ljzh’m[Z—lj:z

X X—>0 X X—>00 X X—>0 X

Takum oOpa3om, npsiMast y = X + 2 sIBJISETCS HAKJIOHHON aCUMIITOTOM.
[Toctponm rpaduk GyHKIUU:

6 -

Ox

IIpumep.HaiiTn acCHMITOTHI ¥ IIOCTPOUTD rpaduK QyHKIUH y = -
— X

[Ipsimble X = 3 1 X = -3 ABIAIOTCSA BEPTUKAIBHBIMU ACUMIITOTAMH KPUBOM.

Haiinem HakiIOHHBIE aCUMITOTHL. %k = lim 9 =0
X—>00 9 e
. O9x oy
b =1Im - = im —*—=0
x—0 Q _ y y—owo 9

y= 0- TOPU30HTAJIbHAA aCUMIITOTA.

x?=2x+3

[Ipumep.HaiiTn acUMITOTHI ¥ TOCTPOUTH IpaduK GYHKIUHU )V = )
X+
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[Ipsmas x = -2 sgBIAETCS BEPTUKAIBLHOW aCUMIITOTON KPHUBOMA.

Hatinem HakJ10HHEBIE AaCUMITOTEI.

) 2+ 3
2_ 2_ - 72
i = lim ~ 2x+3:ﬁmx 22x+3:. x x*
X—>00 _x(x+2) X—>00 x +2x X—>00 1 2
+7
X
x> =2x+3 x? =2x+3-x*—-2x —4x+3 —4t
x>0 x+2 x—>00 x+2 x>0 x4+ 2 x—0 1 2
+7
X

I/ITOFO, npsamMag y = X — 4 gBisieTcss HaKJIOHHOM aCUMIITOTOM.

20

15 |

-15 F

-10 -5
/ -10 |

-20L
Cxema uccienoBanus GyHKIUNI

[Tpouecc uccnenoBanust GyHKIMM COCTOUT U3 HECKOJBKMX ATanoB. Jljig Hanbojee MoaHOro
MIpeJICTaBJICHUSI O TIOBEJICHUU (PYHKIIMH U XapakTepe ee rpaduka HeoOX0IMMO OTHICKATD:

1) OOGnacTtb cyiiecTBOBaHHS HYHKITHH.
DTO0 MOHATHE BKIKOYAET B ce0s U 007aCTh 3HAUEHUHN U 00JIaCTh ONpeAeaeHs] PyHKIHMH.
2) Touku paspsia. (Eciu oHM UMeroTCS).
3) HurepBanbl BO3pacTaHus U YObIBAHUSI.
4) ToYKH MaKCHMyMa ¥ MHHUMYMa.
5) MakcumanabHOE B MUHUMAIIbHOE 3HaueHUE (DYHKIIMU Ha ee 00JIACTH ONpPEeICIICHHSI.
6) OO6sacTH BBIMYKJIOCTH U BOTHYTOCTH.
7) Touku neperuba.(Eciau onn uMeroTes).
8) Acumnrotsl.(Eciau oHM UMErOTCS).
9) Ilocrpoenue rpaduka.

HpI/IMCHCHI/IC 3TOH CXEMBI PacCMOTpPHUM Ha IMPUMEPE.

3
X

[pumep.VMccrnenoBath pyHKIHUIO Y = | U TIOCTPOUTH €€ rpaduK.

2
X -
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Haxonum o6nacte cymiectBoBanust (GyHKUuMU. OUEBUAHO, UTO 001aACmbIO ONpedeneHUs

byHkuuu sisgercs oomacts (-o0; -1) U (-1; 1) U (1; ).

B cBoio ouepenp, BUAHO, YTO mpsiMble X = 1, X = -1 SABIAIOTCA GepmMuUKATbHLIMU
acumnmomamu KpuBOu.

Obnacmvio 3nauenuti TaHHON QYHKIIUHU SBIISETCS HHTEPBa (-00; 00).

Touxamu pa3pviéa GyHKIHUH SABISIOTCS TOUkH X = 1, x = -1.

Haxomum kpumuueckue mouxu.
Haiinem npousBoaHyto GyHKIUN

, 3PP -D—2x-x*  3xt-3x7-2x' X' -3x°

(x> =1)° >-1)> (x> -1)

Kputnueckue Touku: X = 0; X:-\/g;xz \/g; x=-1; x=1.

Haiinem BTOpYIO MpouU3BOIHYIO (DYHKIIUU
- (4x® —6x) (x> =1)> —(x* =3x")4x(x*> =1) B
- (x> -1* -
B (4x® —6x)(x* —2x% +1) = (x* =3x7)(4x> —4x) B

B (x* -1
4x” —8x° +4x° —6x° +12x° —6x—4x7 +4x° +12x° —12x°
- x> —1)° -
2% +4x’ —6x  2x(x*+2x* =3) 2x(x* +3)(x* =1 2x(x*+3)
B e

OnpenenuM BbITYKJIOCTh U BOTHYTOCTh KPUBOM Ha MIPOMEXYTKAaX.

-00<X< - \/§ , Y"<0, xpuBas BbIIyK/Ias
- \/5 <x< -1, y''< 0, xpuBas BbIMyKJas

-1 <x< 0, y'’> 0, xpuBas BOTHyTas
0<x<1, y''< 0, xpuBas BBITyKJIas
1<x< \/g , y'"> 0, KpuBas BOTHyTasl

A/ 3 <x<oo, y'’>0, KpuBas BOTHyTas

Haxomum npomexyTku eo3pacmanus U yovieanus GyHKUuU. [ 3TOro onpesenseM 3HaKU
MIPOU3BOIHON (DYHKIIMU HA TPOMEKYTKAX.

-00<X< - \/g ,  Y™>0, dyakus Bozpacraer

- \/5 <x<-1, y'<0, ¢yHkuus yobiBaeT
-1 <x< 0, y'< 0, ¢yHknus yosiBaeT
0 <x<1, y'< 0, ¢yHknus yosiBaeT

1 <x< \/g , y'< 0, ¢dyHKIUSA yOBIBaCT
\/§ <X<oo, y''>0, ¢yHKIMS Bo3pacTaer
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BI/I,I[HO, YTO TOYKA X = -V 3 SIBIISICTCSI TOUKOM MaKkcumyma, a TO4kKa X = v 3 SIBIISICTCS TOYKOM

Munumyma. 3Ha4eHus] QYHKIIMHA B TUX TOYKAX PaBHBI COOTBETCTBEHHO -3 \/g 2u3~3 /2.

HpO BCPTUKAJIBHBIC acumnnomasl ObLIO YK€ CKa3aHO BBIIIC. Tenepb HaWJIEM HAKIOHHbLE
acumnmomel.

x2_. 1

k =lim — im ——=1;

X0 x _1 x—)ool_i

x2
1
3 3 3 -

. - + .
b=lim| ———x |=lim| =% | = fim —— = lim —*— =0

x—oo| x X—>0 x =1 xo0 x© —]  xow 1

Ntoro, ypaBHEHNE HAKJIOHHON aCUMITOTHI — Y = X.

[Toctpoum epagux GyHKIUN:

3agaHue K IpaKTHIeCKON OATOTOBKE

HccaenoBarsb pyHKIHIO ¢ IPUMEHEHUEM NIPOM3BOAHOI U MNOCTPOUTH ee rpauk:

_ X _x*+16 X' -1 w1
LY =<1y 2¥=7 R =% —2x
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X Xt +1 oy i1 _AX?
R TCUE | A " Ty=" R
2X+1 X?
J— X e — e —
Y Y=3T Y=y Y=oy
_ X*+16
2=

Bormpocs! k 3anstuto 10

UYro Ttakoe pyHKIH?

Jliis uero npoBOJAT ucciieoBaHue GyHKIU?
Uro Takoe acUMNITOTHI (PYHKIIUHU?

Uro Takoe SKCTPeMyMbl (PYHKITUH?

quy paBHa MMPOU3BOJHAA B TOUKAX, I'AC CYIICCTBYIOT aCUMIITOTHI?

© a k~ w N oe

HpI/IBeI[I/ITe AJITrOPpUTM UCCIICAOBAHHA (bYHKI_II/II/I

IIpakTnyeckas paGora Ne 11 HHTerpupoBaHue 3aMeHOH NepeMEeHHON M MO 4YacTAM B
HeOoIlpeeJICHHOM HHTerpade.

IlepBooOpa3Has GyHKIMSL.

Onpenenenue: dynkius F(X) HaspiBaercs mepBoodpa3Hoii pynkmmeit ¢ynkiuu f(X) Ha
otpeske [, b], eciu B 1r000# TOUKE 3TOrO OTPE3Ka BEPHO PABEHCTBO:

F'(x) = f(x).

Hago oTMeruTh, 4YTO mMEpBOOOpPa3HBIX sl OAHOW M TOH ke (QYHKIMH MOXKET OBITh
06eckoHeYHO MHOTO. OHU OYIyT OTINYATHCS APYT OT APyra Ha HEKOTOPOE MOCTOSIHHOE YUCIIO.
F1(x) = F2(x) + C.

HeonpeneneHHplii MHTETPAI.

Omnpenenenue: HeonpeneneHubiM uHTerpasiom ¢yakunu f(X) Ha3plBaeTCs COBOKYIHOCTBH
nepBOOOPa3HBIX (PYHKINH, KOTOPBIE OMPEAETICHBI COOTHOLICHUEM
F(x) + C.

3anuChIBaIOT: J. f(x)dx=F(x)+C;

VYciioBueM CyLIECTBOBaHMS HEOIPEEIIEHHOIO MHTErpajia Ha HEKOTOPOM OTPE3KE SIBIISIETCS
HEMPEPbIBHOCTH (PYHKIIUHM HA 3TOM OTpE3KE.

CpoilicTBa:
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1 ([ food) = (F e +0y = 0y

2. d([ f(0dx)= f(x)dx,

3. [dF(x)=F(x)+C;

4, I(u +v—w)dx = Judx+ J.vdx— J.wdx; rae U, V, W — HeKOTOopble (PYHKIIUHU OT X.

L [C-fdx=C-[ f(x)dx;
I_I[QI/IMeEQZI(x2 —2sin x+1)dx=Ixzdx—2fsmxdx+jdx=%x3 +2cosx+x+C;

HaxoxneHue 3Ha4yeHUs HEONPENECNCHHOTO WHTErpajla CBS3aHO TJABHBIM 00pa3oM ¢
HaXOXJICHUEM TMepBooOpasHoi (yHKIuH. s HEKOTOpPHIX (YHKIMHA 3TO JOCTATOYHO CIIOXKHAS
3agaya. Hmxke OyayT paccMOTpEHBI CIIOCOOBI HAXOKACHUS HEOIpPEIETICHHBIX WHTErpajioB IS
OCHOBHBIX KJAacCOB (YHKIMH — pPalMOHAIBHBIX, HPPANUOHAIBHBIX, TPUTOHOMETPUUYECKHX,
MIOKa3aTeNbHBIX H Jp.

Jns ynoOGcTBa 3HAa4YeHHsT HEONpPEICNCHHBIX HWHTETPATOB OOJBIIMHCTBA 3JEMEHTapHBIX
¢byHKIMiE coOpaHbl B CIEUalbHbIC TAOJIMIBI WHTErpajioB, KOTOpPbIE OBIBAIOT WHOTJA BEChMa
00beMHBIMHA. B HHX BKIIIOYEHBI pa3iW4yHble HanOoJiee YacTO BCTPEYAIONIMECS KOMOMHALIUU
¢ynknuii. Ho GONBIIMHCTBO MPEACTaBICHHBIX B 3TUX TAaOMUIAX (HOPMYI SBISIOTCS CICICTBHAMHU
Apyr Apyra, MO3TOMY HHWKE IMPHBEIEM TAaOIUIy OCHOBHBIX HHTETPAIOB, C IOMOIIBIO KOTOPOIi
MOYHO ITOJTYYHUTh 3HAYECHUS HEOIPEACICHHBIX HHTETPAJIOB PA3THYHBIX (DYHKITHA.

WHuTerpan 3HaueHue WHTerpan 3HaueHue
1 J.tgxdx -In | COSX | +C 9 J.exdx e+ C
2 thngx In |S|nx | + C 10 _[COS xdx SII‘]X + C
3| [a¥dx ¥ 11 | [sin xdx -cosx + C
.[ a__|_c J.
Ina
4 dx 1 x 12 1 tgx + C
JAoz2 +x? ;arctg;+c J‘cosz xdx
S 3 d.
Ix2_a2 Z]nx_a‘}'c ISIan X
6 J'L In 14 I dx arcsin® +C
x**ta’ ‘x+\/x2ia2 +C Ja? —x2 a
7 [ x*dx X! 15 1 X m
I —‘l‘C,(X-_;é_l ‘[COSxdx lntg(5+zj+c
o+l
8 @ Injx|+C 16 1 X
X || .[Smxdx lnth+C

PaCCMOTpI/IM TPHU OCHOBHBIX MCTOJa HHTCTPHUPOBAHUA.

HenocpeacTseHHOE UHTETPUPOBAHHUE.
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MeTo1 HENMOCPEACTBEHHOI'O MHTEIPUPOBAHMSI OCHOBAH Ha IPENAIOJIOKEHUH O BO3MOXHOM
3HAYEHUH  [epBOOOpa3HOM  (QyHKUIMM C  JajnpHEHIIeld  MpOBEpPKOW  3TOr0  3HAYEHUs
middepennmupoBanuemM. Boobme, 3amerum, uTo AudQepeHIUpPOBaHUE SABISETCS MOIIHBIM
MHCTPYMEHTOM IIPOBEPKHU PE3YyIbTATOB HHTETPUPOBAHUSI.

PaccMoTpuM npuMeHeHne 3Toro MeTojia Ha puMepe:

o dx o
Tpebyercs HaliTH 3HaYEHUE UHTErpajia j_ Ha ocHoBe u3BecTHOM popmynsl 1uddepeHnpoBanus
X

!

1 o
(1n x) — — MOXXHO cJliejlaTh BBIBOJ, YTO MCKOMBIA MHTEerpayi paBeH In x+ C, rome C — HEKOTOpoe

X
’
nOCTOsHHOE 4ucao. OnHako, ¢ APYrod CTopoHsl (In(—x)) = 1 (- = 1 Takum obpazom,
X X
OKOHYATEJIbHO MOXHO CJIEaTh BHIBO/I!
dx
— = h1|x| +C
X

3ameTrM, 4TO B OTiMuue OT aAuddepeHnnpoBaHus, IAe Ui HAXOXKICHHUS IMPOU3BOIHOM
WCIOJIb30BATINCh YETKHE TIPUEMbl M METOJbI, IpaBWiIa HAXOXKICHUS IPOU3BOIHON, HAKOHEIT
OIIpEICJICHUE TPOU3BOJHOM, JUISI HMHTETPUPOBAHUS TAaKHUE METOJbI HEAOCTYNHBI. Ecimm mpu
HaXOX/JCHUU TPOU3BOJHON MBI IIOJIB30BAIMCh, TaK CKa3aTh, KOHCTPYKTHBHBIMH METOJIaMH,
KOTOpbIE, 0a3upysICh Ha OMPENCICHHBIX MPaBUIaX, MPUBOAWIN K PE3yJbTaTy, TO MPU HAXOKICHUU
MEepPBOOOPA3HOH MPHUXOAUTCS B OCHOBHOM OIUPAThCS Ha 3HAHUSA TaOJMIl TMPOU3BOJIHBIX U
NepBOOOPA3HBIX.

Uro kacaercs MeToJia HEeMOCPEACTBEHHOTO MHTETPUPOBAHUS, TO OH NMPUMEHHM TOJBKO JUISI
HEKOTOPBIX BEChbMa OIPAaHUYCHHBIX KIACCOB (QYHKUIMH. DYHKIUH, UII KOTOPHIX MOXHO C XOAY
HaWTH TIepBOOOpa3HyI0 OuYeHb Mayno. [103ToMy B OOJIBIIMHCTBE CIIy4aeB MPUMEHSIOTCS CIIOCOOBI,
OIMCaHHBIC HUXKE.

Croco0 I10/ICTaHOBKH (3aMEHBI IIEPEMEHHBIX ).

Teopema:Ecnu TpeOyercst HATH UHTETpaj J f(x)dx, HO CITIO’)KHO OTBICKATh MEPBOOOPA3HYIO,

TO ¢ moMoIkio 3ameHbl X = @(t) u dX = ¢'(t)dtnonyyaercs:

[ £dx = [ flo)e'()at

JokazareabcerBo:IIpoauddepennnpyem npepnaraeMoe paBeHCTBO!
d[ fGodx=d([ flo@lp'0)dt)
[To paccmoTpeHHOMY BbIlIE cBOWCTBY No2 HEONpEeIeIeHHOT 0 HHTerpaa:

f(x)dx = flp(D] ¢ (t)dt
4TO C YYCTOM BBCIACHHBIX 0003HAYCHUH M SBISETCS HCXOJHBIM MHPCAINOIOKCHUCM. TeopeMa
JOKa3aHa.

IIpumep. Haiitu HeonpeneleHHbINA HHTErpall J. r/sin x cos xdx.
Cnenaem 3ameny t = sinx, dt = cosxdt.

J.\/;dIZJ't”zdt=§t3/2 +C=§sin3/2 x+C.

[Ipumep. .[x(xz +1)*?dx.
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3aMeHa ¢ = x2 +1; dt =2xdx;, dx= %; [Tonyuaem:
X

5/2 2 5/2
Iz”ﬂ:ljt”dt:l-zt”+C=t—+C:—(x e
2 2 25 5 5

Huxe Oynyr paccMoTpeHbl Apyrue HOpUMepbl IPUMEHEHHS METOJa IMOJCTAHOBKH IS
Pa3IUYHbIX THUIOB (GYHKLUH.

HHTEerppoBaHue mo 4acTsM.

Crioco6 OCHOBaH Ha M3BECTHOM (hOpPMYJIe IPOU3BOAHON IPOM3BEICHHS
(uv)' =u'v+v'u
rje UnV — HEKOTOpbIe (GYHKIMH OT X.
B nuddepennmanpraoit popme: d(uv) = udv + vdu

[IpounTerpHpoBaB, NoJy4aeMm: J. d(uv) =judv+ J vdu, a B COOTBETCTBUH C IPUBEJICHHBIMU BBIIIIE

CBOMCTBaMHM HEOIPEICIICHHOT'O HHTErpasia;
MV=J.udV+JvduI/IJII/I J.udv:uv—J‘vdu;

[Tomryunnu GopmyiTy MHTETPUPOBAHUS 110 YACTSIM, KOTOPAast TO3BOJIICT HAXOIUTh HHTETPAIIBI
MHOTHUX 3JIEMEHTAPHBIX (PYHKIIHA.

2 .
) u=x"; dv=sinxdx
[Tpumep. sz sin xdx = ’ > L=—x?cosx+ Icosx -2xdx =
du=2xdx; v=-—cosx

u=x; dv=-cosuxdx; s ) ) 5 i
= ) =—X cosx+2xsmx—.[s1nxdx:—x cosx+2xsmx+2cosx+C.
du=dx; v=sinx
Kak BuIHO, mocienoBaTelbHOE TMPUMEHEHUE (OPMYJIBI MHTETPUPOBAHHS 10 YaCTSIM ITO3BOJISIET
MIOCTENIEHHO YIPOCTUTh (PYHKIIMIO U IPUBECTH UHTErpai K TAOIMYHOMY.

2 2
u=e”; du=2e"dx;

i =ezxsinx—_[sinx~2ezxdx=
dv=cosxdx, v=sinx

[pumep. Ie“ cos xdx =

2x 2x
u=e”; du=2e"dx ) .
= 7 ’ :ezxsmx—2[—ezxcosx—J.—cosx-Zezxdx]:eh sin x +
dv=sin xdx, v=-—cosx;

2 2
+2e™ cos x — 4jcos xe dx

Bunno, 4yTo B pe3ynbraTe MOBTOPHOTO MPUMEHEHUS WHTETPUPOBAHUS MO YaCTIM (QYHKIUIO HE
YAQJIOCh YOPOCTUTh K TabmuuHomy BUAY. OaHAKO, MOCIEIHUNA TOTYyYEeHHBIH WHTErpajl HUUYeM He
OTJIMYAETCS OT UCXOAHOrO. [103TOMY IepeHeceM ero B JEBYIO 4aCTh PABEHCTBA.

SJ.ezx cos xdx = e** (sin x + 2¢cos x)
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2x
J.eb‘ cos xdx = %(sin x+2cosx)+C.

Taxkum 0Opa3oM, HHTErpall HaiiieH BooOIIe 6e3 MPUMEHEHHs TaOJIUI] HHTETPAJIOB.

[Ipesxne uyeM paccMOTpeTh NOAPOOHO METOJbl HHTErPUPOBAHUS Pa3IMUHBIX KJIAcCOB
GbyHKIMI, OpUBElEeM eIle HECKOJIbKO IPUMEPOB HAXOXKIEHUS HEONpPEIeICHHbIX HWHTErPajoB
MPUBEJCHUEM X K TAOJIUYHBIM.

[Tpumep.
21 21
[@x+1y"dx={x+1=1 dt=2dx}=[¢* gzt Lot oo @D o
2 21 2 42 42

[Ipumep.

N4 -x* N2 =x22+ x?

.X
+arcsm — + C.

NG

.2 2 2 2
J‘\/Z X A2+ x a’x:J‘\/z x> +y2+x dxzj‘ dx "‘j dx zln‘x+ /x2+2‘+
24 X7 J2-x?

[Tpumep.
jﬂdx = J.sin_”2 X cos xdx = {sinx =t dt = cosxdx} = It‘3/2dt =-2t""?4+C =
sin ® x
. 2
=-2sin " x+C=-—=+C.
Sin x
[Tpumep.
u=x’; dv=edx : { 2,55 5
Ixzesxdx= e :—esxxz—J.—estdx:x ¢ ——J.xes"dx=
du = 2xdx; v:?, 5 5 5
e — % e
u=x, dv=edx, x2e™ 2| xe™ | . x’e™ 2xe™ 2 ¢ .,
du = dx; v:ges"; 5 5| 5 5 5 25 25

x’e™  2xe™  2e™ esx( , 2x 2)
= - + x
5 25 125 5

[Tpumep.

dx dx

| - d(x+1)
Vex?—2x+8 TA—x?—2x—1+9

JO—(x+1)°

:{x+l=t}:

={dx=d(x+D)}=

.t Cox+1
=arcsm§+C=arcsm—+C.

:IL
V3t =12
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3
LN S S T DR E R T T
X 1 1 2x 2x° x 2x 27 x 2x
du=—dx, v=——"7;
X 2x
+l —lx’2 +C——ln—)zc 12 C
20 2 2x 4x
[Ipumep.
u=1nx; a’v:xdx; 5 ) 1 zln | I 5
lenxdx: 1 x° = x| —de=2 x——jxdx=x T Y=
du = —dx; v=?; 2 2 x 2 2 4
X

2

:%(2mx—1)+c.

[Tpumep.
2 : COS2 X COS2 X : : COS2 X
J‘eCOS Xsmzxdx:{‘:e ; dt = —e -2cosxsmx=—sin2x-e dx;}:—Jdtz—t+C=

=™ 4 C,

[Ipumep.

dx e d 1 1 24dt dt
—— __=dJx=t, —=——x=—1= =2 = 2arctgt + C = 2arctg/x + C.
I(x+l)\/; { dx  2x Zt} I(ﬁ +1)t jzz +1 & &

IIpumep.

dx dx 1 dx 1 -
J. - :I > =—|——F—=—arctgl — |+ C.
x°—6x+25 (x=3)"+16 16 (x_3j . 16 4
+

3ajaHne K NPAKTHYECKOH MOATOTOBKeE

Bouraucautn HEOIIPEAC/ICHHBIC HHTErpaJibl:

dX . -2X dX . 2x
1. a) jﬁ 6) [ xe"dx 2. ) j—m,6) [(x+3)e*dx
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.a)f\/_ 6) [ xe*dx

5. a) f( )5,6) [(x+5)e*dx

7.a) | _xdx : 6) I xarctgxdx

V1+ x?
9.2) [v1-2xdx; 6) [({L—x)sin 3xdx

[e™(2x +5)dx

11. a) jﬁdx;«s) [ (@ —x)cos4xdx

[In x(2x+5)dx

6) [ xe*dx

4. a) j\/i
6.a) [1—5xdx: 6)JXCOS§dX

6) | xe™dx

8a)j\/_

10. a)

I xdx
N

6)

0)

12. a) Im,

HaiinuTe HeonpeneieHHbIe HHTETpaNbl. Pe3ynbTaTsl poBephTe nuddepeHmpoBanuem.

J' 2X+3
V2X2 +3
, e 1-3X dx
Y 3-5x%
¢ X+ 2
3. ——ax.
J5x° +3
4. .5_2)(2dx.
47 —-3X
c2sSinX+3
Y C0S“ X
6. [(3+2e")°e*dx.
J-5—_3003xdxl
sin® x
8. IX(2+X)d
1+ x*
9 e?* + 3e* d
Mo

dx

J-sin2x+sinx
1+ cos® X
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Bormpocs! k 3ansTuio 11

Uro Takoe nepBooOpazHast pyHkuun?

Uro Takoe HEONpeAeIeHHbIN HHTErpan?

Yro 03HaUaeT HENOCPEICTBEHHOE HHTErPUPOBaHUE?
Cdopmynupyiite npaBuIo MHTErPUPOBAHUS 3aMEHON IEPEMEHHBIX.

ok b=

ChopmynupyiiTe npaBuiIo HHTETPUPOBAHUS 110 YACTSM.

IIpakTnyeckass padora Ne 12. HHTerpupoBaHue MeTOAOM TMOABEJEHHUS MOX 3HAK
auddepennuana.

[TonBenaenue nox 3Hak auddepeHiana
[ £ e eodx= [ fuENdEE)

TaK Kak u’'(x)dx=du(x)) .

3a,I[aHI/I$[ K HpaKTquCKOﬁ IIOATOTOBKEC

1 J'sin x cos xdx 6 fsin 2x cos xdx
2 fsin x cos 2xdx 7 JSX +4 dx
3x +2
3 2 8 2
J-X +5 dx JQX +2x +7 dx
x +2 x +3
4 f\/l +2xdx 9 JB A1 - 7xdx
JE 3/(3x +5)* dx 10 3xdx

J V3x?% +2
Bormpocsr k 3ansTuio 12

Yro Ttakoe nepBoodpazHas GyHKINN?
Yro Takoe HeolpeIeleHHbIH HHTerpan?
Yo 03HAYaET HEMOCPEICTBEHHOE HHTETPUPOBaHUE?

C(bOpMy.HprﬁTC IMPaBUJIO UHTCTPUPOBAHUA MECTOAOM ITOABCACHUS IO 3HAK MHTETpaAjia.

o ~ w npoE

[Toxaxkute GopmyaamMu CHOpaBeIIMBOCTb UHTETPUPOBAHMSI METOJOM MOJBEACHUS MOJ 3HAK

MHTErpaa.



100

IMpakTnyeckas padora Ne 13. Boiunciienne onpeaeJéHHbIX HHTErPaJioB.

OnpeaeleHHbI HHTErpall.

[Tycts Ha oTpeske [a, b] 3amana nenpepsiBHas Gyukius f(X).

y
M
m
0 axibx
O6o3naunM Mu MuanmgHbIee 1 HanboJIblIee 3HaUeHnEe QYHKIMK Ha oTpe3ke [a, b]

Pa3zo0bem oTpe3ok [a, b] Ha yacTu (He 00s3aTEILHO OIMHAKOBBIC) NTOYKAMH.
Xo<X1<X2< ... <Xn
Torma X1 — Xo = AX1, X2 — X1 = AX2, ... ,Xn— Xn-1 = AXn;
Ha KaKI0OM M3 IMOJIYYCHHBIX OTPE3KOB HaﬁHeM HAaUMCHBIIIEC U HaI/I6OJII>HICC 3HAYCHUC Q)YHKIII/II/I

[Xo0, X1] = m1, M1; [X1, X2] = m2, M2; ... [Xn-1, Xn] = Ma, M.
CocTtaBuUM CyMMBI:

n
Sn= M1AX1 + M2AX2 + ... +MpAXn= ZmiAxi
i=l1

S n = Mi1AX1 + M2AX2 + ... + MpAXq = ZMiAxi
i=1

CymMa S HasblBaeTCs HHKHeHl HMHTErpajibHOW CyMMO#H, a cymMmma .S — BepxHeii
HHTErpajbHOH CYyMMOM.
Tk M<Mi, 0S50S0, a Mb-2a)<sa<Sn<M(b-a)

BHyTpu Ka)ka0ro oTpeska BbIOepeM HEKOTOPYIO TOUKY &.
Xo<e1<X1, X1<e<X2, ... , Xn-1<e<Xp.

Haiinem 3Ha4yeHuss (QYHKIMH B JTHUX TOYKAX M COCTABUM BBIPAKEHHE, KOTOPOE HAa3bIBACTCS
MHTErpajibHoii cymmoii i pynkiuu f(X) Ha otpeske [a, b].

Sn = f(e)Axs + f(e2)Axz + ... + fen)Axn = D f(€,)AX,
i=1

Torna moxHo 3anucathb: MiAXi<f(&)Axi<MiAx;

CrnenoBaTenbHO, Zn:m,Axi < Zn:f(gi)Axi < iMiAxi

i=1 i=l1 i=1
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S, <8, <5,

[eoMeTpruecku 3TO TPEICTABISIETCS cieayromuM obpazom: rpaduk Qynkuun  f(X)
OTPaHUYEH CBEPXY ONMMCAHHOM JJOMaHOM JIMHUEH, a CHU3Y — BIIMCAHHOM JIOMaHOM.

O003HaunM MaxAxj — HauOOJBIIMKA OTPE30K pa3dueHus, a MINAXj — HauMeHbwA. Eciu
maxAxi— 0, To 4KciI0 0Tpe3KOB pa3dueHus oTpeska [a, b] ctpemMuTcst kK 6ECKOHEYHOCTH.

Ecmu Sn Iif(Si)AX[ , TO Ax—)Ozf(S )Ax S.

i=1

Onpenenenue:Ecnu npu 00X pa3dueHusx orpeska [a, D] Takux, uro maxAxi— 0 u

n

IIPOU3BOJILHOM BHIOOPE TOUEK EiMHTErpalbHas cymma S, = z f(€;)Ax; crpemmurcs x mpemeny S,
i=1

KOTOPBIN Ha3bIBaeTCsA orpeesieHHbIM uHTerpaiom ot f(X) Ha orpeske [a, b].

b
O6o3HaueHue : J' f(x)dx.

a — HIDKHUU mpenen, b — BepxHMii mpeaen, X — MepeMeHHas MHTerpupoBanus, [a, D] — oTpesok
HUHTETPUPOBAHHS.

n b
Omnpenenenune:Eciu st yakuuu f(X) cymectByer mpeaes mallg_)(); f(e,)Ax; = J‘ f(x)dx,

TO (DYHKITUS HA3bIBACTCS HHTErpupyeMoii Ha oTpeske [a, b].

Tak:ke BEpHbI yTBEPXKACHUS Zm Ax, = j S (x)dx

n'axAx—)O

max Ax; >0

lim ZMAX j.f(x)dx

Teopema:Ecnu ¢pynkims f(X) HenpepbiBHa Ha oTpe3ke [a, b], To ona uHTErpHpyema Ha 3TOM
OTpEe3Ke.

CBoiicTBa ONPEAEIIEHHOTO HHTErPAIA.

1) .?Af(x)dx = A_Tf(x)dx;
2) [(i) £ f,0dx = [ fi(x)dx = | £, (x)dx

3) j.f(x)dx =0
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4) Ecmu f(X) <p(X) Ha otpeske [a, b] a<b, TOj: f(x)dx < i@(x)dx

5) Eciu mu M — COOTBETCTBEHHO HaWMEHbIce M HamOonbmice 3HaueHus ¢Gynkuuu f(X) Ha
orpeske [a, b], To:

m(b—a)SjZf(x)deM(b—a)

6) Teopema o cpexnem. Eciu dynkuus f(X) HenpepsiBHa Ha otpeske [a, b], To Ha 3TOM OoTpe3ke
CYILECTBYET TOUKA € TaKas, 4TO
b
[ fdx=b-a)f(e)
Jdoka3ateabcTBO: B COOTBETCTBUM CO CBOMCTBOM 5!

l b
m < x)dx <M
b_alf()

T.K. pynknus f(X) HenpepsiBHA Ha oTpeske [a, b], To oHa MpuUHMMaET Ha 3TOM OTpPE3Ke BCE 3HAUCHUS
oT mao M. JIpyrumMu cIoBaMH, CYIIECTBYET TaKoe YHCIIO €€ [a, b], uto ecinu

b b
%J‘f(x)dx =pn up="F(eg),a a<e<b,rorma If(x)dx = (b—a) f(g). Teopema noka3zaHa.
—a

7) it mpon3BOIIBHBIX YKcen &, b, C cripaBeyIiBO paBEHCTBO:

[ fGoydx = j S ()dx+ [ f(x)dx

Pasymeercs, 3T0 paBEHCTBO BBIIIOIHAETCS, €CIU CYLIECTBYET KaKIbIH U3 BXOIALIUX B HErO
MHTErPAJIOB.

8) Ij f(x)dx = —j f(x)dx

O6o0menHas Teopema o cpenneM. Eciu dynkuuu f(X) u @(X) HempepbIBHBI Ha OTpe3ke [a,
b], u byHkIHsS @(X) 3HAKOMIOCTOSHHA HA HEM, TO Ha 3TOM OTpPE3Ke CYIIECTBYET TOUYKA €, TaKasi, YTO

[ F0)dx = £(&)] p(x)dx

BrruncieHne onpeaeaeHHOro HHTerpaia.

a

b
[Tycts B uHTErpane J' f(x)dx HWKHUH npenen a = CONSt, a BepxHuil npenen b u3mensercs.
O4eBHIHO, YTO €CIIM U3MEHSIETCS BEPXHUM MTPENIEN, TO U3MEHSAETCS U 3HAUEHUE UHTErpasa.

O603HauuM I f(tHdt = D(x). Haiinem npomsBonHyro (yHkunu D(X) Mo mepeMeHHOMY
BEpPXHEMY Npesieny X.
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g
— j f(0ydt = f(x)

AHaJIOI‘I/I‘IHyIO TCOPCMY MOKHO AOKa3aTh AJId Cliydasd NICPEMCHHOI0O HMKHETO ITpCaciia.

Teopema:/lns Besikoid dpynkiuu f(X), HenmpepriBHOW Ha oTpeske [a, b], cymecTByer Ha aTOM
OTpe3Ke MepBOOOpa3Hasi, a 3HAUUT, CYLIECTBYET HEOIPEICIICHHBINA HHTETPAIL.

Teopema: (Teopema Herotona — JleiiOnua)
Ecnmu dynkius F(X) — kakasi- 1160 nepBooOpasHas ot HenpepbiBHOH yHKIuu f(X), T0

if(X)dx = F(b) - F(a)

3TO BbIpaKEHHE U3BECTHO Mo Ha3BaHueM (opmyibl Heiorona — JleliOHuIA.

Hoka3zateiabcTBO:ITycts F(X) — mepBooOpasnas dyuakiuu f(X). Torma B COOTBETCTBHH C

MIPUBEJCHHON BBINIE TEOPEMOH, (yHKIHS I f(t)dt - nepooOpasnas ¢ynkmus ot f(x). Ho T.k.

a
(byHKIHS MOXXET UMETh OECKOHEYHO MHOTO TEPBOOOPA3HBIX, KOTOPHIE OyAyT OTIUYATHCS APYT OT
Jpyra TOJbKO Ha Kakoe — To octosiHHoe uucio C, To

[rwdi=Fx)+c
IIpU COOTBETCTBYIOILICM BbI60pe C 9TO PaBCHCTBO CIIPpAaBCAJINBO IJIA J'IIO6OFO X, T.C. IIpHU X = a.
j f(t)dt = F(a)+C

0=F(a)+C
C=—-F(a)

Torma jif(t)dt =F(x)—F(a)-

A mipu x = D j.f(t)dtzF(b)—F(a)

3aMeHUB nepeaMeHHyfo tHa nepeMeHHy1o X, nosydyaeM ¢popmyny Hetotona — JleitOHuma:
Tf(X)dx = F(b) - F(a)
) Teopema nokazaHa.

b
Wuoraa npumenstot obo3nauenue F(b) — F(a) = F(X)| .

a
@®opmyna Herotona — JleifOnuma mnpenctaBinser coOoil oOmMMH MOAXOX K  HaXOXKJIECHHIO
ONPEIETIEHHBIX NHTErPATIOB.

MeToabl HHTErPHPOBAHUA ONPEAEJIEHHOI0 HHTErpaJia.
Yro KacaeTcsi IPUEMOB BBIUUCIICHUS OIPEACIICHHBIX UHTETPAIOB, TO OHU IPAKTUYECKU HUYEM HE
OTIIMYAKOTCA OT BCEX TEX IMPUEMOB M METOJOB, KOTOPBLIC ObLIH PACCMOTPCHBI BBIIIC ITPH HAXOXKJIACHUHU

HCOMPCACIICHHBIX HHTCI'PAJIOB
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ToyHo Tak ’ke€ MNPUMEHSAIOTCS METOJbl IOJCTAHOBKU (3aMEHBbl IEPEMEHHON), METOA
MHTETPUPOBAHUS O YaCTAM, T€ XK€ MPUEMbl HAXOXKJEHHs MEepBOOOPA3HBIX AJIS TPUTOHOMETPUUYECKHX,
UppalMOHATBHBIX M TPAHCUEHACHTHBIX (QYyHKIMH. OCOOEHHOCTBIO SBIAETCS TOJBKO TO, YTO IMPH
NPUMEHEHUH 3TUX NPUEMOB HAJ0 PaCIpOCTPaHATH MpeoOpa3oBaHHWE HE TOJIBKO HAa MOJUHTErPAITBHYIO

GYHKIUIO, HO U Ha TMpeAesbl MHTErpUpOBaHUS. 3aMEHSAs INEPEMEHHYI0 HWHTErPUPOBAaHUSA, HE 3a0bITh

HU3MEHUTH COOTBETCTBCHHO IIPCACIIbBI MHTCTPUPOBAHUS.

3amMeHa IepeMEHHBIX.

b
[TycTh 3a1an MHTETpAT J' f(x)dx , rae f(X) — nenpepsiBHas pyHKuUSA Ha oTpeske [a, b].

BBenem HOBYIO IIEPEMEHHYIO B COOTBETCTBHH ¢ popmyitoit X = ¢(t).
Tornma eciu

Do) =a, ¢(B)=b
2) o(t) u ¢'(t) HempepbIBHBI Ha oTpe3ke [a, ]
3) f(o(t)) onpenenena Ha otpeske [a, B], TO

b B
[ Fdx = [ flo@le'()dt

B p
Torna If [o)]e'(t)dt = Flo(®)]| = FleB)]- Flo(a)] = F(b) - F(a)

[Tpumep.

1 x:SiIlt; n/2 n/2 17:/2
I 1—x"dx= = jxll—smztcostdt: Icosztdt:— I(l+cos2t)dt:
0 a=0;B=m/2 0 0 2

1 1. SR A T
=—|t+—sin2¢ =—+-—-snm=—.
2 2 o 4 4 4
ITpu 3amMeHe NEpEMEHHOM B OMPENEIIEHHOM MHTErpase ClelyeT IOMHHUTb O TOM, YTO BBOJAMMAs
GbyHKIMsS (B PacCMOTPEHHOM MpuMepe 3T0 (yHKIHs SiN) MODKHA OBITh HENpepbhlBHA Ha OTPE3Ke
UHTErpupoBaHus. B mpoTuBHOM ciydae popmanibHOe TpUMEHEHHE (POPMYIbl IPUBOJIUT K a0Cypay.

IIpumep.

T T
j‘dx =X | =1m,C ,[[perﬁ CTOPOHBI, €CIIN MTPUMCEHUTHL TPUT'OHOMETPHUICCKYHO IIOJACTAHOBKY,
0 0

]dezji . dx _
0 OS

1n2x+cos2x

O 3

d ¢ odt
. X 3 :{tgx:t}:j 3 :0
cos” x(1+1tg~x) o1 +1

T.e. nBa crocoba HAXOXKAECHUS MHTErpaja JAr0T Pa3IUdHbIE PE3yJbTaThl. DTO MPOU3OLUIO H3-3a
TOT0, 4TO HE ObUT YUYTEH TOT (haKT, YTO BBEJCHHAs MepeMeHHas gX MMeeT Ha OTpe3Ke MHTETPUPOBAHUS

pas3pbiB (B Touke X = 71/2). [ToaToMy B JaHHOM Cilydae Takasl MOJCTaHOBKa HempuMmeHuMma. [Ipu 3ameHe
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nepeMeHHoﬁ B OIpPCACIICHHOM HHTEIrpaj€ CJICAYCT BHHUMATCIBHO CJICAUTHL 3a BBIIIOJHCHHUEM

MECPCUUCIICHHBIX BbIIIC YCHOBHﬁ.

HHTerpupoBaHue 1o 4acTsm.
Ecnu dynkuuu U = ¢(X) u vV = y(X) HenpepbIBHBI Ha OTpe3ke [a, D], a Taxke HenpepbIBHBI HA

3TOM OTpPE3Ke UX MPOU3BOAHBIE, TO CIpaBeAINBa (popMysia HHTETPUPOBAHUSA MO YACTIM:
b b

b
Iudv=uv| —Ivdu.
a a a
BreiBog sT0#t popMyisibl aOCONMIOTHO aHAJIOTMYEH BBIBOAY (OPMYIJIBI HMHTETPUPOBAHUS IO
JacTsAM JUIS HEOMpEACNIEHHOT0 HWHTErpana, KOTOpBId ObUT BeChbMa MOJIPOOHO PACCMOTPEH BHIIIE,
MOATOMY 3/1€Ch MPUBOJUTH €r0 HET CMBICIIA.
IIpuOiarKeHHOE BBIUKMCIECHHE ONPENEIIEHHOTO0 HHTErPaAa.

Kak ObUIO cKa3aHO BBINIE, CYIIECTBYET OTPOMHOE KOJHMYECTBO (DYHKIMU, WHTETpal OT
KOTOPBIX HE MOKET OBITh BBIpAXEH uepe3 dJeMeHTapHble QYHKIUHU. [ HaX0KJIEHUS WHTETrpasioB
OT MOAOOHBIX (PYHKLIMN MPUMEHSIOTCS Pa3HOOOpa3Hble NPUOJIMKEHHBIE METObl, CYTh KOTOPBIX
3aKJII0YAeTCs B TOM, YTO MOAMHTErpanbHas (QyHKIMS 3aMeHsieTca “Onu3Koi” K Hel (yHKIuel,
HMHTETpaJl OT KOTOPOM BBIPAXKACTCS Yepe3 dJEeMEHTaApHbIC (PYHKIUH.

DopMy1a IPIMOYITOJILHHUKOB.

Ecnu uzBectHbl 3HaueHus: GyHkimu f(X) B HEKOTOPBIX TOYKAX Xo, X1, ... , Xm, TO B KAQueCTBE
bynkpn “onu3koii” k f(X) MOKHO B3sTh MHOTOWIEH P(X) cTerneHu He Bhillie M, 3HAYCHUS KOTOPOTO
B BBIOpAaHHBIX TOYKAX PaBHbI 3HaUeHUAM (yHKIMH f(X) B 3THX TOUKaX.

b b
j F(x)dx ~ jP(x)dx
Ecnu pa30outh 0Tpe30K MHTETPUPOBAHKS HA NPABHBIX YacTed Ay — b-a, [Ipu 3TOM:
n
YO = f(XO)! yl = f(Xl), e yn = f(Xn).

CocTaBuM CyMMBI: YoAX + Y1AX + ... + Yn1AX

Y1AX + Y2AX + ... + YaAX

DTO COOTBETCTBEHHO HWKHSSA M BEPXHsAs MHTErpajbHble CyMMBIL. [lepBas COOTBETCTBYET BIIMCAHHOMN
JIOMaHOW, BTOpasi — OMKUCAHHOI.

b—a

b
Torza j F(x)dx ~ Vo +y +..ty,,) WA

b
I f(x)dx = b=a (y,+y,+...+y,) - mobas u3 5THX (GOPMYI MOXKET NPHUMEHATHCA M
n

a

HpI/I6HI/I)KeHHOFO BBIUUCJICHUSA ONPCACIICHHOI'0O HHTCrpajla W HA3bIBACTCA Oﬁﬂleﬁ (l)OpMy.]'IOﬁ
NpsiMOyroJibHUKOB.

3amaHue K IpaKTHIeCKON OJATOTOBKE

I)BLIHI/ICJ]I/ITB OIMPCACIICHHBIC HMHTCTpaJIbl HCIIOJIb3YA TOJIBKO  OINPCACIICHUC U  IOHATUC

MHTETPAIbHON CyMMBI. PellieHne NponI-oCcTpupoBaTh F€OMETPUUYECKUMU ITOCTPOECHUSMM:

1. fix)=2x-4 , [1;9] 3. f(x)=e™, [1; 10]
2. fix)=x*+1, [-2;2]



2)BbIYHCIUTD ONpeIeJeHHbII HHTerpa ¢ noMoubio gopmysisl Hoorona-Jleiionuna:

b b
1._[exdx. 2.'[x”‘dx.
0. b
- 7.[Crdx.
!sinz(x)

11. T( 2% + 3 Jix.

0

4
14. | 1+t‘/¥ dt

B 3amanmsax 1-5 BBIUMCIUTH MHTETpaibl, MPUMEHUB B 1-4— METOJ MOJCTAHOBKH, B 5 — METOJ]

HUHTCTPHUPOBAHUS 11O YACTIAM.
72

1
1.[(5x—2)"dx.
0

3

P

2
2| —.
'l[x2+6x—1

> 3x-5

1.ﬂ_.£4sin2t-dt. Z.T x?:x'
1 § 3 dX e
1.£e3 dx. 2.!4“1. 3.!

Bompocs! k 3ansaTuro 13

2. _f sin 3xdx.
0
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3. 'Tsin(x)dx

8. J.%dx.

a

12. f(x2 —2x+3x.

1

!{Ig(z)ﬂj

2f(cos( X )+ sin(

I

18.

20. sin(ZX)Jdx

cos( x)

b
1
4 -[1+x2

a

dx.

b
9. _[ cos(x)dxb.

J- 1

2
© C0S°(X)

f1
13, j(—4 +x2jdx.
X
1

1
16. j(1+t)3dt.
0

dx

19.jf(x2 +2X +1)%dx.

2

))dx

NGRS In2 2
3. [ xcos(x*)dx.  4.fe”*dx. 5.[(x+1)Inxdx
0 0 1
b arctgzxdx ¢ dx f
v 4~!xln2x J' (X* +2)cos xdx.
sinl

arcsin® xdx

3.! Nmra

dx
xInx’

e

J3+4x

2 T
4._[ X+ 2dx. S.I x? cos xdx.
-2 0

2
S.I (x+1)sin xdx.
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1.YTto Takoe onpeaeaeHHbId UHTErpa?

2.Uto siBRsieTCs pe3ysbTaTOM MPHU BBIYUCICHUU ONPEAEeICHHOT0 HHTerpana?
3.IIpuseaure hopmyny Hetorona-Jleiibnuma?

4.Kak MO>XHO MPHOIMKEHHO BBIYUCIUTE ONIPEACIICHHBIN HHTETpa?

5. [laiiTe onpeneneHue MHTErana Ipyu MOMOIIY IIOHATUS UHTETPAIIbHON CYMMBI.
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