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OO01me cBegeHus

Meroanyeckue yKazaHUs COCTaBIE€Hbl B COOTBETCTBUU C (peepaibHbIM TOCYAapCTBEHHBIM
00pa3oBaTEeNbHBIM CTAaHJAPTOM CPEIHETO npoeCCHOHATTLHOTO  00pa30BaHuUs U TPOTrpaMMOi
IUCUUIUIMHBL «MaremaTnka». B MeTonnueckux yka3aHMAX MPEJCTaBICH MaTepuai JJs BHEAYJUTOPHOM
CaMOCTOATENIbHOH paboThl IO JUCHMIUIMHE IS o0ydJaronxcsi 1o CIEIHAIbHOCTH 34.02.01
«CecTpHUHCKOE JeTI0M.

AKTyanbHOCTh M3y4eHHMS JAHHOH y4eOHOW JUCHMIUIMHBI 0O0yclioBlieHa (OPMHPOBAHUEM
COBOKYIHOCTH 3HAHWW, YMEHHH M HaBBIKOB pabOTHl ¢ MaTeMaTHMYECKUMH WHCTpyMeHTamu. B xoze
u3yuyeHus Kypca «MaremaTuka» — CHCTEMAaTMYeCKHM U IOCIEI0BaTE€IbHO (OPMUPYIOTCS HABBIKU
YMCTBEHHOI'O TpyJa: IUIAHUPOBAaHUE CBOEH pabOThl, MOUCK pPALMOHAIBHBIX IIyTell €€ BbIIOJIHEHNS,
KpUTHYECKast OIICHKA PE3yJIbTaTOB.

Ilens ocBOCHMS AUCHMILINHBI:

dopMHpoBaHHE NPEJCTABICHUH O MaTeMaTHKe KaK YHHMBEPCAJIbHOM S3bIKE HAyKH, CpPEICTBE
MO/JICJIMPOBAHUS SIBICHUH U MPOLIECCOB, 00 UIESIX U METOJIaX MaTeMaTHKHU;

pa3BUTHE JIOTUYECKOTO MBIIUICHUS, MPOCTPAHCTBEHHOTO BOOOPAKEHUS, aAITOPUTMUYECKOM
KYJIbTYpbl, KPUTHYHOCTH MBIIUICHUS HAa YpPOBHE, HEOOXoAMMoM uisi Oymaymied mnpodeccrHoHalIbHOU
JesTeIbHOCTH, AJIS IPOJOKEHUsS] 00pa30BaHUs U caMO0Opa30BaHUS;

OBJI/ICHUE MATeMaTHYECKUMH 3HAHUSAMHM U YMEHHUSMHU, HEOOXOIMMBIMU B ITOBCETHEBHON XKHU3HH,
JUIE  WM3YYEHUS CMEXKHBIX E€CTECTBEHHOHAYYHBIX JUCIMIUIMH Ha 0a30BOM YpPOBHE M JUCIHILIMH
npoeccHoHaNbHOTO LMKIIA, JJs MOJIy4deHHs oOpa3oBaHus B 00NacTAX, HE TPeOYyIOIIMX YriyOJeHHOU
MaTeMaTHYeCKOM MOArOTOBKH;

BOCIIUTaHHE CPEJCTBAMH MaTeMAaTUKU KYyJIbTYpPbl JUUYHOCTH, TOHUMaHMUS 3HAYUUMOCTH MaTEeMaTUKU
JUIE HAYYHO-TEXHHYECKOTO TIporpecca, OTHOIIEHHS K MaTeMaTWKe KaK K YacTH OO0IIevYeoBeYecKOn
KYJIBTYpBI 4epe3 3HAKOMCTBO C HCTOPUEH Pa3BUTHs MAaTEeMaTHKH, SBOJIIONIMEH MaTEMaTHIECKUX HIIEH.

OcCHOBHBIE 3a/1a41 OCBOEHUS JUCLUIUIMHBL: TTOMOYb OOYUYaIOIIMMCSl OCO3HATh LIEJIOCTHYIO KapTUHY
M3y4yaeMoro Marepuana; OOJerdyuTh YCBOGHHE MaTepuana, HHIMBUAYAJIU3UpOBaTh OOy4eHHE,
COBEPIIEHCTBOBATh KOHTPOJIb I CAMOKOHTPOJTb, IIOBBICUTH PE3YIbTATUBHOCTH YI€OHOTO TIpoIIecca.

[lenbto camocCTOSATENBHON pabOThl sBiIsieTCsl (OPMUPOBAHME M pa3BUTHE MPO(ECcCHOHABHBIX U
O0IIMX KOMIETEHIIUI U UX HJIEMEHTOB.

Llenpto MeToguueckoro mnocoOust siBisercs obecneueHne 3(PQPEKTUBHOCTH CaMOCTOATENbHOM
paboThl 00yYalONMUXCs, OMpENEICHUE €€ COACP)KaHMsI, YCTaHOBJIEHHWE TpeOOBaHWI K O(QOPMIICHUIO H
pe3yiabTaTaM CaMOCTOSTEIIBHONW PaOOTHI.

3a;[aanI/1 METOANYCCKUX peKOMeH,Z[aLII/Iﬁ 10 CaMOCTOSITEIIbHOM pa60Te SABJIAAKOTCA:



- pa3BUTHE KOMIUIEKCHOTO IMOAXO0/a K H3YYEHHMIO JAHUCHUUIUIMHBI Ha OCHOBE OCBOGHMS €€
METOJIOJIOTUYECKUX OCHOB TPHUMEHEHHUS paHee MOJYYEHHBIX 3HAHMA M YMEHHMH C HCIIOJIb30BAHHEM
MEXIUCLUUIIIIMHAPHBIX CBS3EH;

- aKTHBM3AllUs CAMOCTOSTENLHON PabOThl 00yJarOIuXCs;

- cofeicTBHE Pa3BUTHIO TBOPUECKOTO OTHOIICHUS K JaHHOW AUCLUILIINHE,

- BbIpa0OTKa YMEHUU M HABBIKOB PAIMOHAIBLHOW pabOThl C JUTEPATypod W HOPMATHBHBIMHU
JOKYMEHTaMU;

- YIpaBJIEHUE NIO3HABATENIbHOMN €ATEIbHOCTHIO0 O0YyUarOIUXCSl.

OYHKIHUSIMH METOAMYECKUX PEKOMEHAAINN M0 CAMOCTOSITEIbHOM paboTe SBISIOTCS:

- ompejeNieHue coAepxaHus padoThl 00YJarOIIUXCS MO OBJIAICHUIO IPOrPAMMHBIM MaTEPUAIOM;

- yCTaHOBJICHHE TPEOOBAHHI K pe3yJIbTaTaM H3yUeHUs JUCIIUILTHHBL.

Hucnunnuna «MaTemaTukay OTHOCHTCS K €CTECTBEHHOHAYYHBIM JTUCIUIUIMHAM M HUMEET
MEXIUCHUIIMHAPHBIE CBsI3U ¢ Apyrumu aucuuumaamu OITOIL.

Menumuackas cectpa/MenuiuHckuii Opar (6a30BOi MOJATOTOBKH) JODKEH 00JIanaTh OOIIMMHU
KOMIIETCHITUSMU, BKIIFOYAIOIIUMH B ce0s1 CIIOCOOHOCTb:

OK 1. [Tonnmatp CyIIHOCTh U COLMATBHYIO 3HAYMMOCTh CBOEH Oyayiieil mpodeccuu, IposBIsATh K
HEW yCTOWYMBBINA MHTEPEC.

OK 2. OpranuzoBbiBaTb COOCTBEHHYIO J€ATEIBHOCTh, BHIOMPATh TUIIOBBIE METOJbl U CIIOCOOBI
BBITIOJTHEHUS MPOPECCUOHANBHBIX 3a/1a4, OLICHUBATh UX BBIOJIHEHNE U Ka4eCTBO.

OK 3. IlpyHuMath pelieHus B CTAHIAPTHBIX M HECTAHAAPTHBIX CUTYyallUsIX U HECTH 3a HUX
OTBETCTBEHHOCT.

OK 4. OcyuiecTBisTh MOUCK U HCIIOJIIb30BaHUE MH(POpMAIUHU, HEOOXOAUMON 175 3 PEKTUBHOTO
BBITIOJTHEHUS MPOPECCUOHANBHBIX 3a/1a4, TPO(PECCHOHAIBHOTO U IMYHOCTHOTO Pa3BUTHS.

OK 8. CamocrosTenbHO oOIpeneisaTh 3aadd MpodecCHOHAIBLHOTO W JIMYHOCTHOTO DPAa3BUTHS,
3aHUMAaThCS CaMO0Opa30BaHNEM, OCO3HAHHO MJIAHUPOBATh M OCYIIECTBIIATH MOBBIIICHUE KBATH(PUKAIIUH.

OK 9. OpueHTHpOBaThCs B yCIOBUAX CMEHBI TEXHOJIOTUH B MPOPECCUOHATBHON eATETLHOCTH.

IIK 1.3. VYyactBoBaTh B MNpoBeAE€HUU MPODUIAKTUKA HHMEKIHMOHHBIX W HEMH(PEKIHNOHHBIX
3a00JIeBaHUH.

[1IK 2.1. IlpencraBnare WH(OpPMALMIO B TOHSATHOM JUIS TAallME€HTa BHUJAE, OOBSCHATH €My CYThb
BMEIIATENbCTB.

I[IK 2.2. OcymecTBisTh JIeueOHO-TUarHOCTHYECKUE BMEIIATeIbCTBA, B3aUMOJIEHCTBYS C
y4aCTHHKaMU JIedeOHOT0 Ipoliecca.

1K 2.3. CoTpyaHuuaTh ¢ B3aUMOJICHCTBYIOIIMMHU OpraHU3alMsIMU U CIyK0aMHu.



I[IK 2.4. IlpumeHATh MEIUKAMEHTO3HBIE CpPEICTBA B COOTBETCTBUM C TMpPaBUJIAMU UX
UCIIOJIb30BaHUS.

I1K 3.1. Oka3pIBaTh J0BpaueOHYIO MOMOIIb ITPH HEOTIOXKHBIX COCTOSIHUSAX U TPaBMax.

[IK 3.3. BsaumopeiicTBOBaTh C wiIeHaMH MNpo(ecCHOHANBHOW Opuragsl M JA0OPOBOIBHBIMU
MOMOIIHUKAMH B YCJIOBUSIX YPE3BbIYAMHBIX CUTYaLUH.

[Inanupyemble JIMYHOCTHBIE Pe3yJabTaTbl B XOJE peaau3aluu  00pa3oBaTEIbHON
MIPOrpaMMBI:

JIP4. TlposiBasitomivii ¥ JEMOHCTPUPYIOIIUMN YBXKEHHME K JIIOASM TPYyHAa, OCO3HAIOUIUI
IIEHHOCTh coOcTBeHHOro Tpyna. Crpemsmuiics K (GOPMHPOBAHUIO B CETEBOW Cpele JIUYHOCTHO H
pohecCHOHATLHOTO KOHCTPYKTUBHOTO «IIH(PPOBOTO cieaa.



IIpakTnyeckoe 3ansitue Ne 1. Onepanuu HaJ MaTPUIIAMH BbIYUCJIEHUE ONPeAeuTe e

OcHOBHBIE onIpeaeJIeHus.

Onpenenenue.Marpuueii pasmepa MxN, rae M- YUCIO CTPOK, N- YUCIO CTOJIOLIOB,HA3bIBACTCS

TaGJIHLIa YUCCII, PACHOJIOKCHHBIX B OHNPCACICHHOM IOPAOKC. OTH 4KClIa HA3BIBAIOTCHS DJIEMEHTAMHU
MaTpulbl. MecTo KaXAgoro 3jeMEHTa OJHO3HAYHO OIpCaACIICTCA HOMCPOM CTPOKU U CTOH6L[a, Ha
MNEPECCUCHUN KOTOPBIX OH HAaXOAUTCA. DJIeMEHTHI MaTpulbl 0003HaYar0TCsA dij, Tae i- HOMCp CTPOKH, aj-

HOMED CTOJI0MA.

a4y a,
A= a1 Ay a,
aml am3 amn

Ocnosnble oeiicmeus Ha0 MaAmMpUUaAmu.
Martpuia MOXKET COCTOSTh KaK M3 OJHOM CTPOKH, TaK W U3 OAHOro croyidna. Boobuie rosops,
MaTpHUIIa MOKET COCTOSITH JIaXKe U3 OJJHOTO SJIEMEHTA.

Onpenenaenne.Ecim yncio CTOJ'I6I_IOB MaTpulbl paBHO YUCITY CTpOK(mZI’l), TO MaTpHulla Ha3bIBACTCA

KBaJIPATHOM.

Omnpenesenne.Marpuia Buja:

0 0

o 1 .. 0
:E1

0 0 1

HAa3bIBACTCSCAUMHUYHON MATPHULICH.

Onpenenenue.Ecnu 8mn = @nm, TO MaTpULIA HA3BIBACTCS CHMMETPHYECKON,

2 15

[pumep.| 1 3 6 |- cummerpuueckas matpuia
5 6 4




a, 0 0

a,, .

Omnpenenenue.KBanpaTtHas warpuna Buaa Ha3pIBaeTCI JAHATOHAJILHOM
0 0 a

nn
MaTpHUIIEH.
CioxxeHne W BbIYMTAHME MATPHUI] CBOJUTCA K COOTBETCTBYIOIIMM OIEpalMsAM Haa HUX

aniemeHTamMu. CaMbIM TJIaBHBIM CBOMCTBOM 3THUX onepauﬂﬁ SABJIACTCA TO, YTO OHH ONPEACICHBI TOJIBKO IJIA

MaTpHIl OJMHAKOBOI'O pasMmepa. Takum 06pa30M, BO3MOJXHO OIIPCACIIUTL OIICpaliui CIOXKCHUA U

BBIYMTAHMA MATPUILL.

Omnpenenenne.CymMmmMoii (pa3HOCTBIO) MaTpUIl SIBJIISIETCS MaTpHUlA, 3JIEMEHTaMH KOTOpPOH
SIBJISIFOTCS. COOTBETCTBEHHO CyMMa (Pa3HOCTD) AJIEMEHTOB UCXOHBIX MATPHII.

Cij = ajjtbij

C=A+B=B+A.
Onepanys yMHO:keHHs (JeJieHHs) MaTPHUIIBI JTI000r0 pa3Mepa Ha MPOU3BOIBHOE YHCIIO CBOAUTCS K

YMHOKCHUIO (I[eJ'IeHI/IIO) KaXXa0I0 3JICMCHTA MaTPHUIbI HA 3TO YUCJIIO.

oa,, o4, .. oa,
oA = aa, —od,, .. 0da,,
aa, oa,, .. oa,
o (A+B) =0A toB
A(otp) = aA A
1 2 3 1 3 4
[Ipumep. Jans matpunet A=(2 1 4|;B=|5 7 8|, naiitu 2A + B.
3 2 3 1 2 4
2 4 6 3 7 10
2A=|4 2 8|,2A+B=|9 9 16
6 4 6 7 6 10

Onepanysi YMHOKEHNSI MATPHIIL.




Onpenenenue:llpon3BegeHnemM MaTpull Ha3bIBACTCS MAaTpPHUIIA, SJIEMEHTHI KOTOPOW MOTYT OBIThH

BBIUHCJICHBI IO CIENYIOMHUM (popMyram:

A-B=C;

n
Cy = Zaik by,
k=1

U3 IMPUBCACHHOI'O OMPCACIICHUA BUAHO, YTO OIICpAllUsd YMHOXCHUA MaTpUl, ONPCACICHA TOJIBKO

JUIS MATPUIL, YHCJIO0 CTOJIOI0B MEPBOM U3 KOTOPbIX PABHO YUCJIY CTPOK BTOPOM.

CBolicTBa onepanyy YMHOKEHHSI MATPHIL

1) YMHOXeHHEe MaTpull He KOMMYTaTuBHO, T.e. AB # BA naxe eciu omnpeneneHsl oba

IIPpOU3BCIACHUA. O,Z[HaKO, CCJIN AJId KaKuX — 100 MaTpul COOTHOIICHUC AB=BA BBIITOJIHACTCA, TO TAKHEC

MaTpulbl Ha3bIBalOTCA NEPECTAHOBOIYHBIMU.

CambIM XAPAKTCPHBIM TIPUMEPOM MOKCET CIYXKUTb CAWHUYHAA MaTpula, KOTOpasA ABJIACTCA

MEePECTaHOBOYHOM C JIFOOOW IPYroil MaTpuiiel TOTO Ke pa3Mepa.

HCPGCTaHOBOLIHBIMI/I MOTYT OBLITH TOJIBKO KBaApPaTHBIC MAaTPUIBI OJHOI'O U TOI'O K€ IMOPsIKa.

AE=EA=A
O‘IGBI/II[HO, qTO OJIA JIFOOBIX MaTpul BbIIIOJIHAIOTCSA CIICAYIOIICC CBOMCTBO.

A-0O=0; O-A=0,

rae O — HyJieBasi MaTpuLa.

2) Onepanusi IEPEMHOXKEHUS MATPUIl ACCOLMATHBHA, T.€. €CITU ONpeIeNieHbl Tpou3BeacHus AB

u (AB)C, 1o onpenenenst BC u A(BC), u BeInonHsieTcs paBeHCTBO:
(AB)C=A(BC).

3) Omnepanusi yMHOKEHUSI MATPHI] JUCTPUOYTHBHA TIO OTHOIIEHHUIO K CJIOXKEHHIO, T.€. €CJIH
umeroT cmbicia BeipaxkeHus A(B+C) u (A+B)C, To cooTBETCTBEHHO!

AB+C)=AB +AC
(A +B)C=AC +BC.

4) Ecnu npoussenenune AB ompeneneHo, To A7 10000 Yncia o BEpHO COOTHOIICHUE!

o(AB) = (aA)B = A(aB).
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5) Ecnu onpeneneHo npousseneHrne AB , To onpeneneno npoussenaenne BTAT u Bemonnsercs
PaBEHCTBO:

(AB)"=BTAT, rue

HHACKCOM T obo3Hayaercs TPAHCIMMIOHMPOBAHHAA MaTpuIia.

6) 3amMeTHUM TaKKe, uTO I JII00BIX KBaapaTHbIX MaTpuil det (AB) = detA-detB.

[Mousitue det(ompenenuTenb, IETEPMUHAHT) OyIET PacCMOTPEHO HHKE.

Omnpenenenue.Matpuily B Ha3pIBalOT TPAaHCIIOHMPOBAHHOM MaTpuliel A, a nepexon ot A k B

TPAHCIIOHMPOBAHMEM, CCIIM DJIEMEHTHl KaKIOW CTPOKH MAaTpHIBI A 3amucaTth B TOM JKE IOPSJIKE B
CTOJIOIBI MaTpHIIBI B.

n a4y a
a a a a a a
— 21 22 2n | . — AT— 12 22 m2 |.
A= ; B=A'= ;
aml amZ amn aln a2n amn

JIPYTUMH cjioBamu, Dji = ajj.
B kauecTBe ciencTBUS U3 MPEIBIIYILIETO CBOMCTBA (5) MOXKHO 3amucarh, 4To:
(ABC)"=C'B'AT,

IIPY YCIIOBUH, YTO ONPENENIeHO npousBeaeHue marpun ABC.

1 -1
[pumep.Jlaner matpunsl A = |2 4 1|, B=|3| C=| 2 | u uncno o = 2. Haiitu
1 -4 2 2
A"B+aC.
1 2 1 1 2 1 1 1-1+2-3+1-2 9
AT=|0 4 -4 ATB=|0 4 —4|.[3|=]0-144.3-4.2]=]| 4|
31 2 31 2 2 3-1+41-3+2-2 10
-2 9 -2
oC=| 4 |; ATB+oC=| 4 |+| 4 | =] 8

10 2 12
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1
[Ipumep.Haiitu npoussenenue matpun A = |4 | u B= 2 4 1).

3
1 -2 1-4 1-1 2 4 1
AB=|4|-(2 4 1)=]4-2 44 4.1|=|8 16 4|
3 3.2 34 31 6 12 3
1
BA=(2 4 1)|4|=21+44+13=2+16+3=21
3

3 4
[Ipumep.Haiitu npousseaenue matpui; A= (1 2),B= (5 6J

3 4
AB= (1 2)-(5 6j=(3+10 4+12)= (13 16).

Onpeodenumenu ( 0emepmMuHanHmsl) Mampuybl.

a, a, ... a4,
. Ay, Ay .. Ay,

Omnpenenenue.OnpenenureneM KBaJApaTHOW MaTpuibl A= HAa3bIBACTCS
a a a

n2 nn

YHCII0, KOTOPOE MOXKET OBITh BBIYHCIICHO T10 3JIEMEHTaM MaTpPHUIbl 110 popMyIie:

detA= Y (-1)""a, M, , rze

k=1

M — neTepMUHAHT MATPHUIbI, TOJTYYCHHON M3 UCXOIHON BHIUCPKUBAHUEM TIEPBO CTPOKH U K — ro

cronbna. Cnenyer oOpaTuTh BHUMaHUE HA TO, YTO OINpPENEIUTENN UMEIOT TOJIbKO KBaJIpaTHbIE MAaTPHIIbI,
T.€. MaTPUIbl, Y KOTOPBIX YUCIIO CTPOK PABHO YUCIY CTOJIOIOB.

[Ipenpinymas ¢opmyna MO3BOJISET BBIYMCIUTH OIpPENEIUTENh MaTPULBl [0 MEPBOMl CTPOKE,

TaKXe CIpaBeInBa (JOPMyIIa BEIUUCICHUS ONPEIEIUTENS 110 IIEPBOMY CTOJIOLY:

detA = Z‘,(_l)k+1 ayM,,

k=1
BOO6H_IC TOBOps, ONIPCACITUTCIIb MOKET BBIYUCIIATHCA 1O 000 CTPOKC HJIN CTOJ'IGI_Iy MaTpulbl,

T.€. cIpaBeiuBa popMyra:
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detA= ) (-D"a,M,, i=12...n.
k=1

O4eBUIHO, YTO Pa3IMYHbIE MATPULIBI MOT'YT UMETh OJUHAKOBBIC ONPEICIUTEIIH.

Onpenenurtenb eIMHUYHON MaTPUILIbI paBeH 1.

Jna ykazanHOW MaTpuibl A 4ucino Mix Ha3bIBaeTCs JONOJHHTEJIbHBIM MHHOPOM 3JIEMEHTA
MaTpuIbl aik. TakuM 00pa3oM, MOXXHO 3aKIIOYHTh, YTO KaXKABIH AIIEMEHT MAaTpHUIBI MUMEET CBOM
JIOTIOJIHUTENbHBIA MUHOP. [{0MOIHUTEIbHBIE MUHOPBI CYILIECTBYIOT TOJIBKO B KBAJPAaTHBIX MaTpULIAX.

OHDeIIeJIeHHe.I[OHOJIHHTeHLHbIﬁ MHHOP IIPOMU3BOJBHOI'O 3JIEMCHTA KBaﬂpaTHOﬁ MaTpHIbI djj

paBeH OMPEICIUTEII0 MATPHUIIBI, TOTYIEHHON U3 UCXOHOM BEIYCPKUBAHUEM I-Oi CTPOKHU Hj-TO CTOJIOIIA.

CaoiicTBol. BaxxHbIM CBOIICTBOM ONpE/EINUTENEH ABISETCS CIEAYIOIIEE COOTHOLLIEHHE!

det A=det AT:

CaoiicTo2.det (AB) = detA-detB

CroiictBo 3.Ecni B KBaJpaTHON MaTpuile MOMEHSATh MECTaMH Kakue-TUOO JBe CTPOKH (WiIH

CTOJ'I6I_Ia), TO OIIPCACIIUTCIIb MaTPULlbl K3BMCHHUT 3HAK, HC UI3MCHUBIIUCH I10 a0COJIIOTHOM BEJIMYMHE.

CgoiictBo 4. Ilpu ymHOXeHHH cToJ0Ia (MM CTPOKM) MATPUIBI HA YHUCIIO €€ OMpPEICIUTENb

YMHOKACTCA HA 3TO YHCJIO.

Onpenenenue:Ctondupl (CTPOKH) MaTpPHUIbl HA3bIBAIOTCS JHHEHHO 3aBHCHUMBIMH, €CIIU
CYHIECTBYET WX JIMHEWHas KOMOHWHAIMs, paBHas HYJIO, MUMEIOIlas HETpUBUAIbHBbIE (HE paBHbIE
HYJII0) PELIEHUS.

CgoiicTBO 6. Eciu B MaTpuiie A CTpPOKHM MM CTOJIOLBI JMHEHHO 3aBUCUMBI, TO €€ OINpe/eIUTeNb
paBeH HYJIIO.

CBoiictBo 7. Ecnu matpuiia COIepXUT HYJIEBOW CTOJOEI WM HYJIEBYIO CTPOKY, TO €€
OTIpeNIeNITeNIb paBeH Hymo. (JlaHHOe yTBEp)KJIEHHE OUYEBUAHO, T.K. CUMTATh ONPEACIUTENb MOXKHO
MMEHHO T10 HYJIEBOM CTPOKE MITH CTOJIOIY. )

CeoiictBo 8. Omnpenenurens MaTpUllbl HE U3MEHHUTCS, €CIM K DJIEMEHTaM OJHOH U3 ero
CTpOK(cTOs1011a) MprOaBUTH(BBIUECTh) 3JIEMEHTHI IPYroi CTPOKH(CTONIOA), YMHOKEHHbIE Ha KaKoe-Inoo

YHrCJI0, HC paBHOC HYIJIIO.
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CBoiictBo 9. Ecnmm s 251eMEHTOB Kakoii- MO0 CTPOKM WM CTOJIOIA MAaTPHUIIBI
cootnomenue: d = di#dx , e =ei#ey, f = f1#f, To BepHoO:
a b c a b ¢ a b ¢
d e fl=d, ¢ fl|tld, e, [,
kI m & | m| |k | m
1 2 1
[Ipumep. Borancnuts onpenenurens Matpunpl A= [0 -2 3
31 1
1 2 1
-2 3 0 3 0 -2
0 -2 3=I1- | —2-3 1+1-3 =(-2-1-1-3)-2(0-1-3-3)+(0-1+3-2) =
31 1
=-5+18 +6 = 19.
1 2 52
[Mpumep:. Jlansl MaTpuIBl A = [3 4), B= (1 3} . Haiitudet (AB).
1-i crtocob: det A=4-6=-2; detB=15-2=13; det (AB) = det A -det B = -26.

1-5+2-1 1-2+2-3
2- 1 cioco0: AB = [ ]

7 8
= ., det (AB)=7-18-819 = 126 —
3.5+4.1 3.2+4-3 18

19
—152 =-26.
3anaHus K NPAKTHYECKOH MOATOTOBKeE

1.BbryuciauTh onpeaenuTenu:

-2 5 5 -7 4 - 3 6 2 4
a) ; 6) ; 6) ;) ; 0) :
-3 4 3 1 -5 10 5 10 -3 9
2. Pemuth ypaBHEHUS:
2 x+3 1 4 x*-4 -1|
2) -0; 6) -0; 6) =0;
1 4 3X X+22 X—2 X+2
4sin x 1
2 =
1 COSX|
3. Pemuth HepaBeHCTBA:
3x—-3 2 1 Xx+5 2x—2 1 X 3X
a) >0; 0) <0; 6) >5; 2) <14.
1 2 X 7x 2 4 2x

BEPHO
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4. BeIUHCIUTH ONPECTUTEIIN:

2 1 -3 |4 2 -1 |3 0o 3] [3-295 [321
a)l-1 -2 1[o))2 -3 -2 e|-1 -3 020 -3 6;0)2 5 3;

5 4 1 8 8 2 0O 6 - 1 4 2 1 4 2
_ 2 -1 7 4 2 3 -3 4
. 0 -3 9 -5 21 -1 2
') ; K) ;
0O 0 -1 8 6 2 1 O
0 0 0 5 2 3 0 -5
2 -11 0 6 5 8 4 7 3 26
1 2 - 9 7 5 2 8 -9 4 9
) ;M) P H) .
3 -1 2 3 7 5 3 7 7 -2 7 3
3 1 6 1 4 8 8 -3 5 -3 3 4

5 Jlaubl MaTpULBL A, 5, Bs,, Cas. CymectByror u a) AB, 6) BA,
B) AC,r) CA, 1) ABC, e) ACB, x)CB, 3) CBA?
6. Haiinure m U n, €CIIM U3BECTHO, YTO a) Az, -B,s =Cpn s
0) Az B =Cous 5 B) Apm -Bnus =Cous -
_(2 —4}_
5 -6
Haiinure a) A+B;6) B-A;B) 2A-3B;1) A+B+AT +B';
n) A-B;e) B-A;x) A3 B7L.

7. JlaHbl MaTPUIIBL: A_(l ZJ, B
-3 -4

-1 2 10 -1

8. JlaHbl MaTpHIIbL: A:[3 0 _1}8: 3 1 |,C=31 -2|,

21 -2 0 -2 01 -1

Haiimute a) AB; 6) BA; B) AC ;) CB; 1) 2C-BA;e) Cc*;
x) cc?; 3) 3C-2E; u) CE; k) AE.

9. Haiitu:
a)3A+2B, eciu A:[Z 1 _1}52[_2 1 OJ;
01 —4 3 2 2
6)3—234.B)2—39—6F)43— 93 Y7 3)
5 —4)2 5) 4—66 —a) 75 126 |2 1/

5 8 -4)Y3 2 5

50 2 3
0|69 -5/4 -13¢) |4 1
4 7 -39 6 5 31 -1 2

111
ot 2 3;
1 3 6

4 2 -1
a5 3 -2
32 -1
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3
( [ gy
x)4 0 -2 3 1)-1| 3 2 2 I/I( j;
) g )223 1’)3—4
3 3 407 1
2

1 1)
K) 01
10. Haiitu 3HaueHre MHOTOUJICHA f(A), €CIIU:

a) f(X)=3X2_4,TIe A:(Z lj,
0 3

0) f(X)=X2-3X+1, 1€ A_[l 2];

-1 3

1 -2 3
B) f(X)=3Xx2-2x+5,10¢ A=|2 -4 1],

3 -5 2

BOHpOCBI K IPAKTUYCCKOMY 3aHATUIO 1

1. Yro takoe marpuna?

2. Kakas maTpuiia Ha3bIBaeTCsl €IMHUIHON?

3. /laiiTe noHsATHE AMArOHAIBHON MaTPUIBL.

4. Kak ompezpensiercs cloKe€HHE U BblUMTaHME Marpul? B Kakux ciydyasx BO3MOXKHBI 3TH
omnepanuu?

5. OnuiuTe anropuT™ MPOU3BEIECHUS MATPHIL.

IIpakTnyeckas padora Ne 2. HaxoxnaeHue o00paTHOl MATpHIbI, BBIYMCICHHE PaHra
MATpPHUBbI.

OnpenejieHne.)JIeMEHTAPHBIME ~ TIPe0OPA30BAHUSIMH  MATPUIBI  HA30BEM  CIICAYIOIIUEC

npeoOpa3oBaHUS
1) yMHOKEHHE CTPOKH Ha YHCIIO, OTIIUYHOE OT HYJIS;
2) npubaBieHHE K 3JIEMEHTaM OJHON CTPOKH 3JIEMEHTOB JPYTrOi CTPOKHU;
3) mepecTaHOBKA CTPOK;
4) BeruepkuBaHue (ylaJIeHNE) OJHOM U3 OJIMHAKOBBIX CTPOK (CTOJIOOB);

5)TpaHCIIOHUPOBAHUE.
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Te e omnepanuu, TpPUMEHSEMbIC s CTOJNOLOB, TakKKe HA3BIBAIOTCS DIIEMEHTAPHBIMH
peoOpa3OBaHUSAMHU.
C moMolIpI0 3JIEMEHTapHbIX MPeoOpa3oBaHUl MOXXHO K KaKOW-THMOO CTpOKE WM CTOJOLy

MPUOABUTh JTUHEHHYI0 KOMOMHAIINIO OCTAIBHBIX CTPOK ( CTOJIOIIOB ).
MuHOpBI.
Belmie ObIJI0 MCTIOIB30BAHO MOHSTHE JOMOJHUTEIBHOIO MHUHOpa MaTpuibl. [laauM ompeneneHue
MUHOpA MaTPULIbI:

Onpenenenne. Ecnu B MaTpune A BBIJICIINTE HCCKOJIBKO ITPOM3BOJIBHBIX CTPOK KW CTOJIBKO XK€

MPOU3BOJILHBIX CTOJIOLIOB, TO ONPEAEIHUTEIb, COCTABICHHBIH M3 DIEMEHTOB, PACIIOJOKEHHBIX Ha
MEPEeCeUeHNH 3TUX CTPOK M CTOJIOIIOB Ha3bIBaeTCs MHUHOPOM Mmarpuubl A. Eciu BbIIEneHO S CTPOK U
CTOJIOLIOB, TO MOJTY4YE€HHBIH MUHODP Ha3bIBAETCSI MUHOPOM IOpsAKa S.

3aMeTHUM, YTO BBILUIECKA3aHHOE IPUMEHUMO HE TOJBKO K KBaJpAaTHBIM MaTpullaM, HO U K
IIPSAMOYTOJIBHBIM. Ecin BbIUEpPKHYTh U3 UCXOAHON KBaJApaTHOW MaTpuUllbl A BBIJEIECHHbBIE CTPOKU U
CTOJIOIBI, TO ONPEICTUTENH MTOYYEHHONH MaTPHIIBI OY/ET SBISATHCS JONOTHUTEIHHBIM MUHOPOM.

AJ'II"C6DaI/I‘IeCKI/Ie JOIMOJIHCHM .

Onpenenenue.AjiredpandyecKkuM JO0NOJHEHHEM MHMHOPA MaTpulbl Ha3blBacTCA ero
JIOTIOJIHUTEIbHBI MUHOP YMHOKEHHBIM Ha (-1) B cTemeHu, paBHOM CyMM€ HOMEPOB CTPOK U HOMEPOB
CTOJIOIIOB MUHOpA MaTpuIlbl. B yacTHOM ciydae, anreOpandeckuM JONOTHEHHUEM 3JIEMEHTa MaTpPHUIIBI
Ha3bIBAETCS €r0 JIOMOJIHUTENIbHBI MUHOp, B3STHIM CO CBOMM 3HAKOM, €CIIM CyMMa HOMEpPOB CTOJOLA U
CTPOKH, Ha KOTOPBIX CTOUT JIEMEHT, €CTh YHMCJIO YETHOE U C IPOTUBOIIOJIOKHBIM 3HAKOM, €CJIM HEUETHOE.

Teopema Jlamnaca.Eciu 6b10pano S cmpok mampuysl ¢ HomMepamu i1, ... ,Is, mo onpedeiumens

amot mampuysbl pageH Cymme npouaeedeﬁud 6CeX MUHOPOB, PACNOJIONCEHHbLX 6 6bl6paHHle cmpoKax Ha

ux ancedopaudeckue OONOJHeHUs.

OOparHag MaTpuIia.

Onpenenum onepanuio JeJIeHNs MaTPUIL KaK ONepalnio, 00OpaTHYI0 YMHOXKEHUIO.

Onpepenenue.Ecnmun  cymecTByroT KBaapaTHele Mmartpuipl X M A OJZHOrO IOpsIKa,

YIOBJIETBOPSIOILIUE YCIOBHIO:
XA =AX=E,
rae E - emuHuyHas maTpuiia TOTO e CaMmoro Mopsjaka, 4To W Matpuna A, To Marpuma X

Ha3bIBaeTCsA 00paTHOIi K MaTpHIle A u 0603HauaeTcs A,
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Kaxxnas kBagpaTHas MaTpHIla ¢ ONPEIeIUTEIeM, HE PaBHBIM HYJIIO HMEET 00paTHYI0 MAaTpHUILy U
MIPUTOM TOJIBKO OJHY.

PaccmoTpuM 001muii moAXo/1 K HAX0XKASHUIO OOpAaTHON MaTPHIIBI.

I/ICXO[[SI U3 ONPCACIICHUA IPOU3BCACHUA MATPULl, MOKHO 3aIllUCAaTh:

n
AX=E= ) aj Xgj = eij , 1=(1,n), j=(1,n),
k=1

eij=0,

eij=1,
TakuMm oOpa3om, MojiydaeM CUCTEMY ypaBHEHUI:

i #],

i=j.

a11Xqj +apXpj+... A Xnj = 0

an1X1j +an2Xpj+..+apnXpj =0

Pemms 9Ty CUCTEMY, HAXOJUM 3JICMCHTBI MaTPUIIbI X.

1 2
IIpumep. [lana matpuna A = (3 j , Haiitn A™.

(311 alzj_(xn X12)_(1 Oj
az1 a2/ \Xp1

X22_01.

ay Xy, +a;,%, =¢; =1

X, +2x, =1 [Xp=-2
ay X, +a;,x, =¢e,=0

X, +2x,, =0

X12 =1
a1 X +a22x21 =€, = 0 3X11 +4x21 =0 X21 =3/2
Ay Xpy 85X, =€y, =1 3x, +4x,, =1 X9y =-1/2

-2 1
Takum oOpaszom, A'lz( j .
3/2 -1/2

Opnako, Takol croco® He yao0eH NpH HaXOXKIACHUM OOpaTHBIX MaTpull OOJBIIMX MOPSAKOB,
M03TOMY OOBIYHO IPUMEHSIOT CIEAYIONIYI0 (hopmymy:

_1i+jM..
0w

det A
rac Mi- I[OHOHHI/ITCJIBHLIﬁ MI/IHOp 3JICMCHTA aji ManI/II_ILI A.
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1 2
[pumep. Jlana Matpuna A = (3 4) , Haiitn A
detA=4-6=-2.
M11=4; M12= 3; M21= 2; M22=1
X11=-2;  X1o=1; X21=3/2;  X=-1/2

-2 1
Takum oOpaszom, A'lz( j :
3/2 -1/2

CaolicTBa 00paHbIX MATPHULL.

VYkaxkeM clieyrolire CBocTBa 00paTHBIX MATPUIL:
1) A=A
2) (AB)1=B1A?
3) (AT)* = (A",

3 2
[Ipumep./lana maTpuna A = (1 4j , HalTH AS,

AZ—AA—3232—1114' A3_321114_4778
1 4)l1 4) (7 18) {1 4)l7 18) (39 86)

3 2 11 14
OtmeTnM, 4TO MaTpHULIbI [ j u ( J ABJISIIOTCA [1EPECTAHOBOYHBIMU.

1 4 7 18
-1 0 3 4
2 -1 1 2
IIpumMep. BeIuucnuTe OnpeaenuTeNnb 0 3 2 1
2 4 3

-1 0

11 2 2 -1 2 2 -1 1
2 1 =113 2 1/+3:0 3 1-4-0 3 2
1 4 3 2 1 3 2 1 4

W
AN = W
W = N B

-1 1 2
3 2 11=-1(6-4)-109-1)+2(12-2)=-2-8+20=10.
4 3
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0 3 1/=0 3 1[=20-2)-10-6)=2.

2 -1 1 Jo -2 -3
3 2(=0 3 2|=2(-4)-3(-6)=-8+18=10.
2 1 4 2 1 4

3nauenwue onpeaenurens: -10 + 6 — 40 = -44,

ba3ucHBIN MUHOpP MaTPHIILL

Panr matpunsr.
Kak 6b110 cKa3aHO , MUHOPOM MaTpHIIbl OPSIJIKA S Ha3bIBAETCSI ONPEAEIUTENb MATPULIBL,
00pa30BaHHOM U3 3JIEMEHTOB UCXOAHOM MaTPUIIbl, HAXOJAIINXCS Ha IEPECEUEHUH KaKuX - JIN0O
BbIOpaHHBIX S CTPOK U S CTOJIOLOB.

Onpenenenne. B MaTpule mopdaaKka mxn MUHOP IOpsaAKa I' Ha3bIBACTCA 6331/ICHBIM, €CJI1 OH HC

paBeH HyJHO, a BCC MI/IHOpI)I nop;[mca r+1 W BBIIIIC paBHI)I HYJIIO, HJIn HE CYIIIGCTBYIOT BOBCC, T.C. r
COBITIAAacT C MCHBIIINM M3 YHUCCJI M HUJIN N.
CtonOupl W CTPOKM MAaTpPHIbl, Ha KOTOPHIX CTOUT Oa3WCHBIA MHHOp, TaKXE Ha3bIBAIOTCS
0a3HCHBIMH.
B ManI/IHG MOXKET 6BITI> HCECKOJIBKO paanqu,Ix 6a3I/ICHI)IX MI/IHOPOB, NMCHOIIINX OI[I/IHaKOBI)II\/JI
MOPSIIOK.

Onpenesenne. HOpSIILOI( 0a3uCHOTO MHHOpPA MaTpullbl HA3bIBACTCA PAHIOM MaTpHUlbl H

obo3Hauaercs Rg A.
OdeHb BaKHBIM CBOMCTBOM 3JIEMEHTApHBIX IPEeoOpa30BaHUM MaTpull SBJSIETCS TO, YTO OHHU HE
HU3MCHAIOT paHI’ MaTPUIIBIL.
Onpenenenne. MaTpunpl, MOJTyYeHHBIE B pe3yJbTaTe JJIEMEHTApHOTO HpPeoOpa3oBaHMUS,
Ha3bIBAIOTCS IKBUBAJEHTHBIMH.

Haz[o OTMCTUTD, YTO PaBHbI€ MaTPHULbLI U IBUBAJICHTHBIC MaTPULBI - ITIOHATHUA COBCPIICHHO
pa3jInuHbIC.

TCOEeMa.Hau60ﬂbW€€ YUCNO JIUHEUHO He3A8UCUMbBIX Cm0ﬂ6u06 6 mampuye paeHo Yuciy

JUHEHO He3A8UCUMbBIX CMPOK.

T.x. OJICMCHTApPHBIC HpCO6p330BaHI/I${ HEC HU3MCHAIOT pPAaHr MaTpulbl, TO MOXHO CYIICCTBCHHO

YOPOCTUTH MPOHECC HAXOXKIACHUSA paHTra MaTPpHLIbI.
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[Ipumep.OnpeaenuTs paHr MaTPUIBI.

PO 1 0 00 5 1 5 1 5
0000 O ~[2 0 0 0 11j~(2 11) ‘2 11‘:11—10:17&0:>R9A=2.
200 011

[Tpumep:OnipenenuTh paHnr MaTpPHUIIbL.

3 57 4 8 12) (1 2 3 L2 3 L 2
1 2 3|~1 2 3|~]1 2 3 ~[1 ; SJ’ ‘1 3‘:3—2:1;:&0:>Rg:2.
1 35 1 3 5 1

[Tpumep.Onpenenuts paHur MaTPULIBI.

b2l 1213 41 2
34268~(34268j"34
1213 4

Eciu ¢ mnoMompio 3JeMEHTapHBIX MpeoOpa3oBaHUN HE yOaeTcs HaWTH  MaTpuily,

‘=4—6:—2¢0.:>Rg:2.

SKBUBAJIEHTHYIO UCXOJHOM, HO MEHBIIIEr0 pa3Mepa, TO HAXOXKJIECHUE paHra MaTPUIIbl CIelyeT HAUUHATh C
BBIUMCIICHHS] MUHOPOB HauBBICLLIET0 BO3MOKHOTO MOpPsJAKa. B BIIENPUBEAEHHOM IPUMEPE — 3TO MUHOPHI
nopsiika 3. Eciu XoTst Ob1 OIMH M3 HUX HE PABEH HYJIO, TO PAHT MATPHUIIBI paBeH MOPSIKY ITOTO MHUHOPA.

Teopema 0 6a3UCHOM MHHODE.

Teopema.B npoussonvhoi mampuye A Kadxcovlii cmonbey (Cmpoxa) s6isemcs TUHEUHOU
KoMOUHayueti cmoadoyoe (Cmpok), 8 KOmopvixX pacnonoNHceH OA3UCHBIL MUHOP.
Takum obpazom, pane npouzeonvbHoOl mampuyvl A pageH MAKCUMATbHOMY YUCTY JUHEUHO

He3a8UCUMBIX CIPOK (CMonoyos8) 6 mampuye.

Ecnu A- xBagpatHas marpuna u detA = 0, To mo kpaiiHei Mepe OJUH M3 CTOJIOLOB — JIMHEHHAs
KOMOUWHAIIMS OCTaIbHBIX CTONOIOB. TO XK€ camoe CrhpaBeniuBO W JUIsl CTPOK. J[aHHOE yTBepkIeHue
CJIEyeT U3 CBOMCTBA JIMHENHOW 3aBUCUMOCTH IIPH OIIPENEIUTENE PABHOM HYIIIO.

3agaHus K NPAKTHYECKOMY 3aHATHIO.

Yacrte 1:

1. HaiiTi panr MaTpuIls:
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2 3 1
A=0 2 -1 1
4 0 5
2.
1236 1
A=|2 3 1 6 -1
3126 0,
3 2
1 -4
3. |7 10
5 6

2. HaiiTi MaTpuIiel, OOpaTHBIC ISl TAHHBIX U CIIEIATh IPOBEPKY:

1 2 3 -4 5
alg 402 31

3 -5 -1/

1.HaiiTi panr MaTpHIIbL:

2 1 3 -2 4 1 2 3 6 0 2
4 -2 5 1 7 2 3 16 1 0
2 -1 1 8 2 31 2 6 0 0
) 0) B)
") 3 4 2 6 8 0 2 4 10 -2 o
1 2 1 3 4 3 6 15 -3

2. Haiitu MaTpuiisl oOpaTHbBIE TaHHBIM:

2 5 7
3 4

Y 6)634
5 7 5 -2 -3

Bompocsr k 3ansTHIO 2

1. Yro Takoe obpaTHas maTpuna?

w O o

o b~ O
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[aiite onpeneneHre MUHOPa MaTPHUIIbI?
Jaiite onpenenenre aredpandeckoro JOMOIHEHUS MAaTPULIBI.
UTo Takoe paHT MaTPHUIIbl U KAKOBO €ro 3HaYeHHue?

Kaxkwue MaTpulbl HA3bIBAKOT SKBUBAJICHTHBIMH?

o ok~ w N

HpaBI/IJ'IO HaXOXIACHUA OIIPEACIUTCIIA.

IIpakTuyeckoe 3ansitue Ne 3.Pemenue cucrem JiMHeilHbIX ypaBHeHuil mo npasuiay Kpamepa

u I'aycca.

Mertoa Kpamepa. (I"'abpuens Kpamep (1704-1752) mBelinapckuii MaTeMaTHK)

JlaHHBII METOJ TaKke€ MPUMEHUM TOJIBKO B CIy4ae CUCTEM JIMHEWHBIX YPAaBHEHUU, IJI€ YUCIIO
MEPEeMEHHBIX COBMANaeT C YHCIOM YypaBHeHHH. Kpome TOro, HeoOXOIUMO BBECTH OTPAHHYCHHUS HA
koa¢duimenTs! cucteMbl. Heobxonrumo, 4ToObl Bce ypaBHEHUS ObLIN JIMHEWHO HE3aBUCUMBI, T.€. HU OJTHO
ypaBHEHHUE HE SIBISLIOCH Obl TUHEHHONW KOMOMHALIMEH OCTaIbHBIX.

Jl1s 3TOro HE0OX0IMMO, YTOOBI ONPEAEIUTENb MATPUILIBI CUCTEMBI HE paBHsuIcs 0.

detA= 0;

JleiicTBUTENBHO, €CITH KaKoe- JIN00 ypaBHEHUE CHCTEMBI €CTh JIMHCHHAsT KOMOWHAIHUS OCTAIBHBIX,
TO €CIIM K 3JIEMEHTaM KaKOM- MO0 CTPOKH MPHUOABUTH AJIEMEHTHI IPYrod, YMHOKEHHbBIE Ha Kakoe- J100
YHCIIO0, C TMOMOUIBIO JTMHEWHBIX MPEeoO0pa30BaHUN MOKHO TOJYYUTh HYJIEBYIO CTpoKy. Ompenenurens B

9TOM cllydae Oy/JeT paBeH HYIIO.

Teopema. (IIpasuno Kpamepa):

Teopema.Cucmema u3z N ypagnenuii ¢ N HeuzBeCMHbIMU
a, X, +a,,x, +..+a, x, =b,
A, X, +a,,X, +...+a,,x, =b,
a,x, +a,x, +..+a,x, =b,
8 cayuae, eciu onpeoenumenb Mampuybl CUCHEMbl He PABeH HYI0, UMeem eOUHCMEEHHOe peuleHue

U 3Mo peuienue Hax0OUmcs no Popmynam.

Xi = AilA, 20e
A=detA, a di — onpedenumens mampuybsl, nOIY4AEMOTL U3 MAMPUYL CUCTEMbL 3AMEHOL CMOLOYA

icmonbyom c60600HbIX HeH08 Di.
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aytyy byay-ay,
a,,..da,. . b, a,. . ..a
Ai 21 2i—i 2 2i+1 2n
anl"'ani—l bn a i+1 "ann
[Ipumep.
a, X, +a,x, +a;x; =b,
4y X) +apX,; +dy%; =b,
a3 X, +a3,X, +ay3,x; = b,
ag 4 diz by a, aj a, b aj; a;; a4
A=l|a, ay ay|; Mi=|b, ay ayl; A=la, b, ayl; As=la, ay,
ay; d3 Ay by ay, asy a,, by ay as; djz
X1 = A1/detA; X2 = Ao/detA; X3 = As/detA;
[Ipumep.HaiiTu pelenne CuCTEMBI ypaBHEHHIA:
Sx-y—z=0
xX+2y+3z=14

5 -1 -1
A=l 2

4 3 2
X1 =Al/A=1;

0 -1
A=114 2

16 3

5 0 -1
A2= 1 14 3

4 16 2

3
2

4x+3y+2z=16

3/ =5(4-9)+(2-12) —(3-8)=-25-10+5=-30;

-1

= (28 — 48) — (42— 32) =-20 — 10 = -30.

= 5(28 — 48) — (16 — 56) = -100 + 40 = -60.
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X2 = AofA =2;
5 -1 0
As=1|1 2 14{ =5(32-42)+ (16 —56) = -50 — 40 = -90.
4 3 16
X3 = As/A = 3.

Kax BUJHO, PE3YJIbTAT COBIIAAACT C PE3YJIIbTATOM, IIOJTYYCHHBIM BbIIIIC MATPUYHBIM METOA0OM.

Ecnau cucrema omnopoana, T.e. bi = 0, To mpu A#0 cucTteMa MMeET €IMHCTBCHHOE HYJIEBOE
pemieHne X1 = X2 =... = Xn = 0.

ITpu A = 0 cuctema umeeT 6ECKOHEUHOE MHOKECTBO PEIICHUN.
JI1s1 caMOoCTOATENBHOTO PELICHHUS .

x+3y—-6z=12
3x+2y+5z=-10; Omeem:x=0;y=0;z=-2.
2x+5y—-3z=6

Meroa I'aycca COCTOMT B CIEAYIOLIEM: CUCTEMY YPAaBHEHHMM NPHUBOMAT K JKBUBAJICHTHOM €H

X0J).

CHUCTEME C TpPEYroJbHOMW MaTpullei. DT JEWUCTBUS Ha3bIBAIOT MPAMBIM XoAoM. M3 momydenHoun
TPEYroJbHONW CHUCTEMBI MEPEMEHHBIE HAXOJAT C MOMOIIBIO MOCIEA0BATEIbHBIX MOJCTAHOBOK (0OpATHBIIM

[Ipumep: Pemuts cucremy u3 3 ypaBHeHHil meTonoM ["aycca.

x—4y—2z=-3
3x+y+z=5
3x —5y—6z=-9

Meton T'aycca ocHOBaH Ha NPHUBEIEHUU CHUCTEMBl YpPaBHEHHH K TpPEYrojpHOMY BHAY. ITO
JOCTUTAETCS MOCIEA0BATEIbHBIM NCKIIOUYEHHNEM HEU3BECTHBIX U3 YPABHEHUN CUCTEMBI.

YMHOXHMM IIepBO€ YpaBHEHHUE HA -3 U MPUOABUM €ro KO BTOPOMY U TPETheMY ypaBHEHUsIM. B

x—4y—2z=-3
13y +7z =14
7y =0

Teneps pa3zgenuM BTOpoe ypaBHeHHE Ha 13, 3aTeM YMHOXXHMM €ro Ha -7 M NPUOABHUM €ro K

pe3yibTaTe NnoJIiydum CUCTEMY, B KOTOpOﬁ HEU3BECTHOC X MCKIIIOYCHO U3 BTOPOT'O U TPETHETO ypaBHeHHfI.

TPETbEMY YpaBHEHUIO. B pe3ynpTaTe moiayduM CHUCTEMY YpaBHEHHil, B KOTOPOM MCKIOYEHO U3 TPETHErO
YPaBHEHUSI HEU3BECTHOE .
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(x—4y—22=—3

L7
{ YT137 713
49 98

—_—— = — —
k 13 13
IIpuBeneHne UCXOQHOW CUCTEMBI YPAaBHEHUM K TPEYrOJIBHOMY BUAY HA3bIBACTCS IPSMBIM XOJI0M

Meroaa ["aycca. [lanee peanuszyem obpatHbIii X0 MeToja ["aycca.

98 49
zZ= ( >=2

EEHGEE
_14 7
Y=137 13 °7

x=-3+4-0+2-2=1

Takum obpazom, x =1, y=0, z=2.

Onpenenenue. Ecimu by, b2, ....om = 0, TO cucrema Ha3piBaeTCsS OMAHOPOTHON. OJHOPOIHAS

CHUCTCMa BCCraa COBMCCTHA, T.K. BCCr/ia UMCCT HYJICBOC PCIICHUC.

OneMeHTapHbBIE HDGO6D330B3HI/I5I CHUCTCM.

K snemenTapHbIM npeoOpa3oBaHUSIM OTHOCSITCS:

1)IIpubapnenne Kk 00EHM YacTsIM OJHOTO YPaBHEHUSI COOTBETCTBYIOIIMX YacTeil IIpyroro,
YMHOXEHHBIX Ha OJIHO U TO YK€ YHCJIO, HE PABHOE HYIIIO.
2)IlepecTaHOBKA ypaBHEHUI MECTAMH.

3)y,I[aJ'ICHI/IC N3 CUCTCMBI ypaBHeHHﬁ, SABIAOIIUXCA TOXKIACCTBAMU OJIA BCEX X.
38}13HI/IH K HpaKTI/[‘-ICCKOﬁ MMOoJAroTOBKE

I/ICCJ'IGI[OBaTB COBMCCTHOCTD CJIICAYIOIINUX CUCTCM.

2% =Xy + X3 =2, Xp +2Xy —4X%5 =1,
a){ X +2%, +3%3 =-1, 0) 12X +X; —9Xg =-1,
Xp —3X, —2X3 =3, X, — Xy — X3 =2,
2X1 +TXy +3X3 + X4 =6, 3X; —=5Xy +2X5 +4X, =2,
B) 13Xy +9X; +2X3+2X, =4, ) 7% —4Xy + X3 +3X,4 =5,

OXy +4X, + X3 +7X4 =2, 5%, + 74X, —4X5 —6X4 =3;
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3X; —2Xy —=5X3 + X, =3, Xq + X, —6X3 —X4 =6,

2%, —3X, + X3 +5X4 =3, 3X; — Xy —6X3 —4X, =2,
A) Xy +2X, —4x, =3, © 2%y +3X, +9X 3 +2X4 =6,

Xp — Xy —4X3 +9X, =22; 3Xy +2Xy +3X3 +8%4 =—T7.

Pemute cucremsl ypaBHeHuit o popmynam Kpamepa:

3X; —5x%, =13,
a
10x; —11x, +5x5 = 36;

2%, — X, =81,

2Xq + Xy =5, X1 + Xy —2X3 =6,
B) 1% +3X3 =16, r)42X% +3X, = 7X3 =16,
5Xy —3X%3 =0; SX1 +2Xy + X5 =16;
5X; +8X, + X3 =2, 2%y —3Xy + X3 =—7,
H) 3% —2%, +6X3 =—7, e) X +4X; +2%3 =1,
2X1 + Xy —Xg =-5; X1 —4X, =-b5.

3. Uccnenyiite cucreMsbl U B clydae COBMECTHOCTH peluTe ux Mmeroaom ['aycca.
3X, —2X, —3X%; =5,
0) 1% —3X, +4x%; =1,

6X, +3X, +4x%, =3,
a
X, —TX, —2X; =0;

3X, =X, +2X; =5;

3X1 +2Xy + X5 =5, 2%y —3X, +3X3 =2,
B) Xg + Xy —X3 =0, r) 2% — X9 + X3 =2,

4%, =Xy +5X%3 =3, X; + Xy + X3 =6;

Xg + Xy —X3 =0, 2X; —3Xy +3X3 =3,
I) X1 —Xp +Xg =4, €) 12X — X, +7X3 =5,

=X+ Xy +X3=2; X; + Xy + X3 =6;

X +2X, =3X; =3, [ X —X, + 2%, +2X, =2,

X, +2X, +4X; =9, 3%, — 2%, — X3 — X, = -1,
X 3
) 2% + 7%, — X3 =0, 5%, — 3%, —4X; —2X, =4,
3X, +8X, —X; =1, 7% —4X, — 71X, — 5%, =T,

X1 +3X, —X3 —X4 =0, X1 =Xy + X3 —X4 =0,

K)

X1+ Xy =Xz +X4 =2; 33Xy + Xy —2X3 + X4 =7.

3Xy —2Xy +2X3 —2X, =1, X1+ Xy + X3 +X4 =6,



27

2% +3X, =X+ X, =2, 2% + 3%, =5%; + X, —X; =0,
X — 2%, + %, =3, X +2X, +3X;3 + 2%, + 2X; =3,
) Xy + X, + X —2X, =7, M AX +TX, + X3 +5%X, +3X; =1,
3X, —8X, + 2%, — X, =5; 5X; + 9%, +4X; +7X, +5X; =8;
00)
4x; +3X, — X3 = -5,
2, — X, — 2%, = 3, X 42Xy + X3 — X, + X5 =1,
H) 13x, — 4x, + 3, =10, 2%, +5X%, +6X; —5X, + X; =0,

8% —9X, +4x; =17. X = 2%+ Xg =Xy =X =3,
X, 43X, +2X5 — 2X, + X =1,

TX, — X, +2X; =5;
X —4X, + X3 + X, — X5 = 3.

Bomnpocs! k 3aasTuio 3

Yro Takoe cuctema JUHEHHBIX YPAaBHEHHUN?

B kakux cinyyasx cucrema JIMHEHHBIX YpaBHEHUM UMeeT penieHue?

CKOJIBKO pelIeHNI HMEeT CUCTEMA JIMHEWHBIX YPaBHEHUN?

B uem cyTts MeTona Kpamepa?

B kakux ciaydasx cuctema JMHEHHBIX YPAaBHEHUM NMeEET penicHue?

B kakux cioyyasx cucTeMa ypaBHEHUH MOXKET OBbIThb pelleHa M YTOHA3bIBAETCS €€
peuieHusiMu?

ok wnE

IIpakTnueckoe 3ansitue Ne 4. Onepanuu HaJ BeKTOpaMu. Beruuciaenue MoayJis
U CKAJISIPHOTO NPOU3BEJACHUSA BEKTOPOB.

Omnpenesenne.BekTopom Ha3bIBacTCs HAPaBJICHHBIH OTPE30K (YIopsaoueHHas napa To4yek). K

BCKTOpPAM OTHOCHUTCS TAKIKEC N HyJIeBOﬁ BCKTOP, HAYAJIO U KOHEI KOTOPOT'O COBIIAAArOT.

Onpenenenue./ITuHOi (MOQy/1eM) BEKTOpa HAa3bIBAETCA PACCTOSHUE MEXIY HA4daloM U

KOHIIOM BEKTOpa.

-

OHDeHeHeHHe.BCKTOpH Ha3BIBAIOTCA KOJUIMHEAPHBIMM, €CJIM OHH PACIIOJIOXCHBI Ha OJTHOM

WIM NapajienbHbIX NpsaMbix. HyneBoil BeKTop KoTMHeapeH 11000My BEKTOPY.

Onpe}leﬂeﬂue.BeKTopm Ha3bIBAIOTCA KOMILIAHAPDHBIMHA, CCIM CYHIECTBYCT IIJIOCKOCTD,

KOTOPOW OHM MapaJuIeIbHBI.
KonnuueapHble BEKTOpbl BCErJa KOMIUIAHApPHBI, HO HE BCE KOMIUJIAHAPHBIE BEKTOPHI
KOJUIMHEAPHBI.

OHDCJ]CJICHP[C.B@KTOPBI HAa3bIBAKOTCAd PaBHBIMHA, CCIM OHHW KOJUJIMHCApPHBI, OAWHAKOBO

HaIpaBJICHBI 1 UMCIOT OJJMHAKOBBIC MOJYJIN.
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Beskue BeKTOpbl MOXKHO TpHBECTH K oOOmleMy Hayaly, T.e. [OCTPOUTH BEKTOPHI,
COOTBETCTBEHHO paBHbIC JNAaHHBIM U HMeroliue obimiee Hayano. W3 ompeneneHus paBeHCTBA BEKTOPOB

CIIENLy€eT, YTO JH000H BEKTOp UMEeT OECKOHEUYHO MHOTO BEKTOPOB, PABHBIX EMY.

Onpenenenne.JInHeHHBIMHU onepanmusaMM Haa BCKTOpaMH  Ha3bIBACTCA  CIOXKCHHEC U

YMHOKCHHE Ha YUCJIO.

CyMMOI1 BEKTOPOB SIBJIIETCS BEKTOP - ¢ =d + b

Ipoussenenne - b =a a; |b

= a‘a‘, IIPH 3TOM d KOJUTMHEapeH b5 .

Bekrop i conanpasiet ¢ BektopoM 5 (1T 5 ), ecom a> 0.

BeKTop d MPOTHBOMOJIOKHO HarnpasieH ¢ BektopoM 5 (i T4 5 ), ecnun a< 0.

CBoiicTBa BEKTODOB.

1)d + b = b + i - KOMMYTaTHBHOCTb.
Ddi+(p+cé)=(a+ b))+
a+to=a

4)d +(-1)a =0

5) (a-B)a = a(Ba) — accoraTHBHOCTH

6) (atP)d = ad + Bd - AUCTPUOYTUBHOCTD
Nao(@a+ b)=od+ob

8)ldi=a

OnpeaeaeHue.

1) ba3ucom B MMPOCTPAHCTBE HA3BIBAIOTCH 00bIe 3 HCKOMIUIAHAPHBIX BEKTOpA, B3ATHIC B

OIPEETICHHOM TTOPSIKE.

2) ba3ucoM Ha IUIOCKOCTH HAa3bIBAIOTCS JHOObIE 2 HEKOJUIMHEApHBIE BEKTOPHI, B3SATHIC B

OIPEICTICHHOM MOPSIKE.

3)ba3ucoM Ha psIMOi Ha3bIBaeTCs JTFO0O0H HEHYJICBOI BEKTOP.

_— — —

Omnpenenenune.Eciu e, e,,e; - 0a3uc B IpoCTpaHCcTBe U a = e, + e, +¥ e; , To unucna o, B

M Y - Ha3bIBaAOTCA KOMIMOHCHTAMM UJIH KOOPAUHATAMM BEKTOpa d B 3TOM Oasuce.

B cBs31 ¢ 3TUM MOXKHO 3amucaTh CJICAYIOIINC CBOMCTBA:
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- PpaBHBIC BCKTOPbLI UMCIOT OANHAKOBLIC KOOPJAWHATHI,

- 1P YMHOXCHHHU BEKTOpPA HA YHUCJIO €T0 KOMIIOHEHTBI TOXKE YMHOXAIOTCA Ha 3TO YUCIIO,

da=Mae, +fe, +y e)= (e, +(Af) e, +(A7) e, .

- IIpH CJIIOKCHUHN BCKTOPOB CKJIAABIBAOTCA UX COOTBCTCTBYIOINEC KOMIIOHCHTHI.

—_ — —_—

a=aq.e ta,e, +aze;, b= pie +p,e, + e,

i+ 5=+ B)e +(a,+Be, +(a,+ e, .

JInHeliHasA 3aBUCUMOCTh BEKTOPOB.

_  —

OHDe}]e.IIeHI/Ie.BeKTOpr a;,....,d Ha3bIBAIOTCS JIMHEHHO 3aBUCUMBIMH, €CJIM CYHIECTBYCET

n

— — —_—

Takas JMHeHHas KoMOMHaIMs «,a, +Q,a, +...+a,a, =0, Ipu He PaBHBIX HY/IIO OAHOBPEMEHHO i , T.€.

a +a; +.+a %0,

—_— —_— —_

Ecnu e Tonpko npu oi = 0 BeINONHAETCS &, +a,ad, +...+a,a, =0, TO BEKTOPbl HA3BIBAIOTCSA

JIMHENHO HE3aBUCUMBIMHU.

—_—

CeoiictBo 1.Eciu cpean BEKTOPOB a, €CTb HYJIEBOW BEKTOp, TO 3TH BEKTOPBI JMHEHHO

3aBHUCHUMBI.

CaoiicTtBo 2. Ecu x cucreme TUHEHHO 3aBHCHUMBIX BCKTOPOB I[O68.BI/ITB OJWH HWJIN HECKOJBKO

BCEKTOPOB, TO IMOJTYUYCHHAA CUCTCMA TOXKE 6yz[eT JIMHEHHO 3aBHCHMA.

CBoiictBo_3.CucreMa BEKTOPOB JMHEWHO 3aBHMCHMMa TOTJAa W TOJBKO TOT/A, KOTJAa OJIWH M3

BCKTOPOB pacCKJIaAbIBACTCA B HHHCﬁHYIO KOM6I/IHaHI/IIO OCTAJIbHBIX BEKTOPOB.

CBoiicTBO 4. J[t00ble 2 KOJIMHEApHBIX BEKTOpa JIMHEWHO 3aBUCUMBI U, HA00OPOT, J100bIE 2

JIMHEIHO 3aBUCHUMBIC BCKTOPbI KOJUIMHCAPHBI.
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CBoiicTB0o 5. J[100ble 3 KOMIUIAHAPHBIX BEKTOpA JIMHEHHO 3aBUCHUMBI M, HA00OpOT, J00OBIE 3

JIMHEHHO 3aBUCUMBIC BCKTOPbI KOMIIJIAHAPHEIL.

CBoiicTBO 6. JIt00bIE 4 BEKTOpA JIMHEWHO 3aBUCUMBI.

CucreMa KOOpJIHHAT.

Jiis  ompeneneHuss TOJOXKEHUS MPOM3BOJIBLHOW TOYKHM MOTYT HCIIOJIb30BAThCS Pa3IMYHbIC
cucreMbl KoopauHat. [loyioskeHHe TPOW3BOJIBHONM TOYKHM B KaKOW- JTMOO CHUCTEME KOOPAHMHAT JOJDKHO
OJTHO3HAYHO ONpeAenAThCA. [IOHATHE CHCTEMBI KOOPAMHAT TMPEACTABISET COOOM COBOKYITHOCTH TOYKH
Hayaja oTcuera (Havajla KOOpJIMHAT) M HeKoToporo Oasuca. Kak Ha MJIOCKOCTH, Tak U B MPOCTPAHCTBE
BO3MOJKHO 33J]JaHHE CaMbIX Pa3HOOOPa3HBIX CUCTEM KOOPAMHAT. BBHIOOP CHCTEMBI KOOPJMHAT 3aBUCUT OT
XapakTepa IIOCTaBICHHOH TIeOMETPUYECKON, (HU3MUECKOW WM TEXHUYECKOW 3amadu. PaccMoTpum

HCKOTOPLIC HanOoJIee YacTo MNPUMCHACMBIC HAa IIPAKTUKE CUCTCMBI KOOPAHWHAT.

JlekapToBa cucTeMa KOOpJAMHAT.

3adukcupyem B mpocTpaHcTBE TOUKY O U pacCMOTPUM IIPOU3BOJIBHYIO TOUKY M.

_

BCKTOp OM HA30BEM panyC- BCKTOPOM TOYKHU M. Ecau B MIPOCTPAHCTBC 3a4aThb HCKOTopHﬁ

6331/10, TO TOYKe M MOKHO COIIOCTaBUTH HCKOTOPYIO TpOﬁKy YUCCII — KOMIIOHCHTBI €€ paaAnyC- BEKTOpA.

Omnpeaesenue./lekapToBoii cMcTeMOi KOOPAMHAT B IPOCTPAHCTBE HA3bIBAETCS COBOKYITHOCTH

Toukdn u Oasuca. Touka Ha3bpIBACTCS HAYAJIOM KoOoOpauHAT. [IpsiMble, MPOXOAIIHE dYepe3 Havaao
KOOP/IMHAT HA3bIBAKOTCS OCSIMH KOOPAMHAT.
1-1 ock — och abcumee
2-51 OCh — OCh OpPAUHAT
3-51 0Ch — OCh AIIMKAT
YroObl HaWTH KOMIIOHEHTHI BEKTOpA HYXHO M3 KOOPJMHAT €ro KOHIIA BBIYECTh KOOPJWHATHI
Hayaja.

Ecu 3amansl Touku A(X1, V1, Z1), B(X2, Y2, Z2), To AB= (X2— X1, Y2 — Y1, Z2 — Z1).
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Onpenenenue. ba3zuc Ha3pIBaeTCs OPTOHOPMHMPOBAHHBIM, €CJIM €r0 BEKTOPHI IOMAPHO

OpTOIroHaJIbHBI U paBHBI €IUHUIIC.

Omnpenenenue./lekaproBa cucreMa KOOpAMHAT, 0a3uc KOTOPOH OPTOHOPMHPOBAH HA3BIBACTCS

JAEeKapTOBOW NMPSIMOYI0JbLHOM CHCTEMOI KOOPINHAT.

Hpuwmep. Haus Bextopsid (1; 2; 3), & (-1; 0; 3), ¢(2; 1; -1)ud (3; 2; 2) B HexoTopoM GasHce.

Tloka3aTh, 4TO BEKTOPHI 4, 5 U ¢ 00pasyloT Ga3uc U HAlTH KOOPAMHATH BekTopa d B 3TOM 6asuce.
Bekropsl 00pa3yroT 0a3uc, eciii OHM JIMHEHHO HE3aBHCHMBI, APYTUMH CIIOBaMH, €CIIU

YpaBHCHHU:, BXOJAIIUE B CUCTEMY.

a-p+2y=0
20+0-f+y =0 JUHEHHO HE3aBHCHMBI.
3a+3-y=0

Torna d =aa+ fb+yc.
ITO yCIIOBHE BHIOIHSIETCS, €CIIM ONPEAEIUTEND MATPHUIILI CHCTEMBI OTIMYEH OT HYJIS.
1 -1 2
2 0 1120
-1

0 1| 2 1 2 0
l|= + +2 =-3+(-2-3)+12=4=#0
I -1 3 -1 3 3

oa, + pb, +yc, =d,

aa, + fb, + yc, = d, Jlna pemienns 3Toi CHCTEMBI BOCIIONb3yeMcs MeTosoM Kpamepa.
aa, + pb, +yc, =d,

01H21

20
+ +2 =3(-3)+(-2-2)+12 =-1.
2_1‘ ‘23‘ (-3)+(-2-2)

Ao=la, d, ¢|=2 2 1|=(2-2)-3(2-3)+2(4-6)=-4+15-4=7,
-1

N
)
QU
w
(9
w
W
[\
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AZ
=22 _7/4;
s A ;
a b dj| (1 -1 3
A= |®2 b, d,|=2 0 2/=-6+(4-6)+18=10;
a, by, d, 3
A3
=23 _5/2
e A 5

WTOro, KOOpAMHATHEI BEKTOpa deo6asuce i, b,¢. d {-1/4,7/4,5/2}.

I[.TII/IHa BEKTOpa B KoopAMHATaX OIPCACIIACTCA KaK paCcCTOAHUC MCKAY TOYKaMMU Ha4dajla U

KOHIIa BekTopa. Ecnm 3amanel 1Be Touku B mpocTpaHcTtBe A(X1, Vi, Z1), B(Xz, Vo,

4B = J(xy =5 + (=) + (222"

Zz), TO

Ecnu Touka M(X, y, Z) neJur orpe3ok AB B cooTHomeHun A/, cuuTas oT A, TO KOOPIUHATHI

3TOH TOUKH OIPCACIIAOTCA KaK:

:!"Lxl+}\’x2. :lv%‘”“yz, Z:W1+XZ2
TR TR L+ A

B gactHOM ClIydae KOOPJAHWHATHI CEPEAMHBI OTPE3KA HAXOAATCA KakK:

X

X = (X1t X2)/2; y = (y1 + y2)/2; z=(z1+29)/2.

JIMHEWHBIC oNepallii HaJl BEKTOPAMH B KOOPJAMHATAX.

ITycTh 3agaHbI BEKTOPBI B IPAMOYT0JIbHOM CHCTEMe KOOPAMHAT

a(x,,y,,2,); b(xz,Vz,25), TOrNA TMHEHHbIE ONIEPAIUK HAX HUMH B KOOPAMHATAX UMEIOT BUJL!

a+b=c(x, +X5y,+ V532, +2,); a-a=(ox,;ap,;02,)

CkasapHoe IpOM3BEICHIE BEKTOPOB.
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OHDe}IeHeHHe.CKaJ’[ﬂpHLIM NMPOU3BECACHUEM BCKTOPOB a u l; HAa3bIBACTCA YHUCIIO, PABHOC

MPOU3BCACHUIO JJIMH 3TUX CTOPOH HAa KOCUHYC yIJjia MCKAY HUMHU.

i-5 =lill s lcose

CBOMCTBA CKAJISIPHOTO MPOU3BEICHUS:

il%

1) d-a=
2) -6 =0,ecru dLp wim i=0wm 5 =0.
3) i-b = b -d;

4) a(p+C)=da-bp +d-c;
5) (mad)-5 =da-(ms)=m(a- 5 ); m=const
Ecmu paccmarpusath Bektopsl a(x,,v,,z,); b(x,,V,,z,)B 1eKapTOBOM NPsAMOYrOJILHON cCUCTEME

KOOPJMHAT, TO

i-b =XaXo+ YaYo + ZaZp

I/ICHOHBSyﬂ INOJIYYCHHBIC PaBCHCTBA, II0Jy4acM (I)OpMy.]'Iy AJi1 BBIYHUCJIICHUA yIJla MCKIAY

BEKTOpPAMH:

X X, + +z z
cos (= @ b T Vb T 2,2

-

a .

Ipumep. Haiitu (Sd +35 )(2d - b ), ecnu |d| =2, ‘5‘ =3, alb.

10i-3-53-5 +6i-5 -35 -5 =10 ~3fp[ =40-27=13,

2

k. @-a=la =4, b-b=|p| =9, @-b=0.
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[pumep.Haiitn yron Mexty BekTopamu iu 5 , ecmu d =i +2j +3k,

b=6i +4] -2k .
Te.i=(1,23), 5=(64-2)
i-b=6+8-6=28:

6| =36+16+4 =/56.

a|=V1+4+9 =414,

8
COSop = = =
? Jlase 21414 14

8 i—% = arccos —
7’ ¢ 7

ckajsspuoe  mpomsBenenue (3d - 2k )(5Ba - 65), ecmm

IIpumep.Haiitu

@ =4, |p|=6, @b=x/3.
1

23 —+
2

i-5-10i-5+125 -5 =15|a —28|d|‘5‘cos§+12‘5‘2 =15-16-28-4-6-

15q-a-18
+12-36 =240 — 336 + 432 =672 — 336 = 336.

Hpumep.Haiitn yron Mexty BekTopamu au 5 , ecmu d =3i +4j + 5k,

b=4i +5j -3k .
Te. d=(3,45), &5=(45-3)
i-b6=12+20-15=17:
@ =~9+16+25=/50;  |b|=~16+25+9 =/50.
17 17 7
¢ = arccos —.
50

CoSp= —— —=—1;
?= 50450 50

Ipumep.ITpn KakoM MBEKTOPHI d = mi +j wb=3i - 3j - 4k HEPIEH UK YJIAPHEL.

i=(m, 1,0); 5=(3,-3,-4)

i-b=3m-3=0, =>m=1.

IIpumep.Haiitu ckansipHOe NMPOU3BEACHUE BEKTOPOB 2a+3b +4c u 5d+6b+7¢ , €CIIHU

a

=1, |p|=2, [¢=3, arb=arc=hré=7
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(251 +3b +45)(55+65+75)
10G-G+12G-b +14G - +15G-b +18b -b +21b -& +

+20c-a+24b-¢c+28c-¢c =10

3amauuns

3ananme 1: KonnuueapHsl 11 BEKTOPBI €, M G, , Pa3JIOKEHHbIE [10 BEKTOPaM d 1 b ?

Bamanue 2: [lepreHUKYIISAPHbI JIM BEKTOPLI 4 U b ?

3aganue 3: KoMIUTaHapHbI i BEKTOPHI 4, 6, C?

3ananue 4: [Ipu kakoM 3HaueHun & Bektopsl AB u AC HeprneHauKyIspHbI?
a={1+2;3},b ={-3,0,-1},¢, =2a-4b,c, =3d +b.
d=1{-2,3+1},b={L,+1-3},c = {1,-9;1}.

a=1{13-1},b={3-2,3}.

3amanue S: [lansl koopauHatsl BepmrH nupamuasl ABCD . Beraucnuts:
1) oObem nupamMubl;

2) wany pedpa AB ;

3) momank rpanu ABC;
A)A(e;-2;3),B(0;-1,2),C(3;,-4;5).
B)A(-1,2;1),B(-13,+4),C(0;1;-2).

C) A(L-11),B(-12;-4),C(2;0;-6),D(-2;5,1).

Bomnpocs! k 3ansTuio 4

1.Yt0 Takoe BekTOp?

2. B yem oTiiMuune BEKTOpa OT CKAJSIPHON BEIUUUHBI?

3. Kak HaliTu IpoeKnu BEKTOp Ha KOOPAUHATHBIE OCH?

4. Kak HailTu JyIMHY BEKTOpa?

5. Kak HaliTu ckajisipHoe npou3BeaeHue?

6. Kak onpenenuTs nepneHINKyIIpHOCTh U NapAJIIEIbBHOCTh BEKTOPOB B IPOCTPAHCTBE?

7. Kakne BEKTOpBI Ha3BBIBAKOT KOJUIMHEAPHBIMU ?
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IMpakTnueckoe 3ansaTe Ne 5. CocraBjieHHe ypaBHeHHH MNPSAMbIX W KPHUBBIX BTOPOro
nopsiaka. Ux nocrpoenue.

YpaBHeHne JUHNUN HA [JIOCKOCTH.

Kak u3BecTHO, 1100asi TOUKAa Ha IUIOCKOCTH ONpPEAENSeTCs IBYMsI KOOpAMHAaTaMHU B KaKOM-
mbo cucreme koopauHat. CHUCTEMBI KOOpPIMHAT MOTYT OBITh pa3jiMYHBIMH B 3aBHUCUMOCTH OT
BbIOOpa 0a3uca U Hayana KOOpAUHAT.

OmnpenejieHue. YpaBHeHHeM JUHHH Ha3bIBaeTcs cooTHomeHue Y = f(X) Mexny koopauHaramu

TOYCK, COCTABJIAIOIIUX 3TY JIMHUIO.

OTmeTHM, YTO YpaBHEHHUE TUHUHM MOXET ObITh BBIPAXKEHO MapaMeTPUYECKUM CITIOCOOOM, TO €CTh
KaXKasi KOOpAWHATA KaX/I0i TOUKH BhIpaXKaeTcs Yepe3 HEKOTOPHI He3aBUCUMBIN mapameTp t.

XapakTepHbIil MpUMep — TPACKTOpHUs NBIKYIIEHCS TOYKH. B 3ToM ciiydae ponb mapamerpa
UTPAET BpEMH.

YpaBHeHue npsaMON Ha INIOCKOCTH.

Onpenenenne. Jrob6as npsAMad Ha IUIOCKOCTH MOXKCT OBITE 3a/laHa YPAaBHCHUCM TII€PBOTO

nopsiJiKa

A 1) Iy ray
AX T By T C=10,;

npuYeM TocTosHHBIE A, B He paBHBI Hyiio ogHoBpeMenHo, T.e. A2 + B%t 0. Dto ypaBHeHme

MEPBOTro MOpAaAKa Ha3bIBAOT o0muM YPaBHECHUEM l'[pﬂMOﬁ.

B 3aBucumoctu ot 3HaueHuit noctossHHbIX A,B 1 C BO3MOXKHBI CIIEAYIONINE YaCTHBIE CITyYau:

C=0,A#0,B#0—npaMas npoxoJuT yepe3 Havyano KOOpIuHaT
A=0,B#0,C=0{By+ C =0} npsmas napamiensta ocu Ox
- B=0,A#0,C#0{Ax+C =0} - npsamas nmapamieiabaa ocu Oy
B =0, A # 0 — npsimas coBnajaer ¢ ocsio Oy

A =0, B # 0 — npsamas coBmaznaer ¢ ocbio Ox

YpaBHEeHHE TPSIMOI MOKET OBITh MPEICTABICHO B Pa3IMYHOM BHJIE B 3aBUCUMOCTH OT KaKUX
— 00 3a/TaHHBIX HaYaJIbHBIX YCIIOBUM.

YpaBHeHne MpAMON IO TOYKE U BEKTOPY HOPMAJIH.
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Omnpenesienue.B nexkapToBoil MPsIMOYTOJBHON CHCTEME KOOPAMHAT BEKTOpP C KOMIOHEHTaMH (A,

B) nepnenaukynsapen npsmoii , 3aanHoi ypaBHenrem Ax + By + C = 0.

[Ipumep.Haiitu ypaBHeHue npsimoit, npoxoasiiei yepe3 Touky A(1, 2) nepneHanuKyIsspHO BEKTOPY
n(3,-1).

CoctaBum nipu A = 3 u B = -1 ypaBHenuwe mpsimoii: 3x — y + C = 0. Insg HaxoXIeHUS
koa¢pdunmenta C NoJCTaBUM B MOJTYYCHHOE BBIPAXKEHHE KOOPIUHATHI 3aJaHHOU TOUKH A.

[Tomyuaem: 3 —2 + C =0, cnenoBarenbro C = -1.

Hroro: uckomoe ypaBuenue: 3x —y—1=0.

YpaBHeHUE NPIMON, IPOXOAAIIEN Yepes IBE TOUKH.

[Tycte B mpocTpaHcTBe 3amanbl aBe Touku Mi(X1, Y1, Z1) uMa(X2, Y2, Z2), Toraa ypaBHEHHE

IIPSAIMOM, IPOXOIAILEH Yepe3 3TH TOUKH.:

X=X Y-y,  Z—Z

Xo =Xy Vo=V 2,72

Ecniu kakoif- nub0 w©3 3HaMeHaTelned paBeH HYJIO, CIEIyeT MPUPABHATh HYIIO
COOTBETCTBYIOIIUI YUCIIUTEb.

Ha nockocTu 3anucaHHoe Bbllle YpaBHEHHUE MIPSIMON yIIPOILAETCs:

Yo~y
Y= :#('x—xl)
Xy =X

€CJIN X1 # X2 U X = X1, €CIINX1 = X2.

Vo=V _ K i
= KHa3bIBaeTCs YrJ0BbIM KOI(PPUUHEHTOM IIPSIMOM.
X, —X
2 1

Hpo6b

[Tpumep.Haiitu ypaBHeHue npsmMoii, mpoxosmieit uepes3 Touku A(1, 2) u B(3, 4).

[TpuMmeHnss 3anKcaHHYIO BhILIE (GOPMYITy, TOTyHaeM:

4-2
-2= x—1
y 3 "D
y—2=x-1
x-y+1=0

YpaBHEeHHE IPSIMOM IO TOUKE M YTIIOBOMY I(OZ-)d)d)I/IUI/IeHTV.
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Ecnu o6mee ypaBuenue npsimoit Ax + By + C = 0 mpuBecTd K BUIY:

__Ax_C
Y B B
A C
¥ 0003HauuTh — - —=k; ——=5h; me. y=kx+b, TO NOIYYEHHOE YPABHEHUE HA3bIBACTCH
B

yYPaBHeHHEeM NPSAMOi ¢ YIJI0BbIM K03 punuentom K.

VYpaBHEHUE IPIMOM 10 TOYKE M HAIPABIAIOMIEMY BEKTODY.

ITo aHanorum ¢ IMyHKTOM, PAaCCMaTpUBAIOLIMM YpPaBHEHHME NMPSMOM 4epe3 BEKTOpP HOpMalu
MO>KHO BBECTH 3aJlaHUE MIPSAMOM 4Yepe3 TOUKY U HAIPABJIIFOLIUN BEKTOP IPSIMOM.
Onpenenenne. Kaxplii HeHyneBoil BeKTop d(ot1, 02), KOMIOHEHTBI KOTOPOTO YIOBJICTBOPSIOT

ycioBuio Ao + Baz = 0 Ha3bIBaeTCsl HANPaBJISIIOIIMM BEKTOPOM IMPSMOi
Ax+By+C=0.
[Mpumep. Haiitu ypaBHEeHHE NPSMOI ¢ HampaBIIstonM BeKTopoM d (1, -1) u nmpoxosieit uepes
touky A(1, 2).
YpaBHeHHEe HCKOMOH TpsiMoii Oyaem mckath B Bujae: AX + By + C = 0. B coorBercTBUU C

OIIpCACIICHUCM, K03(1)(1)I/II_II/IGHTH JOJIKHBI YIOBJICTBOPATH YCIIOBUSIM.

1.A+(-1)-B=0,Te. A=B.

Torna ypaBaenue npsimoit umeet Bua: AX + Ay +C =0, mm x +y + C/A=0.

npu X = 1, y =2 nonyuaem C/A = -3, T.e. HICKOMOE YpaBHEHHE!

x+y-3=0

YpaBHeHUEe OpsIMOU B OTPE3KAX.

Ecnu B oOmem ypaBuenun npsimoit Ax + By + C = 0 C # 0, To, pazaenus Ha —C, MOTyYHM:

AL B
C C
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['eomeTpuyeckuii cMbICil KOI(PGUIUEHTOB B TOM, YTO KOA(PGUIUEHT a SBISETCS KOOPAMHATOM
TOYKH IIEpeceUeHHs MPsIMOii ¢ ockio OX, a b — KoopauHATO# TOUKH IIepeceueHust MPpsiMoii ¢ ockio Oy.

[Tpumep.3anaHo obiee ypaBHeHHe npsiMoit X —y + 1 = 0. Haiftu ypaBHeHHE 3TOH TpsIMOi B

OTpE3Kax.
C: ,—E—FXZI’ a:'l, b:1.
1
HopmanbHoe ypaBHEHUE NPAMON.
1
Ecnn o6e yactu ypaBaenus Ax + By + C = 0 pa3nenuts Ha yucio = iﬁ » KOTOpOe
A" +B

Ha3bIBACTCA HOPMHUPYIOIIEM MHOKHTEJIEM, TO ITOJTYyYUM

XCoSQ + ysing -p =0

HOPMAJIbHOE YPAaBHEHUE MPSIMOM.

3HaK + HOPMHPYIOLIETO MHOKUTENS HaJl0 BEIOMpaTh Tak, 4To0s! -C < 0.
p — AJMHA NEepHEeHAUKYJApa, OMYLUIEHHOTO W3 Hayajla KOOpAMHAT Ha MpsMYyIo, a ¢ - yroi,

O6paBOBaHHBIﬁ 9THUM NECPHNCHAUKYIIAPOM C TOJOXKUTCIIBHBIM HAIIPaBJICHUEM OCH Ox.

[Tpumep./lano obuiee ypaBHeHue npsimort 12x — Sy — 65 = 0. TpeOyercss HanucaTh pa3iuyHbIE
THIIBI YPABHEHUM 3TON IIPSIMOM.

205
65 65y

* Y
(65/12) (—13)

YpaBHEHUE ITOU MPSMOM B OTPE3KaX:

ypaBHEHHE 3TON MPSIMOM C YTIIOBBIM KO3 (ULIMEHTOM: (IeIUM Ha 5)
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HOpPMaJIbHOE YPaBHEHHUE MIPSMON

U=——————=— —x—-—y-5=0; cose = 12/13; sing = -5/13; p = 5.

CJ'IeI[yeT OTMETHUTH, YTO HC KAXAYIO IPAMYIO MOXHO IPCACTaBUTh YpPaBHCHHEM B OTPE3Kax,

HaIlpuMmep, MpsAMBIC, TaPAJUICIIbHBIC OCAM HUJIU MMPOXOAAIIHNE YCPC3 HAYAJIO KOOPAUHAT.

H[!I/IMGQ.HpHMaﬂ OTCEKACT Ha KOOPAHMHATHBIX OCIAX PaBHBIC IIO0JIOXKHUTCIBHBIC OTPE3KH.

CocTaBUTh ypaBHEHHUE MPSMOM, €CIU IUIOMIAAb TPEYTOJIbHUKA, 00pa30BaHHOIO 3TUMHU OTPE3KaMU paBHa §
2

CM“.

VpaBHEHHME NIPSIMOI UMeeT BUA: > 4 2 —1, a=b=1; ab/2=8; a=4;-4.

a
a = -4 He TOAXOMT 110 YCIOBHUIO 3a/1a4H.
Hroro: f+Z:1Hon+y—4 =0.
4 4
[Ipumep.CocTaBuTh ypaBHEHHE MPSAMOM, Mpoxojasiieid uepe3 Touky A(-2, -3) W Ha4ago

KOOD/IMHAT.

X=X Y=

YpaBHeHUE NMPSMON UMEET BUL: = ,Tiex1= y1=0; X2=-2;y2=-3.
X=X V™ h
x~0 _y-0 ; S 3x—2y=0.
-2-0 -3-0 -2 =3

Yroxa MEXKAY NPAMBIMH HaA IMJIOCKOCTH.

Omnpenenenue.Ecnu 3amansl aBe npsambiey = KixX + by, y = kox + by, To octpsiii yron mexmy

OTUMU PAMBIMUA 6y216T ONPCACIATECA KaK

kz _kl
1+ kK,

ga =

JIBe nipsiMble mapaienbHbl, eciu K1 = Ko.
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JIBe mpsiMble mepreHauKyIspHbl, eciu K1 = -1/K.

Teopema.llpavvie Ax + By + C = 0 u Aixx + By + Ci1 = 0 napannenvhvl, koz2oa

nponopyuoraivisl kodgpuyuenmolt A1 = AA, B1 = AB. Eciu ewe u C1 = AC, mo npsimvle co8naoarom.

Koopaunatel TOYKM TiEpeceueHUsi JBYX NPSIMBIX HAXOASATCS KaK PpEIICHUE CHUCTEMBbI
YPaBHEHUUATUX MPSIMBIX.

YpaBHeHue npaMoON, OPOXOAdIIEd Yepe3 JaHHYIO TOUKY

OEepHEeHANKYILSIPHO JTAaHHOU IIPSIMOM.

Onpenenenue.lIpsmas, npoxoasmas yepe3 Touky Mi(X1, y1) U NepHeHAUKYISIpHAs K PAMOM y

= kx + bnpeacraBnsiercs: ypaBHEHHEM:

1
Y= Z_Z(x_xl)

PaccTosiHIE OT TOYKH A0 HDﬂMOﬁ.

Teopema.Eciu 3adana mouxka M(xo, yo), mo paccmosaunue 0o npamwou Ax + By + C =0

onpedeﬂﬂemc;z KakK

|Axo + By, +C|
d= .
NA? + B?

Joka3arenbcTBo.Ilycth Touka Mi(X1, y1) — OCHOBaHHE MHEPIEHIUKYISAPA, OMYLMICHHOTO U3

To4YKM M Ha 3aaHHYIO0 IIpsAMyt0. Torga paccrossHue Mexay ToukaMu M 1 Mai:

d =J(x, —x,)* + (7 = o)’ (1)

KoopauHaTsl X1 y1 MOTYT OBbITh Haii/IeHbl Kak pelieHne CUCTEMbl ypaBHEHHUI:

Ax+By+C=0
{A(y —Yo) = B(x=x,)=0
Btopoe ypaBHEHUE CHCTEMBI — 3TO YpaBHEHHE MPSAMOW, MPOXOASANIEN Yepe3 3alaHHyI0 TOYKYy Mo
MEPIICHAUKYIISIPHO 3aJaHHOU MPSIMOMA.
Ecnu mpeoOpazoBats iepBoe ypaBHEHHE CUCTEMBI K BUTY:
A(X —Xo) + B(y —Yo0) + AXo + Byo + C =0,

TO, pemasi, IOJy4YnM:
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A

X =X, I—W(Axo + By, +C),
B
Y=Y :_m(/bco +By, +C)

[ToncraBiss 3Ty BepakeHUs B ypaBHeHHe (1), Haxoqum:
p |Ax, + By, + C|
NA* + B®

TeopeMa noka3aHa.

[Tpumep.OnpeneauTs yroa MeXIy npsMbiMA: Y = -3X + 7; Yy = 2X + 1.

2-(3)
ki=-3; ka=2 tgp = |———=1; ¢ =n/4.
1 2 ge ‘1 ~32 ¢
[Ipumep.Ilokazars, uto npsimeie 3x — Sy + 7 =0 u 10x + 6y — 3 = 0 nepreHAUKYISIPHBEI.
Haxomum: k1 = 3/5, k2 =-5/3, kikz = -1, cnenoBatenbHO, psiMbIe MEPIICHANKYISIPHBI.
[pumep.Tansl Bepuunbl Tpeyroasauka A(0; 1), B(6; 5), C(12; -1). Haiitu ypaBHEHHE BBICOTHI,

MIPOBeICHHOM U3 BepIiuHbI C.

Haxomum ypaBHeHHe cTOpoHbI AB: X~ 0_ y__l; X _y=l.gx= 6y — 6;
6-0 5-1 6 4

2X—3y+3=0; y=2xt1.
3
Hckomoe ypaBHeHue BbICOTHI uMeeT BuI: AX + By + C= 0w y = kx + b.

k = —%. Torma y = 3 x+b. T.x. BeicoTa mpoxoaut uepe3 Touky C, TO ee KOOpAMHATHI
2

YIOBJIETBOPSIIOT JAHHOMY YPABHEHUIO: —] = _3 12 + b, oTKyna b = 17. Uroro: y= _3 x+17 .
2 2

Otser: 3X + 2y — 34 = 0.

Kpusrie BTOporo nopsaka.

KpI/IBaSI BTOPOTO MOpAJAKAa MOXKET OBITH 3a/laHa YpaBHCHUCM

Ax?+2Bxy+ Cy? + 2Dx + 2Ey + F = 0.

CymecTByeT cucteMa KOOpAMHAT (HE 00s3aTelIbHO JEKAPTOBA NPSMOYTOJIbHAs), B KOTOPOH

AAHHOC YPAaBHCHUEC MOXKCT OBITh MMpEaACTaBJICHO B OAHOM M3 BUIAOB, IPUBCACHHBIX HUXKC.
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2 2

X
1) —+°5 =1 - ypasuenue snmnca.
a b
Xy
2) —~+ b_ = -1 - ypaBHenue “MHUMOr0” FMIIHIICA.
a
Wy
3 e =1 - ypaBnenue runep6ossL.
a
4) a°x? - c?y? = 0 — ypaBHeHHE JBYX NEPECEKAIOIINXCS TIPSMBIX.

a
5) y? = 2pX — ypaBHEHHE MapaboIIbI.
6) y?—a?=0— ypaBHEHHE ABYX NapaUIeTbHBIX IPAMBIX.
7) y?+ @’ =0 - ypaBHeHHE IABYX “MHUMBIX” NAPaJIIETIbHBIX MPIMBIX.
8) y? =0 —mapa COBNANAIOMMX TIPIMBIX.
9) (x—a)?+ (y—b)?=R?— ypaBHeHHE OKPYKHOCTH.
OKpY»KHOCTb.

Xx—a)y+(y—-h)?=R°

B okpyxxHOCTH

LCHTP UMEET KOOpAMHATHI (a; D).

IIpumep.HaiiTn KoOpAMHATEI LIEHTPA U PAINYC OKPYKHOCTH, €CIIA €€ YPAaBHEHUE 33J1aHO B BUJIE:

2x% +2y* —8x +5y—4=0.

Jyi HaXOKCHUST KOOPIMHAT IIEHTPa M Paauyca OKPYKHOCTH JaHHOE ypaBHEHHE HEOOXOIMMO
IIPUBECTH K BUlY, YKa3aHHOMY BblIIII€ B I1.9. JIJi1 3TOro BbIAEIUM OJIHBIE KBAPATHI:
X2+y?—4x+25y-2=0
X2 —4x +4 4 +y?+ 25y +25/16 —25/16 -2 =0
(X — 2%+ (y + 5/4)2— 25/16 — 6 = 0
(x — 2)% + (y + 5/4)% = 121/16

Orciona naxoaum O(2; -5/4); R =11/4.

DiumIc.

Onpeneenne. JJIUINCOM Ha3BIBACTCS KpuBasi, 3alaHHAsl YPaBHCHUCM

2 2

X y 1

_I__
at b’

Omnpeaesnenue.PoxycaM HA3bIBAIOTCS TaKHE JBE TOYKH, CYMMa PACCTOSHHUM OT KOTOPBIX 1O

JIFO0OM TOYKU DJIJIUIICA €CTh ITOCTOSHHAS BEJIMYMHA.



y
1
17 7
\\ﬁoa\ X

F1, F2 — dokycer. F1=(c; 0); Fa(-c; 0)

C — TMOJIOBUHA PACcCTOSIHUS MEXIY (POKycamH,
a — OoJbIIast MOTYOCH;

b — manas momyocs.

TeogeMa.CDOKyCHoepaccmOﬂHue U NOJIYOCU IJIIUNCA CBA3AHBL COOMHOULEHUEM .

a?=b?+c%

Jloka3zareabCcTBO. B cjIydyac, €CJIu TO4YKa M HaxoguTcs Ha MNEepeCCUCHUMU OJIJIMIICa C

o 2 2
BEPTHKAIILHOM OChIO, I'1 + 2 = 2Vb” +¢” (o teopeme Iudaropa). B ciydae, ecnu Touka M Haxomurtcs
Ha MepPeceueHU  ALTUIICA C TOPU3OHTATIBLHOM OChIo, 1 + 2 = a — C + a + C. T.k. 1o omnpeneaeHuo cymma

'l + > — MOCTOsIHHAA BEJIMYMHA, TO , IPpUpPaBHUBAA, MoJy4YaeM:

a?=Db? +¢?

r+r;=2a.

Omnpeaeaenue.®opma  dummnca ONPENENseTCS  XapaKTEPUCTHUKOM, KOTOpas — SBISAETCA

OTHOIICHHUEM (I)OKYCHOFO pacCTOAHUSA K OOJIBIIIEH OCH M Ha3bIBACTCS IKCHCHTPUCUTETOM.

e=cla.

Txk.c<a,Toe<1l.

Omnpenenenune. Bennunna K = b/anaseiBaetcss k03 (PpUIIMEHTOM CKATHS DIUIMICA, @ BETHYHHA

1 -k = (a—b)/ana3pIBaeTcs caKATHEM DIUTHIICA.

Ko>((pUIIHenT cxaThs 1 SKCIEHTPHCUTET CBA3aHBI COOTHOIIeHNeM: K2 = 1 — €2,
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Ecmma=Db (c =0, e = 0, poKyChI CIUBAIOTCS), TO SJUTUIIC MPEBPAIIAETCS B OKPYKHOCTb.

2 2
. ‘xl yl 1
Ecau mna toukm M(X1, y1) BBINOIHAETCA ycloBHe: — T <l, To OHa HaxomuTCs BHYTPH
a b

2 2
xl yl 1
3JUINICA, a eci —; + b_2 > 1, To TOUKAa HAXOUTCS BHE DJLUIMUIICA.
a

Teopema./[na npoussonvrot mouku M(x, v), npunaonedxcaweii 3a1Uncy 6epHol COOMHOUEHUSL.

n=a-ex,n=a+ex.

Joka3zatenbcTB0.Bhinie Obuto MokaszaHo, yto 1 + 2 = 2a. Kpome Toro, u3 reoMeTpuyecKux

COO6pa)I(eHI/Iﬁ MOJKHO 3aI1ucarhb.

n=yx-c)+y’
7, :1/()c+c)2 +y2

\/(x—c)2 +y° +\/(x+c)2 +y’ =2a

ITocne Bo3BecHUS B KBaJApaT U IIPpUBCACHUS HO,I[O6HLIX clJlaracMbIX.

(x+¢)* +y* =4a’ —4a\(x—c)* +y> +(x—c)* +°
dex =4a’ —4ay(x—c)* +)°
\/(x—c)2+y=a—£x=a—ex.

a

AHaJIOri4HO JTOKa3hIBaeTCs, 9To 2 = a + eX. Teopema jgokasaHa.

C snnunicoM cBsi3aHbl JBE NMpsIMbIE, Ha3bIBaeMble AUpeKTpucaMu. X ypaBHeHHs:

X =ale; x=-ale.

Teopema./[na moeo, umobbl mouka nexcana Ha dAaunce, HeoOX00UMo U OOCMAMOYHO, YMoObl
OmHOWeHUe paccmosius 00 oKyca K paccmosiHuio 00 COOmMEemcmsyoueli. OUpeKmpucsl pagHsIOCH
IKCYeHmpucumemy e.

[Tpumep.CocTaBUTh ypaBHEHHME MpPsMOM, NpOXojdiield dYepe3 JeBbIH (OKYC M HUKHIONO

2 2

X_+y_:1
25 16

1) KoopauHaTs HIDKHel BepmuHEL: X = 0; Y2 = 16; y = -4,

2) Koopaunatsl ieBoro dokyca: c?=a?-b?=25-16=9; c=3; Fa2(-3; 0).

3) VYpaBHeHue MPSIMO, MPOXOISAIIEH Yepe3 ABE TOUKH:
x__O:y_M; i:y_“l; dx=-3y—12; 4x+3y+12=0
—3-0 0+4 —3 4

BCPIIMHY 3JIJIMIICA, 3aJaHHOI0 YPABHCHUCM:
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[Mpumep. CocrtaButh YypaBHeHue diuimica, eciu ero ¢okycel F1(0; 0), F2(1; 1), 6oabimas och

paBHa 2.
Wy
72

YpaBHEHHUE SIUINIICA UMEET BUA: —5 -5 = 1. Paccrosume Mexny doxycamu:
a

2¢ = /(1-0)? +(1-0)? =+/2, Takum o6paszom, a% — b? = c2 = %

10 yCJI0BHUIO 2a = 2, ciefoBaTenbHo a =1, b = Ja* —c =J1-1/2=+2/2.

2 2
X
Hroro: —+y— =1

1 1/2
['unepbona.

Onpenenenue.'mnep00J10ii Ha3bIBA€TCSI MHOYKECTBO TOYEK IIOCKOCTH, U KOTOPBIX MOJYJIb

PasHOCTU paCCTOﬂHI/Iﬁ OT JBYX HOAaHHBIX TOYCK, HA3bIBACMBbIX q)OKycaM]/l €CTh BCJIMYHMHA ITOCTOAHHA,

MCHbIIAA PACCTOAHUA MCIKAY Q)OKycaMI/I.

M(X, y)

r

/:5 S

c

Ilo onpenenenuto lri—r2l=2a. Fi, Fa— doxycsl runepbonsl. F1F2 = 2¢.

BriGepem Ha runep6oiie mpou3BoIbHYI0 TOukKy M(X, y). Torna:

r = 1/(x+c)2 +y2
T, = \/(x—c)2 +y2

\/(x+c)2 +y? —\/(x—c)2 +y> =2a
(x+c)’ +y> =4a’ +4a|(x—c)* +y* +(x—c)* + )’
da\[(x—c)* +y* =—4a’ +4xc

2 2 2.2 4 2 2.2
a(x—c)+a’y =a -2axc+xc
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a’x’ =2a’xc+a’c’ +a’y* =a’ -2a’xc+x’c’
a’x*+a’c’ +a’y’ —at —x*c’ =0
—x* (¢’ —a*)+a*(c* —aP)+a’y’ =0
x2(62 _az)_azyz =a2(c2 _a2)
0603HaunM c? — a% = b? (reOMeTpUUECKH 9Ta BEIUYMHA — MEHbIIIAS MOTYOCh)

212 2.2 2.2
ab”=bx"—-ay

2 2
a b

[Tosryunny KaHOHUYECKOE YpaBHEHHUE TMIIEPOOIIBL.
['mnepbona cHUMMETpUYHA OTHOCHUTENBHO CEpPEeIUHBI OTpe3Ka, COEAMHSIOMEro (OKychl
OTHOCHUTEIILHO OCEil KOOpIMHAT.
Ocpb 2a Ha3bIBaeTCs IEHCTBUTENBHON OChIO TUIIEPOOIIBI.

Ocb 2b Ha3pIBaeTCSI MHUMOI OCBIO THITEPOOJIBI.

I'unep0Oosa MMEET ABE ACHMIITOTHI, YPABHEHHS KOTOPBIX| y = +— x.

Q|

Onpenenenne.OTHOILICHNE e =£ > ] Ha3bIBacTCA IJKCIHCHTPUCUTECTOM I‘I/IHep60J'H>I, ric ¢ —
a

MIOJIOBMHA PACCTOSHUS MEXY OKycaMu, a — IEUCTBUTEIbHAS MOIYOCh.

C yueTom TOrO, uTO 2 — 2% = b2

2 2 2 2
, ¢ a +b° b

e =—=—=—
a2 a2 a2

Ecmma=Db,e= /2, 1o runepbosia Ha3pIBacTCS pABHOOOYHOM (PABHOCTOPOHHEI).

Onpenenenue./Ie mnpsiMble, MNEPHEHIUKYISIPHbIE JEHCTBUTENBHOM OCH TUIEpOONBl U

PaCIIOJIOKCHHBIE CUMMCETPHUYHO OTHOCHTCIBHO HEHTpa Ha PacCTOAHUU a/e or HEro, Ha3BIBAKOTCA

AUpeKTpucaMu runepoomnsl. X ypaBHeHUs: | x = +

Q|
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Teopema.Eciu I — paccmosinue om npouseonvhol mouku M eunepbonvi 00 Kakoz2o- aubo
gokyca, d — paccmosinue om moil sce Mouku 00 cOOMEeMCmayiouel IMoMy HoKycy OUpeKmpucol, mo

omnowenue rld — eequuuna NOCMOARHAA, pasHas IKCYeHmpucumenty .

Joka3zatenbcTB0.11300pa3um cxemMaTuyHo rumnepooiy.

y

ale d

x,y)

W3 04eBUIHBIX TEOMETPHIECKUX COOTHOILICHNI MOYKHO 3aMucash:
ale + d = X, cnenoBarensHo d = X — a/e.

(x—c+y =1

272
) _Xxb 2 2 _ 2 22
13 xaHOHMYECKOro ypaBHEHUs: V = —— -b , C yuerom b° =c¢“—a“:
a
212
2 2 2 2
ro=x"-2xc+c + : -b" =
a
2.2 2
X c
=x? —2xc+c’ + > —x*=c*+a’=|=x-a
a a
C
r=—x-—a

TormpaT.k.c/la=e, Tor=ex—a.

r o ex—a
Hroro: — = =e,
d a
x_i
e

Jlns neBoii BeTBU rumnepOoIIbl JOKa3aTeNbCTBO aHAJIOTHYHO. Teopema JIoKkazaHa.
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[Mpumep.Haiitn ypaBHeHue TUMEpOOSIBI, BEPIIMHBI W (POKYCHl KOTOPOH HaxomiTCs B

2 2

X
COOTBETCTBYIOILIMX BEPIIMHAX U (DOKycaX IILIIUIICA ? +—=1,

5
Tt soanica; ¢° = a2 — b2,

Jlns runep6onsr: ¢2 = a2 + b2,

y iy

-
N
<> \

2 2

Xy
YpaBHeHME rUnepOoJIbL: ? - ? =1,

[Tpumep.CocTaBUTh ypaBHEHHUE TUIEPOONBI, €CIM €€ SKCIEHTPUCUTET paBeH 2, a (HOKYChI

2 2
X

COBIIAZIAIOT ¢ (hOKYCAMH JILIHIICA C ypaBHeHHeM — +—— =1.

25 9
Haxomaum doxycHoe paccTostaEec? = 25 — 9 = 16.
Jnsrunep6omsr: ¢ = a2 + b? = 16, e=cla=2; c=2a; c2=4a% a’=4;
b?=16 -4 =12.

2 2
X

X
Urtoro: — — =1 - uckomoe ypaBHeHHE TUTIEPOOIIBI.

4 12

[Tapabora.

Onpene.neﬂne.l'[apaﬁonoﬁ HAa3bIBACTCA MHOKCCTBO TOYCK INNIIOCKOCTH, KaxKAaasd N3 KOTOPBIX

HaXOJUTCSI Ha OJJMHAKOBOM PAacCTOSHUU OT JAAHHOM TOYKH, Ha3bIBaeMOM (POKycoM, U OT JTaHHOH MpsAMOii,

Ha3bIBAEMOU TUPEKTPUCON B HE MMPOXOAAIICH uepe3 (pokyc.
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PacnonoxuM Havano KOOpJIAMHAT MOcepeInHe MEXIY (POKYCOM U JTUPEKTPUCOM.

AY
A M€

p/2 p/2

Benuuuna p (paccrosiHue oT (okyca 10 AUPEKTPUCHI) HA3BIBAECTCA NMapaMeTpoM NapadoJbl.

BriBeieM kaHOHUYECKOE ypaBHEHHE MapadoIIb.
W13 reomerpuueckux cootnomenuii: AM = MF; AM =X + p/2;
MF? = y2 + (x — p/2)?
(X +p/2)* = y? + (x - p/2)?
X2 +Xp + pAl4 = y? + X2 — xp + p?l4

y? = 2pX

VYpaBHEHUE TUPEKTPUCHL: X = -P/2.

[pumep.Ha mapa6ore y? = 8X HaifiTH TOUKY, paCCTOSHHE KOTOPOil OT UPEKTPHUCH PaBHO 4.
W3 ypaBHEeHUs1 TapaboIIbl Morydaem, 4to p = 4.
r =X+ p/2 = 4; cnenoBareabHO:
X =2; y*=16; y=+4. Uckomble Touku: M1(2; 4), Ma(2; -4).
3aiaHus K MPaKTHIECKON TTOITOTOBKE
3angaua 1. Jlansl Tpu nocienoBaTeNbHbIE BepIMHBI apaiuienorpamma A(1;2), B(-1;3),C(-4;-2). He
HaXO0JIs1 KOOPAUHATHI BepIIMHbI D, HalTu:

1) ypaBuenue cropons! AD;
2) ypaBHeHue BrIcOTh BK, omymienHoii 3 Bepuunbl B Ha ctopony AD,;
3) muny BeIcOTHI BK;
4) ypaBHenue auaronaiau BD;
5) TaHreHC yriia Mexay JUaroHalsIMH MapajieorpaMma.
3anucarpb o01IMe ypaBHEHUsI HAICHHBIX NPAMBIX. [10CTpOUTH uepTex.

3agaua 2. Jlans Toukn A(1;2;3), B(-1;3;5), C(2;0;4), D(3;-1;2). Haiitu:



2)
3)
4)
5)
6)
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1) obmiee ypaBuenue miockoctu ABC;
o01iee ypaBHEHUE IUIOCKOCTH, Ipoxosuieil uepe3 Touky D mapamnensho minockoctu ABC;
paccrosiue ot Touku D 1o muiockoctu ABC;
KaHOHUYECKHE ypaBHEHHUs Ipsimoil AB;
KaHOHUYECKHE YpaBHEHHUS MPSMOI, MPpoXosiiei yepes Touky D napamiensHo npsimoit AB;

o01iee ypaBHEHHE IUIOCKOCTH, Mpoxosuieil uepes3 Touky D nepnennukynspuo npsmoii AB.

2
3agaua 3. YpaBHeHue BTOpPOro mnopsjaka 2X +9y2 -4x+6y+2=0 IIyTEM BBIIEICHUS ITOJIHOTO

KBaJipaTa MPUBECTH K KaHOHUYECKOMY Buy. [locTpouts KpuByto, onpeneasieMyto STUM YpaBHEHHEM.

1)

2)
3)

3anaua 4. KpuBas 3a1aHa B IOJISIPHON CUCTEME KOOPAMHAT YPABHEHUEM p = 3¢ .

Tpebyercs:

HalTM TOUKH, NeXallie HAa KPUBOH, 1aBas (0 3HAYECHHS depe3 NPOMEKYTOK, PaBHBIH -,
8

Ha4uHasi OT ¢ =0 10 ¢ =27,
IIOCTPOUTH MOIYYECHHBIE TOYKHU;
MOCTPOUTH KPUBYIO, COSJIMHUB IMMOCTPOCHHBIEC TOUKH (OT PYKH WM C TIOMOIIBIO JIEKaa);

4) coCTaBUTh YpaBHEHHE STON KPUBOM B MPSIMOYTOJIbHOM JEKapTOBOM CUCTEME KOOPIMHAT.
33113‘[3 5. HOCTpOI/ITB Ha IINIOCKOCTH TICOMCTPUYCCKOC MCCTO TOYCK, OIIPCACIIICMOC
HEpPaBEHCTBAMH
1<x<2
x<y<2x'
, y<4/9-x?
) x>0,y>0

Bompocs! k 3aHsATHIO 5

Yro Takoe ypaBHEHUE JIUHUU?

Yro Takoe kacarenabHast K KpUBOU?

Kakue kpuBble Ha3bIBalOT KPUBBIMU BTOPOTO MOpsiAKa?

Kakue xpuBbie BTOpOro nopsizika Bam U3BECTHBI?

3anucarh ypaBHEHUE MapadoJIbl.

3anucaTh ypaBHEHHE DIUIMIICA.

3anucarh ypaBHEHUE OKPY>KHOCTH.

Kak noctpouTts kKacaTenbHyo K KpUBOM 2 nopsiaka?

Kak coctaBuTh ypaBHeHHE NEPHIEHAUKYISIpa K MPSMON B TOUke?
10 UYro Takoe oKychl KpUBBIX BTOPOTO MOpsiaAKa?

©COoNo R WDRE
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IIpakTnyeckoe 3ansaTue Ne 6. Ilpemen ¢ynkuun. OCHOBHbIE TeopeMbl O Ipeaesax.
PackpbiTHe HeomnmpeaejieHHOCTH. 3amMeuaTesibHble Npeaebl. BolunciieHne mnpeaeaoB ¢ MOMOIIbIO
3aMevaTe/bHbIX Npe/1esioB.

IIpenen GyHKIIMU B TOUKE.

y \ f(x)
A+e I !
A R
A-e |
01 a- g+ AX
[Tycte dhynkuus f(X) onpeneneya B HEKOTOPOI OKPECTHOCTH TOYKHU X = a (T.€. B CAMOM TOYKE X = a

(GyHKIUS MOXET OBITh M HE OTpE/IeIICHA)

Onpenenenue.Huciio A Ha3siBacTcs nmpeaesiom Gyukimu f(X) mpu x—a, ecinu s aroodoro €0

CYLICCTBYECT TAKOC YUCIIO A>0, YTO IJIA BCEX X TAKHX, YTO

0<|x-al<A

BEPHO HEPaBEHCTBO | f(x) - Al <e.

To xe OIIpCACIICHUEC MOXKET OBITh 3aIIMCAHO B JAPYroMm BUIE:

Ecnm a - A<x<a + A, X#a, TO BepHO HepaBeHCTBO A - e<f(X) <A + ¢.

3anuck npenena GpyHkuud B touke: lim f(x) = 4

Onpenenenune.Ecmu f(X) —>Ainmpu x — a Tonmbko mpu X<a, To lim f(x) =4, - Ha3pIBaeTcs

x—a—-0
npeneiaom Qyakmuu f(X) B Touke X = a cieBa, a ecnuf(X) —>Aonpu X — a TOIBKO MpHU X>a, TO

lim f(x)= A,Ha3piBaetcs mpeneaom GpyHkuuu f(X) B Touke X = a cnpasa.

x—a+0
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[IpuBeneHHOE BBIIIE ONMpPEIC/ICHHEe OTHOCUTCS K citydaro, koraa Gyuknus f(X) He onpezesneHa B

CaMoO# TOYKE X = a, HO OIIPE/Ie]IEHa B HEKOTOPOU CKOJIb YTOAHO MaJIOM OKPECTHOCTH ITOU TOYKHU.

[Mpenensbl A1 Az Ha3bIBAIOTCS TAK)Ke OJHOCTOPOHHUMH peneaamu ¢yukiun f(X) B Touke x = a.

Takoke roBOpsIT, uTO A — KOHeYHbIii npexes ¢pyukiun f(X).

HDCI{GJI d)VHKIlI/II/I npu CTPEMJICHHUHN apryMCHTA K OCCKOHEUYHOCTH.

Onpenenenue.Uuciio A HaspiBaeTcs mpeaesom dyakmuu f(X) mpu x—o0, ecnu it 1r000T0

arcina €>0 cymectByer Takoe unciio M>0, 4to st Beex X, | x | >MBBIIONHsETCS HEpaBEHCTBO
4-f(x)|<e
[Tpu 3TOoM npenonaraercs, uto GyHKIws f(X) ompeaeneHa B OKPECTHOCTH OECKOHEYHOCTH.
3anuchIBaloT: h_I}l f(x)=A
ey

AHaJOrM4YHO MOXHO ONpEeAeNuTh npenensl m f(x) = A4 nis moboro x>Mu
X—>+0

lim f(x)= A nnaaroboro x<M. I'padmueckn MOXKHO NPEICTaBUTh

xX—>—00

OCHOBHBIE TEOPEMBI O IpeAcaax.

Teopemal.lim C = C, rae C = const.

X—a
Crenyromuye TeopeMbl CIPaBEIUBBI MPH Tpeanoiokennu, uto Gyaknuu f(X) u g(X) umeror

KOHCYHBIC IIPCACIIBI IIPHU X—>a.
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o

3

j
b
o
e

Teopema2. lim (/(x) £ g(x)) = lim f(x) £ lim g(x)
I[OKaSaTCJ'ILCTBO 3TOH TCOPCMBI 6y,Z[CT IIPpUBCACHO HUIKC.

Teopema 3. %[f(x) -g(x)] = &12}1 f(x)- 133 g(x)

CaeacrBue.lm C- f(x) =C-lim f(x)

i S0 Elj}]f (x)
o g(x)  lm g(x)

Teopema 4. mpu lim g(x)#0

Teopema 5.Ecau f(X)>0 661usu mouku x = a u lim f(x)= A, mo A>O0.
Awnanoruyso onpenensercs 3Hak npeaena mpuf(x) <0, f(x) > 0, f(x) <O0.

Teopema 6.Ecau g(X) <f(x) <u(x) sbnusu mouxku x = a u lim g(x) =lm u(x)=A, mou im = 4

x—>a

Onpenenenue. Oynkius f(X) HaspiBacTcs OrpaHMYeHHO BOJIM3HM TOYKH X = a, €CJIH

CyIIECTBYeT Takoe uucio M>0, yto | f(x) | <MB6mM3H TOUKH X = a.

Teopema 7.Eciu ¢ynxyus f(X) umeem xoneunwiii npeden npu x—»a, mo oHa oepaHuyeHa eoau3uU

mMo4YKU X = a.

JokazaTeaberso.ITycts im f(x) = A4, T.e. | f(x)- A| < &, Torma

F () =|f ()= A+ A <|f(6) = A +|4] mm
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, T.€.

[f(x)|<e+]4

/()] <M, rieM=¢+ |Al

HekxoTopble 3aMedaTebHbIE Mpeaeabl.

P(x)
lim , taeP(X) = aoX" + aix™! +.. .+an,
X—>00 Q(x)
Q(X) = box™ + b1Xm-1 +...+bm - MEHOrOUIEHBI.
a a a a
x"(ay +—+..+-1) ay+—+..+—
P(x) — X xn — xn—m X Xn
b b b b
0(x) x"(by + L+t ) by + 4.+
m m
X X X X
a
ay+—+...+
lim —— X' _ %
X—>0 bl b
by+—+. 4+ 70
X x"

0, npu n<m

Hroro: ]jm@: a—o, npu n=m
=0 O(x) | b,
o, npu n>m

IlepBblil 3aMedaTeIbHBLIN IpeaeI.

]jmsmle

x—0 X

. . ) I
Bropoii 3amMeuaTebHbII npexesa. im (1 + —j =e

X—>0 X

YacTo ecnu HETmoCpeICTBEHHOE HAaXOKACHUE Tpeenia Kakoil — 0o QyHKIMU mpeacTaBiseTcs
CJIOKHBIM, TO MOXHO ITyTEM npeo6pa3OBaHI/1$[ Q)YHKIH/II/I CBCCTHU 3ada4y K HAXOXKIACHUIO 3aMCYATCIIbHBIX
IPEJIeIIOB.

Kpome Tpex, n3i0KeHHBIX BBIIIE, TPEIEIOB MOKHO 3aITUCATh CIETYIONINE TOJIe3HbIe Ha MPAKTUKE

COOTHOILICHUS.
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l].m]n(1+x):1; fim _l—lna; h.m(l-i-x) _I:m

x—0 X x—0 X x>0 X

[Ipumep.Haiitu nipenen.

im tgmx —fm M _m

=0 smn nx 0 px n
[Ipumep.Haiitu npenen.
. tgx—1gx ) sin( x —x .osmn(x—x,) .. 1 1 1
lim EX — 18X — lm ( 0) _ ( 0)-11m =l — =
=X X=X, ¥ (X —X,)COSXCOSX, *>% X=X, *>% COSXCOSX, Cos” X, COS” X,

[Ipumep.Haiitu nipenen.
2 .

. ———sin(z/4—x) .

Sin X — cos x . J2 . —sin(zr/4—x) 1
x—>r/4 T —4x x—>r/4 T —4x x—>/4 2\/5(71-/4_)() 2\/5

ITpumep.Haittu nipenen.
y=r/2-x P _ |

cosx _ x=zl2—y _1 cos(m —y):ﬁmsmy:_

xo7/2 g —2x 0 2y y—0 y 2
T=2x=rwr—-m+2y
ITpumep.Haittu nipenen.

13\ gy [P L4) 4Y 4\
]jm[x J :]jm(x j —dx>owo t=tm| 20| —fm|1+2| hm|1+2| =
e | xX—®© x—1 Yoo y Yoo y Yoo y

Yy —=>®©
1 4z 1 z 4
={Z=1}=ﬁm(1+_j =[ﬁm(l+—}} _ et

4 Z—>0 Z Z—>0 Z

x> —6x+8

[Tpumep.Haittu npenen ——.
e -2 x2 —8x +12

I[J'I}I HaXOXKIACHUA 3TOr0 nNpeaciia pas3jyio’KuM Ha MHOXKUTCIIM YUCIUTCIIb U 3HAMCHATCIIb JIaHHOM

apoou.
X? —6X + 8 =0; X% —8X + 12 =0;
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D=36-32=4; D =64 - 48 = 16;
X1 = (6 +2)/2 =4, X1= (8 +4)/2 =6;
X2=(6-2)/2=2; X2=(8-4)2=2;

1].m(x—2)(x—4):]jmx—4:2:1
=2 (x=2)(x—-6) ~2x-6 4 2

Torna

IIpumep.Haittu nipenen.

. \/1+x+x2 —\/1—x+x2
hm 2

x—0 X —x

JOMHOXHUM YUCIINTCIIb u 3HaMCHATCJIb I[pO6I/I Ha

I+x+x?—14+x—x2 2x

COMPSKEHHOEBBIPAXKEHHE:  lim = [im
0 x(x—l)(\/ler+x2 +\/1—x+x2) 0 x(x—l)(\/leerx2 +\/1—x+x2)

__ 2
To1-(1+1)

ITpumep.Haittu nipenen.

2_ —_— —_— F—
lim¢:{x2—5x+6=(x—2)(x—3)}=lim(x Dx-3) _3-2_1
=3 x7 =9 =3 (x=3)(x+3) 3+3 6

X —6xt+11x-6

x>l xP=3x+2

[Ipumep.Haiitu npenen

PaznoxuMm YuciauTeNns U 3HaMeHaTellb Ha MHOYKUTENH.
X-3x+2=(X-1)(x-2)
x3—6x% + 11x— 6 = (X — 1)(X — 2)(x — 3), T.K.

X3 —6x2+11x—6 x-|1
X2 —x%%-5x + 6

- 5XEF TIX

- 5x% + 5x
6X - 6

6X - 6

x?—5x+6=(x—2)(x—3)

fim (x=D(x-2)(x-3) _
-l (x=1)(x—-2)

Torna
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[Tpumep.Haittu npenen.

. 2a+2h 2h
n

. e . 2s os——2sin(a+h) . B
h.msm(a+2h) 251211(a+h)+sma=h.m 2 22 _hmZSm(a+hz(cosh 1):
h—0 h h—0 h h—0 h

-2
= 2lim sin(a -+ )- lim ZSm—(}zZ/Z)z a-(—1/2)=—sina
h=>0 A(h/2)

j— p— 2_ —
x® —2x* —4x+8 _jim (x° =4)(x 2):Iim X+ 2

lim = - He omnpeneneH, T.K. IIpH
o2 3x* _16X° + 24x% 16 2 (X—2)°(3x+2) 2 (x—2)(3x+2) pedt P
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Bomnpocs! k 3aasTHIO 6

Uro Takoe npenen GyHKIuu?

Kaxkast pyHkmus Ha3pIBaeTCs OrpaHUYEeHHOMN ?
Ilepeuncnnure OCHOBHBIE CBOMCTBA MPEEIIOB.
Kak naiitu npenen npocredmmx GyHKIH?

Kaxk JIMKBUIMPOBaTh HEONPEIEICHHOCTD 00/00 MPH HAXOXKICHHUHU TIpejiesia?

o gk~ wnh -

Kak nuxBuanpoBats HeonpeaeneHHocTs 0/0 mpu Hax 0k IeHUH Tpeserna?

IIpakTnueckass padora Ne/. BoluncieHue 0JHOCTOPOHHHX IPENEJIOB, KiaccHpuKanus
TO4YeK pa3pbIBa.

HenpepbIBHOCTD d)VHKHI/II/I B TOYKC.

Omnpenenaenue. Oynknus f(X), onpeneneHnas B OKPECTHOCTH HEKOTOPOH TOYKU X0, HA3bIBACTCS

HenpepbIBHOI B TOYKeE X0, €CJIM Ipe/ien (PYHKINU U ee 3Haue€Hue B 3TON TOUKE PaBHBI, T.€.
lim f(x) = f(x,)
X=X,

ToT ke pakT MOXKHO 3anucaTh nHaue: lim f(x)= f(lm x)
X—>Xo XX,

Omnpenenenune.Ecmu pynkuust f(X) ompeneneHa B HEKOTOPOH OKPECTHOCTH TOYKH Xo, HO HE

SBJIIETCS. HENPEPHIBHOW B CAaMOM TOYKE X0, TO OHA HA3bIBAECTCS Pa3pbIBHOM (yHKIMEH, a Touka Xo —

TOYKOH pa3pbIBa.

[Tpumep HenpepbIBHON (YHKIUU: y

f(xo)+e

f(xo) /
f(Xo)-¢ !

0 Xo-AXoXo+AX
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[Tpumep pa3pbiBHON (DYHKITUH:
y
f(xo)+e
f(Xo)

f(x0)-¢

Xo

/

X

Onpenenenne. Oynkuus f(X) HasbiBaeTcss HenpepbIBHOIL

B TOYKC Xo, CCJIHM A JIF000T0

MOJIOKUTENLHOro uncia £>0 CYHIECTBYET TAKO€ YHCIO A>0, qyTO 1JId JTFOOBIX X, YAOBJICTBOPAIOMIUX

YCIIOBUIO

|x—x0|<A

BEPHO HEPABEHCTBO | f(x)=f(x, )| <€,

Omnpenenenne. Dynkius f(X) Ha3piBaeTCs HeNMPEPBIBHOM B TOYKE X = X0, €CJIM NPUPAIICHHE

(bYHKI_[I/II/I B TOYKE X0 SABJIIETCS OECKOHEYHO MAJION BEIMYHMHOM.

f(x) = f(xo) + a(x)

rae o(x) — 6ECKOHeUHO Mamasi Ipu X—>Xo.

CBoWcTBa HENIPEPBIBHBIX () YVHKIHI.

1) CymMa, pa3HOCTh M NPOU3BENECHUE HENPEPBIBHBIX B TOUYKE Xo (QYHKIMH — ecTh (yHKIuS,

HENpPEpbIBHAS B TOUYKE X0.

f(x)

2) YactHoe ABYX HENpEepbIBHBIX (PYHKIMNA ~— — — €CTh HemnpepbiBHAsA (QYHKLHUS MPU YCIOBHH, UTO

g(x)

g(X) He paBHA HYIIIO B TOUKE X0.

3) Cynepro3uiysi HeNpepbIBHBIX (PYHKIMI — ecTh HenpepbIBHAs (QYHKIIUS.

DTO CBOMCTBO MOXKET OBITH 3aMMCAHO CJIEIYIONUM 00pa3oM:

Eciu u = f(X), v = g(X) — HenpepbiBHBbIE QYHKIIUK B TOUKE X = Xo, TO pyHkuus V = g(f(X)) — Toxe

HenpepbIBHAI(PYHKIUS B 3TON TOUKE.

CHpaBCIlJlI/IBOCTB MMPUBCACHHBIX BBIIIC CBOMCTB MOXKHO JIETKO JA0Ka34aTb, UCIIOJIB3YSA TCOPCMEI O

npeenax.

HGHDGDBIBHOCTI) HEKOTOPLIX JIEMCHTAPHBIX d)VHKI.[I/IfI
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1) ®yuxmus f(x) = C, C = const — HenpepsiBHas (QYHKIMS Ha BCCH 00JacTH ONMpEIeIeHuUs.

4
a,x" +ax" +..+a

2) PanrionanpHas GyHkius f(x) = HEeMpephIBHA TSI BCEX 3HAYCHHUN X, KPOME

box" +bx"" +..+b,
TeX, MPU KOTOPBIX 3HAMEHATEIh 00paIaeTcsi B HOJIb. TakuM 00pa3oM, (GYHKIHS 3TOTO BHJIA HETIPEPHIBHA
Ha BCcel 00JIaCTH ONpeIeICHUS.
3) Tpuronomerpudeckue GpyHKIUHU SINKU COSHETTPEPBIBHBI HA CBOCH 00JIACTH ONPE/ICIICHUS.
JlokaxeM cBOMCTBO 3 st QyHKIUH Y = SINX.
3anuiieM npupaiieaue GyHkimu Ay = Sin(X + AX) — SINX, win nocje npeodpa3oBaHus:

Ay =2cos x+g sin —
2 2

lim Ay =2 lim| cos )cﬁthsing =0
Ax—0 2 2

Ax—0

JlelicTBUTENEHO, UMEETCS TpeAes MPOU3BEACHUs NBYX (DyHKIuMi COS x+7 u Sjn%. [Ipn

Ax
3TOM (YHKIIUSI KOCUHYC — OrpaHndeHHast pyHkuus npu Ax—0 (cos| x + EX <l,artk.

npeaci q)YHKIII/II/I CHHYC lim sin & = (0, TO OHA ABJISICTCS 0ECKOHEYHO MaJION npu Ax—0.
Ax—0 2

Takum oOpa3oMm, HMeeTcs MNPOM3BEIEHUE OrPaHWYEHHOM (QYHKIMM Ha OECKOHEYHO Maliylo,
CIIeZIOBAaTENIbHO 3TO TMpou3BelAeHHe, T.e. (PyHKIuss Ay — OeckoHeuHO Mainas. B coorBercTBUM C
PAcCMOTPEHHBIMHU BBIIIIE ONpeNesieHUIMU, QYHKIUS y = SINX — HemnpepbiBHAS (QyHKIUSA IS JIHOOOTO
3HA4eHUs X = X0 M3 OOJIaCTH OmpeseNeHHs, T.K. €€ MPUpAILIeHue B 3TOW TOUKEe — OECKOHEYHO Masas
BEJIMYHHA.

Touknu pa3pbiBa U UX KJ'IaCCI/Id)I/IKaIH/IH.

Paccmorpum HekoTopyro ¢dyHkuuio f(X), HemnpephiBHYIO B OKPECTHOCTH TOYKH X0, 3a
UCKJIFOYEHUEM MOXET OBITh caMoil 3TOH Touku. M3 onpeneneHust TOUKM pa3pbiBa QYHKIHMHU CIETyeT, 4TO X
= X0 SBISIETCSI TOYKOHN pa3pbiBa, ecii (YyHKIHUS HE ONpe/eNeHa B ATOW TOYKE, MM HE SBISIETCS B HEl
HEIMPEPBIBHOM.

Creayer OTMETUTh TaK)Ke, YTO HEMPEPHIBHOCTh (PYHKIIMU MOXET OBbITh OJHOCTOpOHHEH. [ToscHuM
3TO CIIEYIOIUM 00pa3oM.

Ecnu omgHOCTOpOHHMIT mpenen (CM. BBIIIE) ]jmo f(x)=f(x,), To GyHKUMS Ha3bIBACTCS
x—x+

HEIPEPBIBHOM CITPaBa.
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s

Ecnu ognoctoponHMil mpenen (CM. BBIIIE) ]jm0 f(x)=f(x,), T0 ¢yHKUUSA Ha3bIBaeTCA
X—>x—

HEINPEPBIBHOM CJIEBA.

X0

Omnpenenenue.Touka Xo Ha3bpIBaeTCs TOUKO# pa3pbiBa ¢yukiuu f(X), ecinu f(x) He onpeznenena

B TOYKE X0 HUJIN HE ABJISICTCA HGHpCpBIBHOfI B OTOM TOUYKE.

Onpenenenue. Touka Xo Ha3bIBa€TCS TOYKOM pa3pbiBa 1- ro poaa, eciu B 3TON Touke QyHKIUS

f(X) umeeT KoHEUHBIE, HO HE PaBHBIC JAPYT APYTY JIEBBII U MPABBI MPEACIBL.

lm /()% lm | f(x)

X—>x9+0
J71s1 BBITIOJTHEHUSI YCIIOBHUH 3TOTO OIpeesieHus He TpeOyeTcsi, uToOb! (hYHKITUS Oblia ompe/ereHa B
TOYKE X = X0, JIOCTaTOYHO TOTO, YTO OHA OIpEJIeNIeHa CJIeBa U CIpaBa OT Hee.
W3 onpeneneHust MOXKHO CAENaTh BBIBOJI, YTO B TOUKE pa3pbiBa 1 — ro poaa GyHKIIHUS MOXKET UMETh
TOJIbKO KOHEYHBIH CKayoK. B HEKOTOPBIX YaCTHBIX CIy4asX TOUKY pa3pbiBa 1 — ro poja elie MHOTIa
HA3BIBAIOT YCTPAHUMOI TOYKOM pa3peiBa, HO MOAPOOHEE 00 ITOM TOTOBOPUM HIIKE.

Omnpenenenue. Touka Xo Ha3bIBa€TCAd TOYKOW pa3pbiBa 2 — ro poja, €ciu B 3TON Touke (PyHKUIUA

f(x) He umeeT x0T OBI OAHOTO U3 OAHOCTOPOHHHX MPEEIIOB MM XOTS OBl OJMH U3 HUX OECKOHEUEH.
[pumep.dynkus dupuxne (Aupuxne [lerep 'ycraB(1805-1859) — Hemeukuii MaTeMaTHK, 4iICH-
koppecnonnieHT [lerepOyprekoit AH 1837r)
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I, x— payuonanvroe uucno

-]

0, x-—uppayuonamnoe yucio

HE SIBJISIETCS HEMPEPhIBHOU B JTH000M TOUKE Xo.

[Mpumep.Oyukus f(X) = 1 imeer B Touxe x0 = 0 TOUKy pa3zpsiBa 2 — ro poja, T.K.
X

lim f(x) =405l f(x)=—0.

x—0+0

~10

sin x

[Mpumep.f(x) =

X

OyHKIMS HEe ompeneneHa B Touke X = (, HO UMeeT B Hel KOHeuHbIM mpenen lim f(x)=1, T.e. B
x—0

touke X = 0 (yHKIUS UMEET TOUKY pa3peiBa 1 — ro pojga. To — ycTpaHUMasi TOYKa pa3pbiBa, T.K. €CIU
JIOONPENEIUTh (QYHKIUIO:
sin x

—, npu x#0

f=1 x~’
1, npu x=0

I'paduk sToii pyHKIIMU:
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-1

Ota ¢yHKuuMs Takke o0o3Hadaercs Sign(x) — 3Hak x. B Touke X = 0 GyHKIMS HE ompeeieHa.
T.K. neBbIi 1 TPaBBIN TIpeIeNbl GYHKIIMH PAa3IUYHbI, TO TOYKA pa3peiBa — 1 — ro poxa. Ecim noonpenenutsb
byukuo B Touke X = 0, monoxus f(0) = 1, o pyHkuus OyneT HenpepbiBHA cripaBa, eciiu moyokuTh F(0)
= -1, To ¢yHkuMsa OymeT HempepblBHOW clieBa, ecnu monoxkuth f(X) paBHOe KakoMmy- MO0 YHCIYy,
oTIM4HOMY OT 1 mnu —1, To QpyHKIMs He OyIeT HenmpepblBHA HU ClI€Ba, HU CIIpaBa, HO BO BCEX CIIydasx
TeM He MeHee OyaeT umeTh B Touke X = 0 pa3peiB 1 — 1o poma. B aTom npumepe Touka paspsiBa 1 — ro
poJia He SBIIAETCS yCTPAaHUMOM.

Taxum o6pazom, JUIst TOro, 4ToObl TOUKa pa3pbiBa 1 — ro poaa Obljla yCTpaHUMOH, HEOOXOIUMO,
YTOOBI OJIHOCTOPOHHHUE MPEJEIIbI CTIpaBa U clieBa ObUIM KOHEYHBI U PaBHbI, a (QYHKIUS Obuia OBl B ATOU

TOYKE HC OIIPCACIICHA.

HenpepbIBHOCTH d)VHKHI/II/I Ha MHTCPBAJIC 1 HA OTPE3KC.

Onpeneaenue. Oyukius f(X) Ha3pIBacTCS HenmpepbIBHOI HA MHTEpPBAaJie (0TPe3Ke), ECIIH OHA

HeTIpephIBHA B JIFOOOW TOYKE MHTEPBaIA (OTPE3Ka).

[Ipu »TOM He TpeOyercss HENMPEPHIBHOCTh (PYHKUMH HAa KOHIAX OTpe3Ka WM HHTEpBala,

H€O6XOJII/IMa TOJIBKO OJHOCTOPOHHAA HETIPCPLIBHOCTH HAa KOHIIAX OTPE3Ka WJIIM MHTCpBAJa.
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CBolicTBa (hYVHKIMHA, HENIPEPLIBHBLIX HA OTPE3KE.

CeroiictBo 1: (TTepBast Teopema Beiiepiirpacca (Betiepirpace Kapn (1815-1897)- nemenxwuii
MaTeMaTHk)). OyHKIUsA, HePEphIBHAS Ha OTPE3KEe, OrpaHHUYCHA HAa 3TOM OTpe3Ke, T.e. Ha oTpeske [a, D]
BhINosHseTCs yciaoue —M<F(X) <M.

Jloka3aTeabCTBO ITOTO CBOMCTBA OCHOBAaHO Ha TOM, YTO (DYHKI[HMS, HEHpPEphIBHAS B TOYKE Xo,
OrpaHUYeHa B HEKOTOPOH e OKPECTHOCTH, a €CJIM pa30uBaTh OTpe30K [a, b] Ha GeckOHEYHOE KOIMYECTBO
OTpPE3KOB, KOTOPBIC “‘CTATUBAIOTCS” K TOYKE X0, TO 00pa3yeTcss HEKOTOPasi OKPECTHOCTh TOYKH X0.

CaoiictBo 2:®DyHKuus, HenpepbiBHAs Ha orpe3ke [a, D], mpuHMMaer Ha HeM HaumOoJblIee H
HaMMEHbIIICE 3HAUCHHMS.

T.e. CylIeCTBYIOT TaKue 3HAYCHUS X1 U X2, uTof(X1) = m, f(X2) = M, npuuem

m<f(x) <M

OT™eTHM 3TH HauOOJIbIIME U HAUMCHBIINE 3HAUCHUS (DYHKIIUS MOXKET MPHHAMATh Ha OTPE3KE W
HEeCKoJIbKO pa3 (Hampumep — f(X) = sinx).

PazHocTh MeEXIy HamOOJIBIIMM M HAMMEHBIIMM 3HAuYCHHEM (YHKIIMM Ha OTPE3KEe Ha3bIBACTCS
KoJie0aHueM (QYHKIIUH Ha OTPE3KE.

CaoiictBo 3: (Btopas Teopema Bonbrano — Kormm). ®yHkius, HenpepbiBHAsS Ha oTpeske [a, b],
NPUHUMAET Ha 3TOM OTPE3KE BCE 3HAYCHUS MEXK/TY JIBYMSI IPOU3BOJILHBIMU BEITMYMHAMH.

CaoiictBo 4:Eciu ¢ynkums f(X) HenpepblBHA B TOYKE X = X0, TO CYIIECTBYET HEKOTOpas
OKPECTHOCTh TOYKH X0, B KOTOPOH (DYHKIIHSI COXPaHsIET 3HaK.

CaoiictBo_5: (TlepBas Teopema bombriano (1781-1848) — Komm). Ecmu  ¢ymkius  f(x)-
HempepbiBHAs Ha oTpe3ke [a, D] u mMeeT Ha KOHIAX OTpe3Ka 3HAYCHHS MPOTHBOIOIOXKHBIX 3HAKOB, TO
CYILIECTBYET TaKasi TOUYKa BHYTPH 3TOro oTpe3ka, rae f(x) = 0.

T.e. eciusign(f(a)) = sign(f(b)), ToIxo: f(xo) = 0.

Onpenenenue. Oynknus f(X) Ha3pIBacTCS pABHOMEPHO HENPEPBIBHOI Ha oTpe3ke [a, b], ecau as

nroboro €>0 cymectByer A>0 Takoe, 4To JUIs JTOOBIX TOYEK X1€[a,b] u X2€[a,b] Takux, uro
|x2 —x1]<A

BEPHO HEPABEHCTBO | f(x2) — f(x1) | <e

OTnuuue paBHOMEPHOI HENPEPHIBHOCTU OT “O0BIYHON” B TOM, UTO IS JItOOOTO € CYIIECTBYET

CBOE A, HE 3aBHCSIIIEE OT X, a IPH “00BIYHON” HEMPEPHIBHOCTH A 3aBHCHUT OT € U X.



68

CroiictBo__6: Teopema Kanrtopa (Kantop I'eopr (1845-1918)- Hemernkuii MaTeMaTHK).
@OyHKIMS, HeNpepbIBHAS HA OTPE3KE, PABHOMEPHO HEMPEPhIBHA HA HEM.

(D10 CBOMCTBO CIPABEIIMBO TOJILKO Il OTPE3KOB, a HE JIJIsl MHTEPBAJIOB U NOJYUHTEPBAJIOB.)

LIpumep. y = sin 1

x
] - \
- ~
- \
o.[#] |- —~——
: \\\~
-3 -2 -1 - 1 2 3
_\\\ ) | :
\\ s
~
~

Oynkmug y = sin 1 HenpepbiBHa Ha uHTepBaie (0, a), HO HE SBJIIETCS HA HEM PABHOMEPHO
X

HCHpCpHBHOﬁ, T.K. CYIICCTBYCT TAKOC€ 4YHUCIIO A>0 TaKoO€, 4TO CYHICCTBYIOT 3HAUCHUA X1 H X2 TaKHC,

aro| f(x1) — f(x2) | >¢, € - M060e 1mCIO IPU yenoBUM, UTO X1 U X2 GIIU3KH K HYIIIO.

CaoiictBo_7: Eciu ¢dynkuus f(X) ompereneHa, MOHOTOHHAa W HEMpPEpbIBHA HAa HEKOTOPOM

POMEXYTKe, TO U oOpaTHas el GpyHKIws X = g(Y) ToKe 0JHO3HAYHA, MOHOTOHHA U HETIPEPHIBHA.

[Tpumep.lccnenoBars Ha HENMPEPHIBHOCTh (PYHKIMIO U OMPENEIUTh THI TOYEK pa3pblBa, €CIH
OHH C€CTh.
x+4, x<-1
f(x)=4x*+2, —1<x<1
2x, x>1

m f(x)=3 lim f(x)=3
fm f(x)=3 lm_f(x)=2

x—>—1+0

B TOUKE X = -1 ()yHKIIMs HETIpEpbIBHA B TOYKE X = | Touka paspsiBa 1 —ro poga
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[pumep.McenenosaTs Ha HEMPEPHIBHOCTh (YHKIIHIO U ONPEAETHTh THI TOYEK Pa3sphlBa, ECIU OHU

€CTh.

S ()

X

cosx, x<0
={x°+1, O0<x<l1
X, x2>1

fim f(x)=1 lim_f(x)=2

lim

x—0+0

B Touke X = 0 QyHKIUS HETIpepbIBHA

f()=1lm f(x)=1

B TOUkKe X = | Touka paspbiBa 1 —ro pona

W

~__

- -1t/2

3ajaHus K NPAKTHYECKOH MOATOTOBKeE

I

q 1

3ananneNel: Hccnenosats Gpynkuuo ) = |

- ) o
(X) Ha HCIIPCPBIBHOCTL: HAUTU TOYKH Pa3phbiBa

¢byHKIMU ¥ onpeAenuTs ux TuM. [locTpouts cxemaTnueckuit rpaduk GyHKIHH.
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[x
—,x<0,
x

3. y=X 1-x2

L,x>l.
x—1

,0<x<1,

~

(3]
2y <o,
X

5.y=<V9-x2,0<x<3,

7.y=1 —V9—x“ ,-3<x<3,

9.y=< 4 —x

Bompocsr k 3ansTuto 7
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|x+3|
X <=3,
x+3
_ 2
Cy=<Y9—-x7,-3<x<3
1
,x>3
x—3
(2]
——,x<0
X
4.y =2 4—x2D£x£2,
! , x> 2.
x—2
"
.
— ! X <=2,
x+2
6.y=<- 4—x2,—2<x32,
v~
,X>2
x=2
“
_
1
——x<-1,
x+1
_ 2
8.y=<Vl-x“,-1<x<0,
|x
—,x>0.
X
“
g
1
- ,x <=3,
x+3
10.y=JV9-x2 3<x <0,
3|x
— x>0
X

Jaiite onpenenenre HeNpepbIBHON (PYHKIIUH.

[aiiTe onpeneneHne TOYKU pa3phiBa.

1
2
3. HCpC‘-II/ICJ'II/ITe BUJIbI TOUCK pPa3phLIBaA.
4

. JlaiiTe onpenenenrue OJHOCTOPOHHETO MpeIEa.
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IIpakTnyeckoe 3ansitue Ne§. BorunciieHue NpoOu3BOAHBIX CJ0KHBIX QyHKIUIA.
IIpou3BoaHas CJI0KHOM (PYHKIIMH.
Teopema./lycmo y = f(X); U = g(X), npuuem obracme 3nauenuii hynxkyuu U 6xooum 6 obracme
onpeoenenus Gpynrkyuu f.

Tozoa y'=71"w)-u

Jloka3aTreabCTBO.

A _ Ay Au
Ax  Au Ax

. A . .
im 2 = fim A A%
Ax%OAx Au—0 Au Ax—0 Ax

( ¢ yaetom Toro, uto eciirn AX—0, To AU—0, T.K. U = g(X) — HenpepbIBHAS (DYHKIIHSA)

dy _dy du
dx du dx

Torma Teopema nokaszaHa.

Jlorapudmmueckoe nuddbepeHnpoBaHue.

Inx, npu x>0

Paccmorpum Kuuio vy =In|x| = )
pim by 4 | | {ln(—x), npu x<0

Torga (Inlx|)'= 1 ok (i x)' :l; (In(—x))’ = =)' _1
X X X

’
X

')
[

'
YuureiBas HOHy‘iCHHHfI pe3yiibTaT, MOKHO 3aIlliuCaThb (ln‘f(x)‘) =

!

[ )
/(%)

Cnoco6 gorapudpmuueckoro auddgepeHIUPOBAHUA COCTOMT B TOM, YTO CHayajga HaXOJST

OTtHOmIeHNE Ha3bIBacTCs Jorapudmuyeckoii npon3BoaHoii Gpyukuuu f(X).

Jorapu(pMHUECKyI0 MPOU3BOAHYIO (PYHKIIMH, a 3aTEM IPOU3BOIHYIO caMOi (YHKIIMU 10 popmyIie

[ =(m|f )" f(x)

Crnioco6 norapudmuyeckoro audphepeHIupoBaHnus yA0OHO MPUMEHATh U1 HAaXOXIACHUS
MPOU3BOJIHBIX CIIOKHBIX, OCOOEHHO ITOKa3aTeIbHBIX M IT0Ka3aTeIIbHO-CTENICHHBIX (DYHKIWMA, UIs
KOTOPBIX  HEIMOCPEICTBEHHOE  BBIYMCICHHME  IPOU3BOAHON C  HCIOJB30BAaHHMEM  INPaBHI
g depeHIMPOBaHUS PEACTABISAETCS TPYIOEMKUM.
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[Ipon3BoaHAas DOKA3aTENLHO- CTENEHHON () YHKIINH.

(DYHKI_[I/IH Ha3bIBACTCA HOKaSaTeHBHOﬁ, €CJIM HE3aBHCHMas IIEPEMCHHAA BXOIUT B IIOKa3aTCiib

CTCIICHU, U CTGHCHHOﬁ, CCJIn NEpCMCHHAaA ABJIACTCA OCHOBAHUCM. Eciu xe 1 ocHOBaHHME M MOKa3aTellb

CTETICHH 3aBHUCAT OT IIEPEMEHHOM, TO Takasi PyHKIuUs OyIeT MoKa3aTeIbHO — CTEIICHHOM

ITycts U = f(X) u v = g(X) — pyHKIIMH, HUMEIOIIKE TIPOU3BOIHBIE B TOUKe X, f(X)>0

Haiinem npousBoanyto Gpyukimu Y = U'. JlorapupMupys, moIydnum:

Iny = vinu

!

u
=v'hhu+v—
u

!

< <

y' :uv(vu—+v']nuj
u

!

—1
(uv) =vu"u'+u"vhu

XCOSx

[Tpumep. Haiitu nmpousBoauy0 GpyHKIMH f (x) = (x2 +3x)
V =XCO0SX;

o 2 .
[To moy4eHHo# BhIIe popMmysie moaydaem: U =X~ + 3x;
v = cos x — xsin x;

[TpousBoaHbIe TUX QYHKIUN: 1’ = 2x + 3;

OKOHUaTEeIBHO!
F(x)=xcosx-(x” +3x) - (2x+3) + (x° +3x) " (cos x —xsin x) In(x” +3x)

TIponsBoanas oOpaTHBIX YHKIIUHA.

[Tycte TpeOyeTcs Haiitu npousBoinyro ¢yHkuum y = f(X) mpu ycrmoBuu, uto oOparHas ei
bynkus X = g(y) uMeeT MpOr3BOIHYIO, OTIMYHYIO OT HYJISI B COOTBETCTBYOIICH TOUKE.

Jnst pemenus 3ol 3anaun nuddepenuupyem GyHkimo X = g(y) mo x:

1=g'(»y'
T.K. §'(y) # 0)/' =—
g'(y)
dy _ 1
dx dx
dy
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T.€. IPOU3BOIHAS 00paTHOI PyHKIMK 0OpaTHA MO BETUYHMHE MPOU3BOIHON TaHHON (YHKITUH.

[Mpumep. Haiitu ¢popmyiy uist mpou3BoaHON (yHKIMM arcty.
Oynknus arctgasisercs: GyHkuuei, oopaTHoi GyHKIUHU g, T.e. €e MPOU3BOHAS MOXKET OBITH

HalJIeHa CJIeAYIONUM 00pa3oM:

Y =12x; X = arctgy;

M3BecTHO, 4TO ' = (1gx)’ =

b
cos? x

[To npuBeaeHHOM BhIlIE GOpMYIIE MOTyYaeM:

;o 1 . d(arctgy) 1
Y d(arctgy)/ dx’ dy 1/cos” x

T.x.

2 2 o
— =1+1#g’x =1+ y*; TO MOKHO 3aliCaTh OKOHYATCIBHYIO dbopmyy Il TPOU3BOAHOM

COSs X

aApKTaHI'CHCA.

, 1
(arctgy)' = =5
l+y

TakuMm o0pa3om moxydeHsl Bce (OpMYIIbI sl MPOU3BOIHBIX apKCHHYCA, ApKKOCUHYCA U IPYTHX
o0OpaTHBIX (PYHKINH, TPUBEICHHBIX B TAOIHIIC TPOU3BOTHBIX
y:sin(x2 +3);
Pemenue:
Hcnonszyem Gpopmyny (sinu)’ =cosu-u’.

y=sinu,rme u=x>+3;

’

y'=(sinu), -u’=cos u-2x = cos (x> +3)-2x
y= (x2 +ex)m;

Pemennue:

Hcnonb3yem Gopmyiy (u” )' =n-u"t-u'.

10
Y=U",rne u=x*+e*;

y' =10u° - (x? +ex)’ =10(x? +e* ) - (2x+e*).
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sinx
1

y=x"-e

Pemenue:

yr — (XZ) esinx + XZ(esinx) — 2xesinx + Xzesinx(sin X) — ersinx + Xzesinx COS X.
[Tpumep 2.

Haittu )"

a) Yo +2x°y-x* =0,

Pentenue:

Oynkiuss y=y(x) B TpuMepe 3ahaHa HesBHO. UYUToObl HaWTH €€ NPOH3BOJIHYIO

npoauddepennupyem o6e yacTH paBEHCTBA IO X, IMOJaras, 4To y €CcTh (QYHKIUS OT X M 0003Hadas

MPOM3BOHYIO y uepe3 y':
2y +4%-y+2x°y' -2x =0,
BripazuM U3 moxydeHHOTO paBeHCTBa Y’ !
(Zy + 2x2)y' = 2X—4xy:

, 2X—A4xy
2y +2x*"

6) Cosy =4y’ +¢*,
Pemienue:

AHAJIOTMYHO TPeabIAYIIEMY IPUMEPY:

—siny-y'=8yy'+e";

(~siny-8y)y' =¢*:
r_ _eX

Y = sin y+8y "

Xx=t>+3,
B)
y = cost.

Perenue:
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!
UcnonszyeM popmyny Yy = L
X

t’
_ (cost) _ —sint
g 2

3aaHue K NPaKTU4eCKOil MOAr0TOBKeE

Yacrs 1.

y=e’
y B ex _e—x
2
= e +e”
2
y — 16\/x3+6x+14
y= e(3x+5)2

3x
y=a

yzaxex

y =1g(2x)
y =In3x

y =log,(4x-2)
1)y =In(x)

y = (Inx)*
y=5(2x* -3x+4)°
y=4m

y=3(2-x)(5-2x)

y=3x*-2

B 4
Y \2 15
y =3sin(3x —1)

. 1
y =arcsin v1-x* +—
V3

y — 3arct93x

y =Insin x
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y =sin® 3xcos® 2x
Bomnpocs! k 3anstuio 8
JaliTe onpeneneHne Npou3BOAHON (DYHKITHH.
Kakyro ¢ yHKIHIO Ha3pIBAOT CIIOKHOM?
[lepeuncnure mpaBuiia HAXOXKACHUS IPOU3BOJHOM CIIOKHON (YHKIINH.

Kakyro ¢pyHKIMIO Ha3bIBat0 00paTHON?

o B~ w0 D

Kak Haxonat npou3BoHbIE K OOPaTHBIM (PYHKIHSIM?

IpakTnyeckoe 3ansitue Ne 9. IlpousBoanbie u AudpPepeHunaNbI BHICIIMX MOPSATKOB.

[Ipou3BogHEIC B I[I/Id)d)eDGHHI/IaJ'IBI BBICHIHUX TTOPAAKOB.

[Tycts dynkuus f(X)- muddepenimpyema Ha HekoTropoM uHTepBase. Toraa, tuddepeHUpys
ee, oJy4aeM IePBYIO MPOU3BOIHYIO
, , df (x
V= fi =L
X
Ecnu naiitu npousBoanyto Gpysakuuu f'(X), monyuum Bropyr npousBoanyio Gpyskimu f(X).

yll :f”(x) — d f(x)

dx’

vy EY (b
t.e. Y' = (Y) i I :E(Ej

9TO0T IpoLeCcC MOKHO NPOAOJIKATE U Jajlee, HAXOAs TPOU3BOAHBIC CTCIICHHU M.

dny 3 i dn—ly
dx"  dx\ dx""!

O6H_[I/Ie OpaBujia HAXOXKJICHHWA BBICIIINX ITPOU3BOAHBIX.

Eciu ¢pynkiuu U = f(X) u v = g(X) muddepenimpyemsl, TO

1) (Cu)(n) = Cu(n)’
2) (uxv)® =yt yO;

3) w-v)" =vu' +nu" v + —n(nz'— D u"IV" 4+ n(n = D"'EZ —(k=D)] u"y®e 4

'™,

OT0 BeIpakeHUE Ha3bIBacTcs popmyJion Jleiionmnna.

Taxoke o opmyse dy = fV(x)dx"mosker 6bITH Haiien auphepentuan N- ro mopsIKa.
JOuddepenunan pynkuuu.Ilycrs pynkius y = f(X) umeeT mpor3BOAHYIO B TOUKE X'

. Ay_ ,
A ™

Torma MoxHO 3amucaTh. Ay = f'(x) + a, Tae o—0, npu Ax—0.
Ax
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CnepoBarenbHo: Ay = f'(x)-Ax+a-Ax.
Bennunna aAX- OeckoHeuHO Maias 6osiee Beicokoro mopsaka, ueM f'(X)AX, T.e. f'(X)AX- riaBHas
4acTh npupameHus Ay.

Onpenenenue./Indpdepenuuanom dyaxnuu f(X) B Touke X Ha3bpIBacTCs IJaBHAs JIMHEHHAs

YacTh NPUPALICHUS PYHKIUH.
O6o3nauaercst dymnu df(x).

W13 onpenpenenus cieayet, uto dy = f'(X)AXunu

dy = f{x)dx.

Mo3KHO TaKKe 3aIucaTh. f'(x) = a T'eoMmeTpuueckuii cmbica auddepermana.
dx

U3 tpeyromparka AMKL: KL = dy = tga-Ax =y "Ax
Takum oOpaszoM, auddepenunan ¢ynkuuu f(X) B Touke X paBeH NPUPAIICHUIO OpPJHHATHI

KacaTelbHOU K rpaduKy 3TON (YHKIIMU B pacCMaTpHUBAEMOI TOUKE.

CaotictBa quddepeHumana.

Eciu u = f(X)u v = g(xX)-pynkumu, muddepeHmpyeMbie B TOYKE X, TO HEMOCPEIACTBEHHO U3

onpeneneHus auddepeHirana cieIyroT CIeIyolnue CBONCTBRA!

1) du#v)=(uz£v)dx=udx £vdx=du £dv

2) d(uv) = (uv) dx = (uv + vu)dx = vdu + udv
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3) d(Cu) =Cdu
u vdu —udv
4) d| — =
Vv Vv

Jluddepennnan cioXHon GYHKINHA.
HMuBapuantHasg dopma 3anucu guddepeHuuana.

[Mycts y = f(X), X = g(t),T.€. y - cinoxHas GHyHKIHS.

Torna dy =[f(x)g ()dt = F(x)dx.

BuagHo, uro ¢opma 3amucu guddepeHinuana dy He 3aBUCHT OT TOro, OyIeT JH X
HE3aBHCUMOU NEpEeMEHHON UM (PYHKIMEH KaKoi- TO Ipyroi MepeMeHHOH, B CBSI3U € 4eM 3Ta ¢popma
3alMCH HA3bIBACTCS HHBAPUAHTHOM (popmoii 3anucu JuddepeHunaa.

Onmnako, eciu X - He3aBUCUMasl TIEpeMEeHHasi, TO

dx = AX, HO
€CJIM X 3aBUCHT OT {, TO Ax #0X.

Takum ob6pazom, popma 3amucu dy = f'(X)AXHe ABIsCTCS HHBAPUAHTHOIA.

o ) 1
[Tpumep. Haiitu nmpousBoaHyto GyHKINUN y = xcos xsin x + ECosz X

CHauana npeoOpasyem JaHHYI0 QYHKIMIO. y = lsjn 2x + lcosz x
2 2

’

1 . 1 1 . 1 . .
y =Esm2x+§x2cos2x+52cosx(—smx)=Esm2x+xcos2x—s1nxcosx=xcos2x.

x'e
ITpumep.Haiitn nponsBoaHyo QyHKIMH Y = — I
X"+

3 x2

,(2xe” +x22xe )P +1) - (20)x%e"  2x%e” +2x%e" +2xe” +2x%e" —2x%e
(" +1)7 (o +1)°

3 2xe" (x* +1+x%)
(x> +1)°

X

IIpumep. Haliti mpon3BoaHy 0 GyHKIMHA § = In /g X
2 sinx
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, 1 1 1 smx-—xcosx 1 SN X —XCOSX _ SN X—SIN X+ XCOSX _
I X2 sinlx L. x_x sinlx sin* x -
g — cos” — 2sin —cos —
2 2 2
_ Xcosx
sin * x
2x*
[pumep. Haiitu npoussoauyro GpyHkuuu Y = arcig .
;o 1 8x’(1—-x*)—(-8x")2x* B (1-x*)*(8x’-8x"" +16x") 3 8x’ +8x" 3
y_[H 4x° j (1-x*)? N S S S (=
(1-x")*

[Tpumep. Haiitu npousBogHyto GyHKIHUU Y = X2’ Inx

y'= (xzexz) Inx+x’e" 1
X
:xex2(1+2h1x+2x21nx)

3ajaHue K NPAKTHYECKOH MOATO0TOBKeE

HaiiTu npou3BoaHbIe OT YKAa3aHHBIX (DYHKIUIA:

2x-1 -
1. =X*+In(x* +8x-1).6) y=arccos—=— 2. =5In 3X- COS5X:
_ tgx
~ sin X —Ccos X
3. a) y=hl+Vx2 -1);6) y = 2% 4. a) y=x>+arcsiny/1—-x2;

Jx -1

_Ax+7
X =x

2 2 2 2 2
:(erx +x’e” 2x)lnx+xex =2xe" (1+x*)Inx+xe* =

6)

6)
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5.2) Yy=(2x+€7)%6) y=n3NX
COS2X

_ x+1
x2 —In x

7. a) y= (eﬂ/; +1)(1+ezx); 0) y = Cth

2—Inx
gt —g™”
9.a) y:sin22x-cos§;6) y:InT
10" +10~
Y=

COS X+ 2X

Jx

Ila) y=x*+e";6) y=

ex
=t
y=49 o1

Bonpocsr k 3ansaTuio 9

Uro Takoe muddepennman GpyHKun?
Kaxos cmbicn nuddepennmana?
Yto Takoe MpOU3BOHAS BBICIIETO MOpPsiAKa?

Yro Ttakoe quddepeHiman BpICIIEro nopska’?

2 e o

10.

12.

8.a) y=X-107"7,6) y=

KaxoBo npaBuiio Hax0KAEHUsI TPOU3BOIHOM BBICIIETO MOpsIKa?

a)  y=tg?’6x—e*;  06)

et +1
COS X

y=arctgx’ —Insinx; ¢

y=sin*3x-C0S*2X; )

KaxoBo npaswmiio HaxoxaeHus quddepeninana BRICIIETo mopsaka?

IpakTuyeckoe 3axanue Ne 10. ITosinoe nucciaenopanue pynkuuu. I[locrpoenune rpagukos.

UccnenoBanune pyHKIMHI ¢ HOMOIIBIO IPOU3BOIHON.

Bo3spacranue u yosiBanue yHKIIMIA.

Teopema.l) Eciu ¢pynxyus f(X) umeem npouszeoonyio na ompeske [a, b] u sospacmaem na

IMOM ompesKe, Mo ee NPoU3B00HAs: Ha IMom ompeske Heompuyamenvha, m.e. T(X) >0.
2) Ecnu ¢ynxyus f(X) nenpepwviena na ompeske [a, b] u ougpgpepenyupyema na
npomexcymre (a, b), npuuem T(x) > 0 oz a<x<b, mo sma ¢pynxyus eéospacmaem na ompeske [a, b].

JloKka3aTeJILCTBO.

1) Ecmu pynkius f(X) Bospacraer, To f(X + AX) >f(X) mpu Ax>0 u f(X + AX) <f(X) mpu Ax<O0,
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TOrIa:

SEAM D), SEEA) - S
Ax ’ Ax—0 Ax -

2) ITycts f'(X)>0 mast m00BIX TOYCK X1 M X2, IPUHAIEKAIUX OTPE3KY [a, b], mpuuem X1<Xo.

Torpa o Teopeme Jlarpamka: f(x2) — f(X1) = f'(€)(X2 — X1), X1<e<x2
ITo ycnosuto f'(€)>0, cnemoBarensHo, f(X2) — f(X1) >0, 1.e. dynkuus f(X) Bo3pacraer.

Teopema nokazana.
AHaIOrMYHO MOXKHO C/IEaTh BBIBOJA O TOM, uTo eciu (yHkuus f(X) yObiBaeT Ha oTpeske [a,
b], To f'(x)<0 Ha 3Tom oTpeske. Eciu f'(X)<0 B mpomexyTke (&, b), To f(X) yObiBaeT Ha oTpeske [a, b].

KoneuHo, maHHOe yTBEp)KICHHE crpaBeyinBo, eciu (pyHkiuus f(X) HenmpepbiBHA HA OTpe3Ke
[a, b] u nuddepennupyema na unrepsaie (a, b).

I[OKaSaHHYIO BBIIIC TCOPEMY MOKHO IPOMIITTFOCTPUPOBATH TCOMECTPUUCCKHU .

y y

PPPP

\ X \ \x

Touku DKcTpeMyMa.

Onpenenenue. Oynkius f(X) umeer B Touke X1 MAKCHMYyM, €CITH €€ 3HAUYEHUE B OTOW TOUYKE
Oombllle 3HAYCHUI BO BCEX TOYKAX HEKOTOPOrO MHTEpBaia, cojepikamiero Touky xi. Oyukuums f(X)
uMeeT B TOYKe X2 MuHUMYM, eciu f(X2 +AX) >f(x2) mpu arobom Ax (AX MOXeT ObITh H
OTPULATEIBEHBIM).

OueBuaHO, 4TO (YHKIUS, ONpEAeTIeHHas Ha OTPE3KEe MOXKET UMETh MAKCUMYM U MHUHUMYM
TOJBKO B TOYKAaX, HAXOJAIIMWXCS BHYTPH OTOTO OTpe3ka. Hemp3s Takke MyTaTh MakKCUMyM H
MUHUMYM (YHKIIMH C €€ HauOONbIIMM W HAMMEHBIIMM 3HAYCHHEM Ha OTpPe3Ke — ATO TOHATHUS
MPUHITATIAATIEHO Pa3JINYHBIE.

Onpenenenue. Toukn MakcuMymMa ¥ MHHHUMYMa (YHKIUH Ha3bIBAIOTCS TOYKAMHU
IKCTpeMyMa.
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Teopema.(HeoOXoquMOE yCJIOBHE CYIICCTBOBaHHS 3KcTpemyma) FEcau  ¢gynxkyus  f(X)
oupgepenyupyema 6 mouke X = X1 U MOUKA X1 SAGIAEMCS MOYKOU IKCMPEMYMA, MO NPOU3BOOHAs
@yuKryuu odbpawaemcst 6 Hyb 8 SMOL MoUKe.

Joka3zareabcTBo.lIpennonoxum, uro pyHnkuus f(X) umeer B Touke X = X1 MAKCUMYM.
Torna npu 10cTaTOYHO MaJIBIX HOJTOXKUTENBHBIX AX>0 BepHO HEPABEHCTBO:

S +Ax) < f(x,), T.C.

f(xl +Ax)_f(x1) <0

Torna
f(x1+AX)—f(X1)>O npu Ax <0
Ax
f(x1+Ax)_f(x1)<0 npu Ax >0
Ax
ITo onpenenenuto:
lim f(xl +Ax)_f(x1) :f’(xl)

Ax—0 Ax
T.e. eciu Ax—0, Ho Ax<0, To f'(X1) > 0, a ecitu Ax—0, Ho Ax>0, 10 f'(X1) < 0.
A BO3MOXHO 3TO TOJILKO B TOM citydae, eciu ipu Ax—0 f'(x1) = 0.

st ciyuast, ecnu Qynkuust f(X) umeer B TOYKe X2 MHUHHMYM TeopeMa JOKa3bIBaeTCs
aHAJIOTMYHO.
Teopema nokasana.
CaencrBue.O0paTHOE yTBEpKACHHE HeBepHO. Ecnu mpomsBogHas (QyHKIMH B HEKOTOPOM
TOYKE paBHA HY/IIO, TO 3TO €€ HE 3HAYMUT, YTO B 3TOM TOUKEe (YHKIHS HMMEET HKCTPEMYM.
KpacHopeunBhIii mpuMep 3Toro — GYHKIHS y = X°, HPOU3BOJHAS KOTOPOil B Touke X = () paBHa
HYJIIO, O/IHAKO B 3TOU TOYKE (PYHKIUS UMEET TOJIbKO Meperud, a He MaKCUMyM WM MUHUMYM.

Onpenenenue. KpuruueckumMu ToYKaMH (DYHKIMM HA3bIBAIOTCS TOYKH, B KOTOPBIX
Mpon3BOHAs (DYHKIIMH HE CYIIECTBYET WJIK PaBHA HYIIIO.

PaCCMOTpeHHaSI BBIIIC TCOpEMA JAa€T HaM H€O6XOI[I/IMI:I€ YCI0BUA CYIICCTBOBAHUA
9KCTpEMYMaA, HO 3TOI'0 HEAOCTATOYHO.

Hpumep:f(x) = | x | [Mpumep:f(x) = 3\/;

yy

b

X

B Touke x = 0 pyHKIIUS ©UMEET MUHUMYM, HO B Touke x = 0 pyHKIIMSA HE UMEET HU
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HE UMEET MPOU3BOTHOM. MaKCUMyMa, HI MUHUMYMa, HU TPOU3-
BOJTHOM.

Boo0iiie roBopst, dyukius f(X) MokeT MMETh 3KCTpeMyM B TOUYKax, I/ie MPOU3BOIHAS HE
CYLIECTBYET WJIN paBHA HYJIIO.

Teopema.([locraTouHble yCI0BHS CYILIECTBOBAHUS IKCTpPEMyMa)

Ilycmo @pynxyus 1(X) nenpepwiena ¢ unmepsane (@, b), komopwiii cooeporcum kpumuueckyio
MOUKY X1, U ouggepenyupyema 60 cex MouKkax 3mo2o UHmMepsaia (Kpome, modicem Ovimv, camou
MouKu X1).

Ecnu npu nepexode uepes mouxy x1 cieéa Hanpaso npoussoonas @yukyuu f(X) mensem snax

T

¢ “+” Ha “-*, mo ¢ mouke x = x1 ¢pynkyus 1(X) umeem maxcumym, a eciu npouz800HAsL MeHsiem 3HAK

6«

c Ha “+”- mo QyHKyus umeem MUHUMYM.
Joka3aTebCTBO.
Tycts f'(x)>0 npu x<x
f'(x)<0 npu x> x
ITo Teopeme Jlarpamxa: f(x) — f(x1) = F(&)(x — X1),rme X<e<Xi.

Torma: 1) Ecim x<Xi, o e<x1;  f'(e)>0; f'(g)(X — X1)<0, cnenoBaTensHO
f(X) — f(x1)<0 mmm  f(X) <f(x1).
2) Eciiu x>X1, toe>X1f'(€)<0;  f'(€)(X — X1)<0, cnemoBarenbHO
f(X) — f(x1)<0 mmm  f(X) <f(xy1).
T. XK. OTBETHI COBIAAIOT, TO MOXKHO CKa3atTh, 4T0 f(X) <f(X1) B 1rOOBIX TOYKAax BONM3M X1, T.C. X1 —
TOYKA MaKCHMyMa.
Jloka3aTenbCTBO TEOPEMBI [Tl TOUKH MHHUMYMa ITPOM3BOIUTCS aHAJIOTUYHO.

Teopema noka3zaHa.

Ha ocHOBe BBIIIECKA3aHHOTO MOXHO BLIpa6OTaTI> CHHHBIﬁ TIOpAI0K HeﬁCTBHﬁ npu
HaX0XJICHUN HAnOOJILIIEr0 ¥ HAMMEHBIIIETO 3HAYCHUS (i)YHKIII/II/I Ha OTPE3KE.

1) HaiiTi KpUTHYECKHE TOUYKH (QYHKITHH.

2) Haiitu 3HaueHHs1 QYHKIUH B KPUTHYCCKHUX TOYKaX.

3) Haiiti 3HaueHus GYHKIUM HA KOHI[AX OTpE3Ka.

4) BpIOpaTh Cpe/u MOJYUCHHBIX 3HAUCHUI HANOOIIbIIICE U HAUMEHbIIICE.

HccnegoBanme CbVHKIII/II/I Ha 3KCTPEMYM C TIOMOIIBIO
IOPOU3BOAHBIX BBICIIHX ITOPAAKOB.

[Mycts B Touke x = x1f'(X1)) = 0 m f'(X1) cymecTtByer W HempepbiBHA B HEKOTOPOH
OKPECTHOCTH TOYKH X1.
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Teopema.Ecau f(X1) =0, mo ¢pynxyus 1(X) 6 mouxe x = x1 umeem maxcumym, ecau f(x1)<0 u
munumym, ecau f(x1)>0.

Jloka3aTeJbCTBO.

[Mycts f'(X1) = 0 u '(x1)<0. T.k. pyuxuus f(X) nenpepsisua, To f''(X1) Oyaer oTpunareapHOI
U B HEKOTOPOM MaJIOif OKPECTHOCTH TOYKH X1.

T.x. f'(X) = (F(x))'< 0, To f'(X) yObIBaeT Ha oTpe3Ke, coaeprkaiieM Touky X1, Ho f'(x1)=0, T.e.
f'(x) > 0 mpu x<x1m f'(X) < 0 mpu X>X1. DTO U 03HAYACT, YTO MPH MEPEXOJE YePEe3 TOUKY X = X1
npousBoaHas f'(X) mensier 3Hak ¢ “+” Ha “-“, T.e. B 3TOM Touke pyHKuus f(X) umeer MakcumMyMm.

HJ’IH CclIydas MUHUMYMa (bYHKI_[I/II/I TEOpEMa NOKA3bIBACTCA aHAJIOTMYHO.

Ecmu f'(X) = 0, To xapakrep KPUTHYECKOH TOYKH HEHM3BeCTeH. Jlsi ero ompenaeieHus
TpeOyeTcs nanbHeilee uccae0BaHue.
BBINYKIOCTh U BOTHYTOCTb KPUBOM.
Touku neperuba.

Onpenenenne.KpuBasi oOpaiieHa BBITYKIOCTBIO BBEPX Ha MHTepBaie (a, D), ecnu Bce ee
TOUKH JIe)KaT HUXKe JI000H ee KacaTelIbHOM Ha 3ToM nHTepBaiie. KpuBas, oOpalieHHast BHITYKJIOCThIO
BBEpX, HAa3bIBaeTCsl BBINMYKJIOH, a KpuBas, oOpallleHHas BBIIYKJIOCTBIO BHHU3 — Ha3bIBaeTCs
BOTHYTOI.

>

Ha pucynke nokasana WuIrOCTpanys MPUBEICHHOIO BBILIE ONPECICHMUS.

Teopema 1.Eciu 60 ecex moukax ummepeana (a, b) emopas npouszsoonas gynxyuu f(X)
ompuyamenvra, mo kpusas 'y = f(X) oopawena svinyxiocmoio ésepx (evinykia).

Joka3zarenbcrBo.[lycts xo(a, b). [IpoBenem kacatenbHyr0 K KPUBO B 9TOM TOUKE.
VYpaBHenue kpuBoi: y = f(X);

YpaBHEeHHE KacaTeNbHOM: V — f (XO) =f '(XO )(x— xo).

Crenyer nokasats, uro Y=y = f(x) = f(x,) = f'(x,)(x = ;).

To Teopeme Jlarpamxka ms f(X) — f(xo): V-V = f "(o)(x- X,)—f '(xo )X —X,), Xo<C<X.



85

y=y==x)lf (€)= f'(x,)]

ITo Teopeme Jlarpanxa aiis f’(C) - f'(xo) Cy—y= f”(c1 )c— X, )(x— X, ), X, <c <c

[Tycth x >Xgroraa Xo<C1<C<X. T.k. X — Xo> 0 u € — Xo> 0, ¥ KpOMe TOTO MO yCIOBHIO
f"(¢,) <0, cuenoparenbHo, y—y<0.

ITycth X<XoTorma X<C<Ci1<Xou X —Xo< 0, €—Xo<0, T.K. IO yCIIOBUIO f"(c,) < O, TO
y—y<0.

AnayiornyHo aokasbiBaetcs, yro ecnu f''(X) > 0 na umntepBane (a, b), To kpusas y=f(x)
BOTHYTa Ha HHTEepBaie (a, b).

TeopeMa JOKa3aHa.

Omnpenenenue.Touka, OTAENSIONAS BBINYKIYI0 4YacThb KPUBOM OT BOTHYTOW, Ha3bIBAETCS
TOYKOI nmeperuda.

OueBuIHO, YTO B TOUKE MEepernda kacaTeabHasi IEPECeKaeT KPUBYIO.

Teopema 2./Tycmsb kpusas onpeodensemcs ypasuenuem Y = f(X). Ecau emopas npoussoouas
f(a) = 0 wwu f1(a) ne cywecmeyem u npu nepexooe uepez mouxy x = a f(X) mensem 3nax, mo
MOUKA KpUBOU ¢ AOCYUCColl X = a A6JIsemcst MouKoll nepe2uba.

Hoka3zarenabcrBo. 1) [Tycts f/(X) < 0 npu x<awm f”'(X) > 0 npu x>a. Toraa npu
X<axpwuBas BBIITYKJIA, a IPH X>aKpHBasi BOTHYTA, T.€. TOYKA X = a — TOYKa neperuoa.

2) Ilycte f'(x) > 0 mpu X<bwm f''(x) < 0 mpu X<b. Torma npu X<bkpuas oOpaIeHa BHITYKIOCTHIO
BHU3, a pu X>h — BeIMyKI10CTRIO BBepX. Toraa X = b — Touka neperuoda.

Teopema nokazaHa.
ACHUMIOTOTEL.

[Ipu uccnenoBaHuy (QYHKIMH 4YacTo OBIBAET, YTO NPU YAAJEHUU KOOPAMHATHI X TOYKHU
KpUBOW B OECKOHEYHOCTh KpUBasi HEOIPaHUUYEHHO NMPHOIMKAETCs K HEKOTOPOU MPSMOIA.

Onpenenenue.lIpsmas Ha3pIBaeTCA aCHMIITOTON KPUBOMW, €CIIM PACCTOSHUE OT IEPEMEHHON
TOYKHM KPUBOM J0 ATOM NPSAMOM NpHU yJAJIEHUHU TOUKH B OECKOHEUHOCTh CTPEMUTCS K HYIIIO.

Cnenyer OTMETUTh, YTO HE Jt00as KpUBas UMEET ACUMITOTY. ACHUMHOTOTHI MOTYT OBITh
npsiMble M HakJIOHHBIE. VccrenoBanue pyHKIUI Ha HATMUYKME aCUMIITOT UMEeT OOJIbIIOE 3HAaYeHUE U
MO3BOJISIET OOJIee TOUHO OINpPENETUTh XapakTep GYHKIMH U MMOBeAeHHE IpadrKa KpUBOH.

Boo0mie roBops, KpuBas, HEOrPaHHYEHHO NPHUOIMKASACh K CBOEH acHUMIITOTE, MOXET U
nepecekarhb ee, Ipu4YeM He B OJIHOM TOUKe, KaK MMOKa3aHO Ha MPHUBEIECHHOM HIDKE rpaduke QyHKIUN

X

¥ =Xx+e 3 sin x. Ee HaKIOHHAs aCHMIITOTA Y = X.



86

10

PaccMmoTpuM mosipoOHEE METOIBI HAXOXKICHUST aCUMIITOT KPUBBIX.

BCDTI/IKELHI)HI)IG ACUMIITOTBHI.

W3 ompeneneHus acUMOTOTHI cleAyeT, 4yro eciu im f(x)=oc0 mmum lm f(x)=c0 wum
x—a—0

x—a+0

lim f(x) =00, To mpsiMast X = a — acummnTora Kpusoi Yy = f(X).
Xx—a
Hanpumep, 11 GyHKIME £(x) = 2 npsiMast X = 5 ABJISIETCS BEPTUKAIBLHON aCHMITTOTOM.
x—=5

HaxJIoHHBIC aCHMIITOTEL.

[Mpennonoxum, uto kpuBas Y = f(X) uMeeT HaKIOHHYIO acUMOTOTY Y = KX + b,

15
12.5

10

oP
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O0603HauMM TOUKY IepeceueHHs] KpUBOM W MEpIeHAMKYNsIpa K acumnrtore — M, P — Touka
[IEPECEYCHHUST ITOr0 INEPIEHIUKYJApa C aCUMITOTOM. YTron MexXIy acumMnTorol um ocero Ox
o6o3naunm ¢. [lepnenauxynsp MQk ocu Ox nepecekaeT acuMnToTy B Touke N.

Torna MQ =y — opaunara Touku kpuBoid, NQ = 3 - opaunarta Touku N Ha aCUMIITOTE.

- . _ A
yeropmio: lim|MP{=0, ZNMP=¢o, |NM|= o

Vron ¢ - NocTosAHHBIH 1 He paBHbIi 90°, Torna

lim [MP| = lim |[NM |cos ¢ = lim [NM| =0

X—>00

[NM| = [MO - |ON| = |y~ 7| =| £ (x) ~ (kx + D)
Torna lin:o[f(x) —(kx+b)]=0.

Uraxk, npsimast Y = kKX + b — acumnrora kpuBoi. [yt TOUHOrO ONpeneneHus ITOi MPsIMOi
HEOOXOIMMO HAWTHU CIIOCOO BBIYUCICHUS KOAPPHUIIUEHTOB Kub.

B IMOJIYYCHHOM BBIPpa)XCHUH BHIHOCHUM 34 CKOOKH X

ﬁmx[&—k—é}zo

X—>®0 X X

X—>®0 X X X—>0 X X—>00

) b
T.K. X—0, TO hm[f(x)—k——}=0,m<. b = const, To ﬁmézo; mk =k .

Toraa lim ACONS k—0=0, CIeIoBaTeJIbHO,

X—>00 X

Y

X—>00 X

T.x. Iim [f(x) — (kx+ b)] =0, 10 Im [f(x) - kx]— lim b = 0, cienoBaTeIbHO,

b = lim [ £ (x) — kx]

X—>0

OTMeTHM, YTO TOPU3OHTAJIBHBIE ACHMITOTHI SBIISIOTCS YaCTHBIM CJIy4aeM HAaKJIOHHBIX
acummnrot nipu Kk =0.

2
X +2x-1
[Tpumep. HaiiTu acuMOTOTHI U TOCTPOUTH rpapuk PyHKIMH VY = .
X
1) BeprtukanbHble acUMOTOTHL: Y—>+00X—0-0: y—-00X—0+0, cnemoBarenpHo, x = 0-

BEpTUKAJIbHAA aCUMIITOTA.
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2) Hak/ioHHbBIC aCUMIITOTHI:

b=m%c(f(x)—x)=m330(—x2 +2x_1—xj=1im(x2 +2x_1_x2j=lim(zx_ljzh’m[Z—lj:z

X X—>0 X X—>00 X X—>0 X

Takum oOpa3om, npsiMast y = X + 2 sIBJISETCS HAKJIOHHON aCUMITOTOM.
[Toctponm rpaduk GyHKIHU:

6 -

O9x

IIpumep.HaiiTn acHMITOTHI ¥ IIOCTPOUTD rpaduK QyHKIUH = -
— X

[Ipsimble X = 3 1 X = -3 ABIAIOTCSA BEPTUKAIBHBIMU ACUMIITOTAMH KPUBOM.

Haiinem HakiIOHHBIE aCUMITOTHL. %k = lim 9 =0
X—>00 9 e
. O9x oy
b =1Im - = im —*—=0
x—0 Q _ y y—o 9

y= 0- TOPU30HTAJIbHAA aCUMIITOTA.

x?=2x+3

[Ipumep.HaiiTn acUMITOTHI U TOCTPOUTH IpaduK GYHKIUU )V = )
X+
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[Ipsmas x = -2 sgBIAETCS BEPTUKAIBLHOW aCUMIITOTON KPHUBOMA.

Hatinem HakI0OHHEIE AaCUMIOTOTEI.

) 2+ 3
2_ 2_ - 72
i = lim ~ 2x+3:ﬁmx 22x+3:. I
X—>00 _x(x+2) X—>00 x +2x X—>00 1 2
+7
X
x> =2x+3 x? =2x+3-x*—-2x —4x+3 —4t
x>0 x+2 x—>00 x+2 x>0 x4+ 2 x—0 1 2
+7
X

I/ITOFO, npiamMag y = X — 4 gBisieTcst HAKJIOHHOM aCHUMIITOTOM.

20

15 |

-15 F

-10 -5
/ -10 |

-20L
CxeMma uccienoBanus GyHKIUN

[Tpouecc uccnenoBanust GyHKIMM COCTOUT U3 HECKOJBKHMX ATanoB. Jljig Hanbosee MmoaHOTro
MIPEJICTaBJICHHSI O TIOBEJICHUU (PYHKIIMH U XapakTepe ee rpaduka HeoOX0IMMO OTHICKATD !

1) OOGnacTtb cyiiecTBOBaHHS (HYHKITHH.
DTO0 NMOHATHE BKIIOYAET B ce0s U 007aCTh 3HAUEHUH U 00JIaCTh ONpeaAeaeHUs] PYHKIIMH.
2) Touku paspsiBa. (Eciu oHM HMerOTCS).
3) HurepBanbl BO3pacTaHus U YObIBAHUSI.
4) ToYKkH MaKCUMyMa ¥ MHHUMYMa.
5) MakcumanabHOE B MUHUMAIIbHOE 3HaueHUE (DYHKIIMU Ha ee 00JIACTH ONpPEeICIICHHSI.
6) OO6sacTH BBIMYKJIOCTH U BOTHYTOCTH.
7) Touku neperuba.(Eciau onn uMeroTes).
8) Acumnrotsl.(Eciu oHM UMErOTCS).
9) Ilocrpoenue rpaduka.

HpI/IMCHCHI/IC 3TOH CXEMBI PacCMOTpHUM Ha IMPUMEPE.

3
X

[pumep.VMccrnenoBath pyHKIHUIO Y = | U TIOCTPOUTH €€ rpaduK.

2
X -



90

Haxonum o6nacte cymiectBoBaHust (GyHKUMU. OUEBUAHO, UTO 00naACMmbIO ONpedeneHUs

byuknuu sisgercs 0omacts (-o0; -1) U (-1; 1) U (1; ).

B cBoio ouepenp, BUAHO, YTO mpsiMble X = 1, X = -1 ABIAIOTCA GepmMuUKATbHLIMU
acumnmomamu KpuBOu.

Obnacmvio 3nauenuti TaHHON QYHKIIUHU SBIISETCS HHTEPBa (-00; 00).

Touxamu pa3pviéa GyHKIHUH SABISIOTCS TOUkH X = 1, x = -1.

Haxomum kpumuueckue mouxu.
Haiinem npousBoaHyto GyHKINN

, 3PP =D —2x-x*  3xt-3x7-2x' X' -3x°

(x> =1)° >-1)> (x> -1)?

Kputnueckue Touku: X = 0; X:-\/g;xz \/g; x=-1; x=1.

Haiinem BTOpYIO MpouU3BOAHYIO QYHKIIUU
- (4x® —6x) (x> =1)> = (x* =3x")4x(x*> =1) B
- (x> -1* -
B (4x® —6x)(x* —2x% +1) = (x* =3x7)(4x> — 4x) B

B (x* -1
4x” —8x° +4x° —6x° +12x° —6x—4x7 +4x° +12x° —12x°
- x —1)° -
2% +4x’ —6x  2x(x*+2x* =3) 2x(x* +3)(x* =1 2x(x*+3)
B e

Onpenenum BbITYKJIOCTh U BOTHYTOCTh KPUBOM Ha MIPOMEXYTKAaX.

-00<X< - \/§ , Y"<0, xpuBas BbIIyK/Ias
- \/5 <x< -1, y''< 0, xpuBas BbIMyKJas

-1 <x< 0, y'"> 0, xpuBas BOTHyTas
0<x<1, y''< 0, xpuBas BBIyKJIas
1<x< \/g , y'"> 0, KpuBas BOTHyTas

A/ 3 <x<oo, y'">0, KpuBas BOTHyTas

Haxomum npomexyTku eo3pacmanus U yovieanus GyHKUuU. s 3TOro onpesenseM 3HaKU
MIPOU3BOIHON (DYHKIIMU HA TPOMEKYTKAX.

-00<X< - \/g ,  Y™>0, dyakus Bozpacraer

- \/5 <x<-1, y'<0, ¢yHkuus yobiBaeT
-1 <x< 0, y'< 0, ¢yHkuus yosiBaeT
0 <x<1, y'< 0, ¢yHkuus yosiBaeT

1 <x< \/g , y'< 0, ¢dyHKus yOpiBaeT
\/§ <X<oo, y''>0, ¢yHKIMS Bo3pacTaer
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BI/I,I[HO, YTO TOYKA X = -V 3 SIBIISICTCSI TOUKOM MaKcumyma, a TO4ka X = 3 SIBIISICTCS TOYKOM

Munumyma. 3Ha4eHus] QYHKIIMHA B TUX TOYKAX PaBHBI COOTBETCTBEHHO -3 \/g 2u3~3 /2.

HpO BCPTUKAJIBHBIC acumnnomasl ObLIO YK€ CKa3aHO BBIIIC. Tenepb HaWJIeM HAKIOHHbLE
acumnmomeel.

x2_. 1

k =lim — im ——=1;

X0 x _1 x—)ool_i

x2
1
3 3 3 -

. - + .
b=lim| ———x |=lim| =% | = fim —— = fim —*— =0

x—oo| x X—0 x =1 xo0 x© —]  xow 1

Ntoro, ypaBHEHNE HAKJIOHHON aCUMITOTHI — Y = X.

[Toctpoum epagux GyHKIUN:

3agaHne K IpaKTHIeCKON MOATOTOBKE

HccaenoBarsb pyHKIHIO ¢ IPUMEHEHUEM NIPOM3BOAHONI U NOCTPOUTH ee rpauk:

_ X _x*+16 x* -1 w1
LY =<1y 2¥=7 R =% —2x
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X Xt +1 oy i1 _AX?
R TCUE | L " Ty=" R
2X+1 X?
J— X e — e —
Y Y=3 Y=oy Y=oy
_ X*+16
2=

Bormpocs! k 3anstuto 10

UYro Ttakoe pyHKIH?

Jliis 4ero npoBOJAT ucciieoBaHue GyHKIn?
Uro Takoe acUMITOTHI (PYHKIUHU?

Uro Takoe SKCTpeMyMbl (PYHKITUH?

quy paBHa MMPOU3BOJHAA B TOUKAX, I'AC CYIICCTBYIOT aCUMIITOTHI?

© o k~ w N oe

HpI/IBeI[I/ITe AJIrOpUTM UCCICAOBAHHA (bYHKI_II/II/I

IIpakTnyeckas paGora Ne 11 HHTerpupoBaHue 3aMeHOH NepeMEeHHON M IO 4YacTAM B
HeoIlpeIeJICHHOM HHTerpaJe.

IlepBooOpa3Has GyHKIMSL.

Onpenenenue: dynkius F(X) HaspiBaercs mepBoodpa3Hoii pynkmmeit ¢ynkiuu f(X) Ha
otpeske [a, b], eciu B 1r000#1 TOUKE 3TOrO OTpE3Ka BEPHO PABEHCTBO:

F'(x) = f(x).

Hago oTMeruTh, 4YTO mMEpBOOOpPa3HBIX sl OAHOW M TOM ke (YHKIIMHM MOXKET OBITh
06eckoHeYHO MHOTO. OHU OYIyT OTINYATHCS APYT OT APyra Ha HEKOTOPOE MOCTOSIHHOE YUCIIO.
F1(x) = F2(x) + C.

HeonpeneneHHplii MHTETPA.

Onpenenenue: HeonpeneneHubiM uHTerpasom ¢yakuuu f(X) Ha3piBaeTCs COBOKYITHOCTB
nepBOOOPa3HBIX (PYHKINH, KOTOPBIE OMPEAETICHBI COOTHOLICHUEM
F(x) + C.

3anuChIBaIOT: J. f(x)dx=F(x)+C;

VYciioBueM CyLIECTBOBaHMS HEOIPEIEIEHHOIO MHTErpajia Ha HEKOTOPOM OTPE3KE SIBIISIETCS
HENPEPbIBHOCTH (PYHKIIUH HA 3TOM OTpE3KE.

CpolicTBa:
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1 ([ Food) = (F e +0y = 0y

2. d([ f(0dx)= f(x)dx,

3. [dF(x)=F(x)+C;

4, I(u +v—w)dx = Judx+ J.vdx— J.wdx; rae U, V, W — HeKOTopble (PYHKIIUHU OT X.

L [C-fxydx=C-[ f(x)dx;
I_I[QI/IMeEQZI(x2 —2sin x+1)dx=Ixzdx—2fsmxdx+jdx=%x3 +2cosx+x+C;

HaxoxneHnue 3Ha4yeHUs HEONPEIECNCHHOTO WHTErpajla CBS3aHO TJABHBIM 00pa3oM ¢
HaXOXJICHHEM TMepBooOpasHoi (yHKIuH. s HEKOTOpPHIX (YHKIMHA 3TO JOCTATOYHO CIIOXKHAS
3agaya. Hmxke OyayT paccMOTpeHBI CIIOCOOBI HAXOXKACHUS HEOIPEIEICHHBIX WHTErpajioB IS
OCHOBHBIX KJAcCOB (YHKIUH — pPalUOHANBHBIX, HPPANUOHAIBHBIX, TPUTOHOMETPUUYECKHX,
MIOKa3aTeNbHBIX H Jp.

Jns ynoOGcTBa 3HAa4YeHHsT HEONPEICNCHHBIX HWHTETPATOB OOJIBIIMHCTBA 3JEMEHTapHBIX
¢byHKIMiE coOpaHbl B CIEUalbHbIC TAOIHMIBI WHTErpajioB, KOTOpPhIE OBIBAIOT WHOTJA BEChMa
00beMHBIMH. B HHX BKIIIOYEHBI pa3H4YHble HanbOoJiee YacTO BCTPEUAIONIMECS KOMOMHALIUU
¢ynknuii. Ho GONBIIMHCTBO MPEACTABICHHBIX B 3TUX TAaOMUIAX (HOPMYI SBISIOTCS CICICTBHAMHU
Apyr Apyra, MO3TOMY HHWXKE IPHBEIEM TAaOIHIy OCHOBHBIX HHTETPAIOB, C IIOMOIIBIO KOTOPOIi
MOYHO ITOJTYYHUTh 3HAYCHUS HEOIIPEACTICHHBIX HHTETPAJIOB PA3THYHBIX (DYHKITHA.

WNHuTerpan 3HaueHue WHTerpan 3HaueHue
1 J.tgxdx -In | COSX | +C 9 J.exdx e+ C
2 thngx In |S|nx | + C 10 _[COS xdx SII‘]X + C
3| [a%dx ¥ 11 | [sin xdx -cosx + C
.[ a__|_c J.
Ina
4 dx 1 x 12 1 tgx + C
JAoz2 +x? ;arctg;+c J‘cosz xdx
S 3 d.
Ix2_a2 Z]nx_a‘}'c ISIan X
6 J'L In 14 I dx arcsin® +C
x*ta’ ‘x+\/x2ia2 +C Ja? —x2 a
7 [x*dx X! 15 1 X m
I —‘l‘C,(X-_;é_l ‘[COSxdx lntg(5+zj+c
o+l
8 @ Injx|+C 16 1 X
X || .[Smxdx lnth+C

PaCCMOTpI/IM TPU OCHOBHBIX MC€TOJa HHTCTPHUPOBAHUA.

HenocpeacTBeHHOE UHTETPUPOBAHHUE.
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MeTo1 HENMOCPEACTBEHHOIO MHTEIPUPOBAHMSI OCHOBAH Ha IPENAIOJIOKEHUH O BO3MOXHOM
3HAYEHUH  [epBOOOpa3HOM  (QyHKUMM C  JajbpHEHIIed  MpOBEpPKOW  3TOr0  3HAYEHUs
maddepennupoBanuemM. Boobme, 3amerum, uTo AudQepeHIUpPOBAHUE SABISETCS MOIIHBIM
MHCTPYMEHTOM IIPOBEPKHU PE3YyIbTATOB HHTETPUPOBAHUSI.

PaccMoTpuM npuMeHeHne 3Toro MeTojia Ha puMepe:

o dx o
Tpebyercs HaliTH 3HaYEHUE UHTErpajia j_ Ha ocHoBe u3BecTHOM popmynsl 1uddepeHnpoBanus
X

!

1 o
(1n x) — — MOXXHO cJliejlaTh BBIBOJ, YTO MCKOMBIA MHTEerpayi paBeH In x+ C, roe C — HEeKoTOpoe

X
’
NOCTOAHHOE 4ucao. OnHako, ¢ APYrod CTopoHsl (In(—x)) = 1 (- = 1 Takum o0pazom,
X X
OKOHYATEJIbHO MOXHO CJIEaTh BHIBO/I!
dx
— = h1|x| +C
X

3ameTrM, 4TO B OTiMuue OT aAuddepeHnnpoBaHus, Iie Ui HAXOXKICHHUS IMPOU3BOIHOM
WCIOJIb30BATNCh YETKHE TPUEMbl M METOJbI, TpaBWiIa HAXOXKICHUS IPOU3BOIHON, HAKOHEIT
OIIpEICJICHUE TPOU3BOJHOM, JUISI HMHTETPUPOBAHUS TaKHUE METOJbI HEJAOCTYNHBIL. Ecimm mpu
HAaXOX/JCHUU TPOU3BOJHON MBI IIOJIB30BAIMCh, TaK CKa3aTh, KOHCTPYKTHBHBIMH METOJIaMH,
KOTOpbIE, 0a3upysICh Ha OMPENCICHHBIX MPaBUIaX, MPUBOAWIN K PE3yJIbTaTy, TO MPU HAXOKICHUU
MEepBOOOpPA3HON MPHUXOAUTCS B OCHOBHOM OIUPAThCS Ha 3HAHUS TaOJMIl TMPOU3BOJIHBIX U
NepBOOOPA3HBIX.

Uro kacaercs MeToJia HEeMOCPEACTBEHHOTO MHTETPUPOBAHUS, TO OH NMPUMEHHM TOJBKO IS
HEKOTOPBIX BEChbMa OIPAaHUYCHHBIX KIACCOB (QYHKUIMH. DYHKIUH, UII KOTOPHIX MOXHO C XOAY
HaWTH TIepBOOOpa3HyI0 OuYeHb Mayno. [103ToMy B OOJIBIIMHCTBE CIIy4aeB MPUMEHSIOTCS CIIOCOOBI,
OIMCaHHBIC HUXKE.

Croco0 I10/ICTaHOBKH (3aMEHBI ITIEPEMEHHBIX ).

Teopema:Ecnu TpeOyercst HATH UHTETpaj J f(x)dx, HO CITIO’KHO OTBICKATh MEPBOOOPA3HYIO,

TO ¢ moMoIkio 3ameHbl X = @(t) u dX = ¢’ (t)dtnonyuaercs:

[ £dx = [ flo)e'()at

JokazareabcrBo:IIpoauddepennnpyem npemnaraeMoe paBeHCTBO!
d[ f)dx = d([ fToe' )
[To paccmoTpeHHOMY BbIlIE CBOWCTBY No2 HEONPEIeIeHHOTO HHTerpaa:

f(x)dx = flp(D] ¢ (t)dt
4TO0 C YYCTOM BBCIACHHBIX 0003HAYCHUH M SBISETCS HCXOJHBIM MNPCAINOJIOKCHUCM. TeopeMa
JOKa3aHa.

IIpumep. Haiitu HeonpeneleHHbINA HHTErpall J. n/sin x cos xdx.
Cnenaem 3ameny t = sinx, dt = cosxdt.

J.\/;dIZJ't”zdt=§t3/2 +C=§sin3/2 x+C.

[Ipumep. .[x(xz +1)*?dx.
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3aMeHa ¢ = x +1; dt =2xdx;, dx= %; [Tonyuaem:
X

5/2 2 5/2
Iz”ﬂ:ljt”dt:l-zt”+C=t—+C:—(x e
2 2 25 5 5

Huxe Oynyr paccMoOTpeHbl Apyrue HOpuUMepbl IPUMEHEHHS METOJa IOJCTAHOBKH IS
Pa3IUYHBIX THUIOB (GYHKLUH.

HHTEerppoBaHue mo 4acTsM.

Crioco6 oCHOBaH Ha M3BECTHOM (hOpMYJIe IPOU3BOAHON IPOM3BEACHHS
(uv)' =u'v+v'u
rje UnV — HEKOTOpbIe (GYHKIMH OT X.
B nuddepennmansraoit popme: d(uv) = udv + vdu

[IpounTerpHpoOBaB, NOJy4aeM: J. d(uv) =judv+ J vdu, a B COOTBETCTBUH C IPUBEICHHBIMU BBIIIE

CBOMCTBaMHM HEOIPEICICHHOT'O HHTErpaia;
MV=J.udV+JvduI/IJII/I J.udv:uv—J‘vdu;

[Tomyunnu GopmyiTy MHTETPUPOBAHUS 110 YACTSAM, KOTOpPAast TO3BOJIICT HAXOIUTh HHTETPAIIBI
MHOTHUX 3JIEMEHTAPHBIX (PYHKIIHA.

2 .
) u=x"; dv=sinxdx
[Tpumep. sz sin xdx = ’ > b=—x?cosx+ Icosx -2xdx =
du=2xdx; v=-—cosx

u=x; dv=-cosuxdx; s ) ) 5 i
= ) =—X cosx+2xsmx—.[s1nxdx:—x cosx+2xsmx+2cosx+C.
du=dx; v=sinx
Kak BumHO, mocnenoBatenbHOE NMpPUMEHEHHE (OPMYIbl MHTETPUPOBAHMS MO YaCTSIM TO3BOJISET
MIOCTETIEHHO YIPOCTUTh (PYHKIIMIO U IPUBECTH UHTErpal K TAOIMUYHOMY.

2 2
u=e”; du=2e"dx;

i =ezxsinx—_[sinx~2ezxdx=
dv=cosxdx, v=sinx

[pumep. Ie“ cos xdx =

2x 2x
u=e; du=2e"dx ) _
= 7 ’ :ezxsmx—2[—ezxcosx—J.—cosx-Zezxdx]:eh sin x +
dv=sin xdx, v=-—cosx;

2 2
+2e™ cos x — 4jcos xe dx

Bunno, 4yTo B pe3ynbraTe MOBTOPHOTO MPUMEHEHUS WHTETPUPOBAHUS MO YaCTIM (QYHKIUIO HE
yAQJIOCh YOPOCTUTh K TabmuuHomy BUAY. OaHAKO, MOCIEIHUNA TMOTYyYEeHHBIH WHTErpajl HUUYeM He
OTJIMYAETCS OT UCXOAHOrO. [103TOMY IepeHeceM ero B JIEBYIO YaCTh PABEHCTBA.

SJ.ezx cos xdx = e** (sin x + 2¢cos x)
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2x
J.eb‘ cos xdx = %(sin x+2cosx)+C.

Taxum 0Opa3oM, HHTErpall HaiiieH BooOI1e 6e3 MpUMEHEHHs TaOIUI] HHTETPAJIOB.

[Ipexxne uyeM paccMOTpeTh NOAPOOHO METOJbl HHTErPUPOBAHUS Pa3IMUHBIX KJIAcCOB
GbyHKIMI, OpUBenEeM eIle HECKOJIbKO IPUMEPOB HAXOXKIEHUS HEONpPEeIEHHbIX HWHTErPajoB
MPUBEJCHUEM X K TAOIUYHBIM.

[Tpumep.
21 21
[@x+1y"dx={x+1= dt=2dx}=[¢* L AL I N I Co bl e
2 21 2 42 42

[Ipumep.

N4 -x* N2 =x22+ x?

.X
+arcsm — + C.

NG

.2 2 2 2
J‘\/Z X A2+ x a’x:J‘\/z X2 +V2+x dxzj‘ dx "‘j dx zln‘x+ /x2+2‘+
24X J2-x?

[Tpumep.
jﬂdx = J.sin_”2 X cos xdx = {sinx =t dt = cosxdx} = It‘3/2dt =-2t""?4+C =
sin ® x
. 2
=-2sin " x+C=-—=+C.
Sin x
[Tpumep.
u=x>; dv=edx : { 2,5 5
Ixzesxdx= ek :—esxxz—J.—estdx:x ¢ ——J.xes"dx=
du = 2xdx; v:?, 5 5 5
e — % Jre
u=x, dv=edx, x2e™ 2| xe™ | . x’e™ 2xe™ 2 ¢ .,
du = dx; v:ges"; 5 5| 5 5 5 25 25

x’e™  2xe™  2e™ esx( , 2x 2)
= - + x
5 25 125 5

[Tpumep.

dx dx

| - d(x +1)
Vex?—2x+8 TA—x?—2x—1+9

JO—(x+1)°

:{x+l=t}:

={dx=d(x+D)}=

.t .ox+1
=arcsm§+C=arcsm—+C.

:IL
V3t —¢?
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3
LN S S S DR E SR T T
X 1 1 2x 2x° x 2x 27 x 2x
du=—dx, v=——"7;
X 2x
+l —lx’2 +C——ln—)zc 12 C
20 2 2x 4x
[Ipumep.
u=1nx; a’v:xdx; 5 ) 1 zln | I 5
lenxdx: 1 x° = x| cde=2 x——jxdx=x * Y=
du = —dx; v=?; 2 2 x 2 2 4
X

2

:%(2mx—1)+c.

[Tpumep.
2 : COS2 X COS2 X : : COS2 X
J‘eCOS Xsmzxdx:{‘:e ; dt = —e -2cosxsmx=—sn2x-e dx;}:—Jdtz—t+C=

=~ 4 C,

[Ipumep.

dx e d 1 1 24dt dt
—— __=dJx=t, —=——x=—1}= =2 = 2arctgt + C = 2arctg/x + C.
I(x+l)\/; { dx  2/x Zt} I(ﬁ +1)t jzz +1 & &

IIpumep.

dx dx 1 dx 1 -
J. - :I > =—\|——F—=—arctgl — |+ C.
x°—6x+25 (x=3)"+16 16 (x_3j . 16 4
+

3ajaHne K NPAKTHYECKOH MOATOTOBKeE

Bouraucautn HEOIIPEAC/ICHHBIC HHTErpaJibl:

dX . -2X dX . 2x
1. a) jﬁ 6) [ xe"dx 2. ) j—m,6) [(x+3)e*dx
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.a)f\/_ 6) [ xe*dx

5. a) f( )5,6) [(x+5)e*dx

7.a) | _xdx : 6) I xarctgxdx

V1+ x?
9.2) [v1-2xdx; 6) [({L—-x)sin 3xdx

[e™(2x +5)dx

11. a) j\/ﬁdx;@ [(@—x)cos4xdx

[In x(2x+5)dx

6) [ xe*dx

4. a) j\/i
6.a) [1—5xdx: 6)JXCOS§dX

6) | xe™dx

8a)j\/_

10. a)

I xdx
N

6)

0)

12. a) Im,

HaiinuTe HeonpeneieHHbIe HHTETpabl. Pe3ynbTaTel poBephTe nuddepeHmpoBanuem.

J' 2X+3
V2X2 +3
, e 1-3X dx
- Y3-5x%
¢ X+ 2
3. ——ax.
YB5x° +3
4. .5_2)(2dx.
Y7 —-3X
c2sSinX+3
Y C0S“ X
6. [(3+2e")°e*dx.
J-5—_3003xdxl
sin® x
8. IX(2+X)d
1+ x*
9 e?* + 3e* d
Mo

dx

J-sin2x+sinx
1+ cos® X
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Bormpocs! k 3ansTuto 11

Uro Takoe nepBooOpazHast pyHkuun?

Uro Takoe HEONPEAEIIEHHbIN HHTErpan?

Yro 03HaUaeT HENOCPEICTBEHHOE HHTErPUPOBaHUE?
Cdopmynupyiite npaBuiIo MHTErPUPOBAHUS 3aMEHON IEPEMEHHBIX.

ok b=

CdopmynupyiiTe npaBuiIo HHTETPUPOBAHUS 110 YACTSM.

IIpakTnyeckass padora Ne 12. HHTerpupoBaHue MeTOAOM TMOABEJEHHUS MOX 3HAK
auddepennuaa.

[TonBenenue nox 3Hak auddepeHiana
[ £ e eodx= [ f e,

TaK Kak u'(x)dx=du(x)) .

3a,I[aHI/I$[ K HpaKTquCKOﬁ IIOATOTOBKEC

1 J'sin x cos xdx 6 fsin 2x cos xdx
2 fsin x cos 2xdx 7 JSX +4 dx
3x +2
3 2 8 2
J-X +5 dx JQX +2x +7 dx
x +2 x +3
4 f\/l +2xdx 9 JB A1 - 7xdx
JE 3/(3x +5)* dx 10 3xdx

J V3x?% +2
Bormpocsr k 3ansTuio 12

Yro Ttakoe nepBoodpazHas GyHKIUN?
Yro Takoe HeolpeIeeHHbIH HHTerpan?
Yo 03HaYaET HEMOCPEICTBEHHOE HHTETPUPOBaHUE?

C(bOpMy.HprﬁTC IMPAaBUJIO UHTCTPUPOBAHUA MECTOJAOM IMOABCACHUS IO 3HAK MHTETpajia.

o ~ w e

[Toxaxkxute GopmyaamMu CHpaBeIIMBOCTb UHTETPUPOBAHMSI METOJOM MOJBEACHUS MOJ 3HAK

MHTErpaja.
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IMpakTnyeckas padora Ne 13. Boiunciienne onpeaeJéHHbIX HHTErPaJioB.

OnpeneleHHbI HHTErpall.

[Tycts Ha oTpeske [a, b] 3amana HenpepsiBHas Gyukius f(X).

y
M
m
0 axibx
O6o3naunM Mu MuanmgHbIee 1 HanboJIblIee 3HaUeHne QYHKIMK Ha oTpe3ke [a, b]

Pa3zo0bem orpe3ok [a, b] Ha yacTu (He 00sA3aTEILHO OIMHAKOBBIC) NTOYKAMH.
Xo<X1<X2< ... <Xn
Torma X1 —Xo = AX1, X2 — X1 = AX2, ... ,Xn— Xn-1 = AXn;
Ha KaKI0OM M3 IMOJIYYCHHBIX OTPE3KOB HaﬁHeM HAaMMCHBIIIEC U HaI/I6OJII>HICC 3HAYCHUC Q)YHKIII/II/I

[Xo0, X1] = m1, M1; [X1, X2] = m2, M2; ... [Xn-1, Xn] = Ma, M.
CocTtaBuM CyMMBI:

n
Sn= M1AX1 + M2AX2 + ... +MpAXn= ZmiAxi
i=l1

S n = Mi1AX1 + M2AX2 + ... + MpAXq = ZMiAxi
i=1

CymMa S Has3blBaeTCs HHKHeHl HMHTErpajibHOW CyMMO#H, a cymMma .S — BepxHeii
HHTErpajbHOH CYMMOM.
Tk M<Mi, 0S50S0, a Mb-2a)<sa<Sn<M(b-a)

BHyTpu Ka)xa0ro oTpeska BbIOEpeM HEKOTOPYIO TOUKY &.
Xo<e1<X1, X1<e<X2, ... , Xn-1<e<Xp.

Haiinem 3Ha4yeHuWss (QYHKIMH B OTHUX TOYKAX M COCTABUM BBIPAKCHHE, KOTOPOE Ha3bIBACTCS
MHTErpajibHoii cymmoii i pynkiuu f(X) Ha otpeske [a, b].

Sn = f(e)Axs + f(e2)Axz + ... + fen)Axn = D £ (€,)AX,
i=1

Torna moxHo 3anucarhb: MiAXi<f(&)Axi<MiAx;

CrnenoBaTenbHO, Zn:m,Axi < Zn:f(gi)Axi < iMiAxi

i=1 i=l1 i=1
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S, <8, <5,

[eoMeTprueckl 3TO TPEACTABISIETCS cieayromuM obpazom: rpaduk  Qyakuuu  f(X)
OTPaHUYEH CBEPXY ONMMCAHHOM JJOMaHOM JIMHUEH, a CHU3Y — BIIMCAHHOM JIOMaHOM.

O003HaunM MaxAxj — HauOOJBIIMKA OTPE30K pa3dueHus, a MINAXj — HauMeHbmwA. Eciu
maxAxi— 0, To 4KcI0 0Tpe3KOB pa3dueHus oTpeska [a, b] ctpemMuTcst kK 6ECKOHEYHOCTH.

Ecmu Sn Iif(Si)AX[ , TO Ax—)Ozf(S )Ax S.

i=1

Onpenenenue:Ecnu npu 00X pa3dueHusix orpe3ka [a, D] Takux, uro maxAxi— 0 u

n

IIPOU3BOJILHOM BHIOOPE TOUYEK EMHTErpalbHas cymma S, = z f(g;)Ax; crpemmurcs x mpemeny S,
i=1

KOTOPBIN Ha3bIBaeTCsA orpe/esieHHbIM uHTerpaiom ot f(X) Ha orpeske [a, b].

b
O6o3HaueHue : J' f(x)dx.

a — HIDKHUU mpenen, b — BepxHMii mpeaen, X — MepeMeHHas MHTerpupoBanus, [a, D] — oTpe3ok
HUHTETPUPOBAHHS.

n b
Omnpenenenune:Eciu st yakuuu f(X) cymectByer mpeaes mallg_)(); f(e,)Ax; = J‘ f(x)dx,

TO (DYHKITUS HA3bIBACTCS HHTErpupyeMoii Ha oTpeske [a, b].

Tak:ke BEpHbI yTBEPXKACHUS Zm Ax, = j Sf(x)dx

n'axAx—)O

max Ax; >0

lim ZMAX j.f(x)dx

Teopema:Ecnu ¢pynkims f(X) HenpepbiBHa Ha oTpe3ke [a, b], To ona uHTErpHpyema Ha 3TOM
OTpEe3Ke.

CBoiicTBa ONPEAEIIEHHOTO HHTErPAIA.

1) .?Af(x)dx = A_Tf(x)dx;
2) [(i) £ f,0dx = [ fi(x)dx = | £, (x)dx

3) j.f(x)dx =0
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4) Ecmu f(X) <p(X) Ha otpeske [a, b] a<b, TOj: f(x)dx < i@(x)dx

5) Eciu mu M — COOTBETCTBEHHO HaWMEHbIce M HaumOonbmice 3HaueHus Qynkuuu f(X) Ha
orpeske [a, b], To:

m(b—a)SjZf(x)deM(b—a)

6) Teopema o cpeanem. Eciu ¢ynkuus f(X) HenpepriBHa Ha oTpeske [a, b], To Ha 3TOM oTpe3ke
CYILLECTBYET TOUKA € TaKas, 4TO
b
[ fdx=b-a)f(e)
Jdoka3ateabcTBO: B cOOTBETCTBUM CO CBOMCTBOM 5!

l b
m< x)dx <M
b_alf()

T.K. pyuknus f(X) HenpepsiBHA Ha oTpeske [a, b], To oHa mpuUHMMaET Ha 3TOM OTpPE3Ke BCE 3HAYCHUS
oT mao M. JIpyrumMu cIoBaMH, CYIIECTBYET TaKoe YHCIIO €€ [a, b], uto ecnu

b b
%J‘f(x)dx =pn up="F(eg),a a<e<b,Torma If(x)dx =(b—a) f(g). Teopema noka3zaHa.
—a

7) st mpon3BOIIBHBIX YKcen &, b, C cripaBeyIiBO paBEHCTBO:

[ fGoydx = j S ()dx+ [ f(x)dx

Pasymeercs, 3TO paBEHCTBO BBIIIOIHAETCS, €CIU CYLIECTBYET KaKIbIH U3 BXOIALIUX B HErO
MHTErPAJIOB.

8) Ij f(x)dx = —j f(x)dx

O6oomenHas TeopemMa o cpenneM. Eciu dpynkuuu f(X) u @(X) HemmpepbIBHBI Ha OTpe3ke [a,
b], u byHkHsa @(X) 3HAKOMOCTOSHHA HA HEM, TO Ha 3TOM OTpPE3Ke CYIIECTBYET TOUYKA €, TaKasi, YTO

[ F0)dx = £(&)] p(x)dx

BrruncieHne onpeaeaeHHoro HHTerpaia.

a

b
[Tycts B uHTErpane J' f(x)dx HWKHUH npenen a = CONSt, a BepxHuil npenen b u3mensercs.
O4eBHIHO, YTO €CIIM U3MEHSIETCA BEPXHUM MTPENEN, TO U3MEHAETCS U 3HAUEHUE UHTErpasa.

O603HauuM I f(tHdt = D(x). Haiinem npomsponHyro (yHkunu D(X) Mo nMepeMeHHOMY
BEPXHEMY Ipesieny X.
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g
— j f(0ydt = f(x)

AHaJIOI‘I/I‘IHyIO TCOPCMY MOKHO AOKa3aTh AJId Cliydasd NICPEMCHHOI0O HUKHETO ITpCaciia.

Teopema:/lns Besikoid Gpynkiuu f(X), HenmpepriBHOW Ha oTpeske [a, b], cymecTByer Ha aTOM
OTpe3Ke MepBoOOpasHasi, a 3HAUUT, CYLIECTBYET HEONPEICIICHHBINA HHTETPAIL.

Teopema: (Teopema Herotona — JleiiOnuia)
Ecnmu dynkius F(X) — kakasi- 1160 nepBooOpasHas ot HenpepbiBHOH GyHKIuu f(X), TO

if(X)dx = F(b) - F(a)

3TO BBIpaKEHUE U3BECTHO Mo Ha3BaHueM (opmyibl Heiorona — JleliOHuIA.

Hoka3zateiabcTBO:ITycts F(X) — mepBooOpasnas dynakiuu f(X). Torma B COOTBETCTBHH C

MIPUBEJCHHON BBINIE TEOPEMOH, (yHKIHS I f(t)dt - nepooOpasnas ¢ynkmusa ot f(x). Ho T.k.

a
(byHKIHS MOXKET UMETh OECKOHEYHO MHOTO TEPBOOOPA3HBIX, KOTOPHIE OyAyT OTIMYATHCS APYT OT
Jpyra TOJbKO Ha Kakoe — To octosiHHoe uucio C, To

[rwdi=Fx)+c
IIpU COOTBETCTBYIOILICM BbI60pe C 9TO PaBCHCTBO CIIPpAaBCAJIMBO IJIA J'IIO6OFO X, T.C. IIpHU X = a.
j f(t)dt=F(a)+C

0=F(a)+C
C=-F(a)

Torma jif(t)dt =F(x)—F(a)-

A mipu x = D j.f(t)dtzF(b)—F(a)

3aMeHUB nepeaMeHHyfo tHa nepeMeHHy10 X, nosiydaeM ¢popmyny Herotona — JleliOHuma:
Tf(X)dx = F(b) - F(a)
) Teopema nokazaHa.

b
Wuoraa npumenstot obo3nauenue F(b) — F(a) = F(X)| .

a
@®opmyna Herotona — JleiiOnuma mnpencrtaBnser coOodl oOmMH MOAXOX K  HAaXOXKJIEHHIO
ONPEIETICHHBIX NHTErPATIOB.

MeTtoabl HHTErpHPOBaHUS ONPeNeT¢HHOI0 HHTErpaJa.
Yro KacaeTcsi MPUEMOB BBIYMCIICHUS ONPEICIEHHBIX UHTETPAJIOB, TO OHU ITPAKTUYECKH HUYEM HE
OTJIMYAIOTCSI OT BCEX TE€X MPHUEMOB M METOJIOB, KOTOpbIE OBLIM PacCMOTPEHBI BBIIIE MPU HAXOXKACHUU

HCOMPCACIICHHBIX HHTCI'PAJIOB
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ToyHo Tak ’ke€ MNPUMEHSAIOTCA METOJbl IIOJCTAHOBKM (3aMEHBbl IEPEMEHHOMN), METOA
MHTETPUPOBAHUS O YaCTAM, T€ XK€ MPUEMbl HAXOXKJEHHs MEpBOOOPA3HBIX AJIS TPUTOHOMETPUUYECKHX,
UppalMOHATIBHBIX M TPAHCUEHACHTHBIX (QYyHKIMH. OCOOEHHOCTBIO SBIAETCS TOJBKO TO, YTO IMPH
NPUMEHEHUH 3TUX NPUEMOB HAJ0 PaCIpOCTPaHATH MpeoOpa3oBaHHWE HE TOJIBKO HAa MOJUHTErPAIBbHYIO

GYHKIUIO, HO W Ha TMpeAeNbl MHTerpUpOBaHUS. 3aMEHSAs IEPEMEHHYI0 HHTErpUPOBAaHUSA, HE 3a0bITh

HU3MEHUTB COOTBECTCTBCHHO IIPCACIIbEI MHTCTPUPOBAHUS.

3amMeHa IepeMEHHBIX.

b
[TycTh 3a1an MHTETpAI J' f(x)dx , rae f(X) — menpepsiBHas pyHKuUSA Ha oTpeske [a, b].

BBenem HOBYIO IEPEMEHHYIO B COOTBETCTBHH ¢ popmyinoit X = ¢(t).
Tornma eciu

Do) =a, ¢(B)=b
2) o(t) u ¢'(t) HempepbIBHBI Ha oTpe3ke [a, P
3) f(o(t)) onmpenenena Ha orpeske [a, B], TO

b B
[ Fdx = [ flo@le'()dt

B p
Torna If [o)]e'(t)dt = Flo®)]| = FleB)]- Flo(a)] = F(b) - F(a)

[Tpumep.

1 x:SiIlt; /2 n/2 17:/2
I 1—x"dx= = jxll—smztcostdt: Icosztdt:— I(l+cos2t)dt:
0 a=0;B=mn/2 0 0 29

1 1. SR A T
=—|t+—sin2t =—+-—-smm=—.
2 2 o 4 4 4
ITpu 3amMeHe NEpPEMEHHOI B OMPENEIIEHHOM MHTErpase ClIelyeT IOMHUTb O TOM, YTO BBOJAUMAs
GyHKIMs (B PacCMOTPEHHOM TMpuMepe 3T0 (yHKIHs SiN) MO/DKHA OBITh HENpepbhiBHA Ha OTPE3Ke
UHTErpupoBaHus. B mpoTuBHOM ciydae popmanibHOe TpUMEHEHHE (POPMYIbl IPUBOJIUT K a0Cypay.

IIpumep.

T T
j‘dx =X | =1m,C ,[[perﬁ CTOPOHBI, €CIIN TPUMEHUTHL TPUT'OHOMETPHUICCKYHO IIOJACTAHOBKY,
0 0

]dezji . dx _
0 OS

1n2x+cos2x

O 3

d ¢ odt
. X 3 :{tgx:t}:j 3 :0
cos” x(1+1tg~x) o1 +1

T.e. 1Ba crocoba HAXOXKAECHUS MHTErpaja JAr0T Pa3IW4HbIE PE3yJbTaTbl. DTO MPOU3OLUIO H3-3a
TOT0, 4TO HE ObUT YUTEH TOT (haKT, YTO BBEJCHHAs MepeMeHHas gX MMeeT Ha OTpe3Ke MHTETPUPOBAHUS

pas3pbiB (B Touke X = 71/2). [ToaToMy B JaHHOM Cilydae Takasl MOJCTaHOBKa HempuMmeHuMma. [Ipu 3ameHe
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nepeMeHHoﬁ B OIpPCACIICHHOM HHTEIrpaj€ CJICAYCT BHHUMATCIBHO CJICAUTH 3a BBIIOJHCHHUEM

MNEPCUYUCIICHHBIX BBIIIC YCHOBHﬁ.

HHTerpupoBaHue 1o 4acTsm.
Ecnu dynkuuu U = ¢(X) u V = y(X) HenpepbIBHBI Ha OTpe3ke [a, D], a Taxke HenpepbIBHBI HA

3TOM OTpPE3Ke UX MPOU3BOAHBIE, TO CIpaBeAINBa (popMyia HHTEIPUPOBAHUS MO YACTSIM:
b b

b
Iudv=uv| —Ivdu.
a a a
BriBog sT0#t popMyisibl aOCONMIOTHO aHAJIOTMYEH BBIBOAY (DOPMYIJIBI HMHTETPUPOBAHUS IO
qJacTsAM IS HEOMpEACNIEHHOT0 HWHTEerpana, KOTOpbId ObUT BeChbMa MOJIPOOHO PACcCCMOTPEH BBIIIE,
MOATOMY 3/1€Ch MPUBOJUTH €r0 HET CMBICIIA.
IIpuOiarKeHHOE BBIUNCIECHHE OUPENEIIEHHOTO0 HHTErPAa.

Kak ObUTO CKa3aHO BBINIE, CYIIECTBYET OTPOMHOE KOJHMYECTBO (DYHKIMU, WHTETpal OT
KOTOPBIX HE MOKET OBITh BBIpAXEH uepe3 dJeMeHTapHble QYHKIUHU. J[1s HaX0XKJIEHUS UHTETrpalioB
OT MOAOOHBIX (PYHKUMH MPUMEHSIOTCS Pa3sHOOOpa3Hble NPUOJIMKEHHBIE METOMAbl, CYTh KOTOPBIX
3aKJII0YaeTCsi B TOM, YTO MOAMHTErpanbHas (QyHKIMS 3aMeHsieTca “Onu3Koil” K Hel (yHKIueH,
HWHTETpaJl OT KOTOPOM BBIPAXKACTCS Yepe3 dIEeMEHTaApHbIC (PYHKIUH.

DopMy1a IPIMOYITOJILHHUKOB.

Ecnu uzBectHbl 3HaueHus: GyHkimu f(X) B HEKOTOPBIX TOYKAX Xo, X1, ... , Xm, TO B KQUeCTBE
bynkyn “onu3koii” k f(X) MOXHO B3sTh MHOTOWIEH P(X) cTerneHu He Bbillie M, 3HAYCHUS KOTOPOTO
B BBIOpPAaHHBIX TOYKAX paBHbI 3HaUeHUAM (yHKIMH f(X) B 3THX TOUKaXx.

b b
j F(x)dx ~ jP(x)dx
Ecnu pa3outh 0Tpe30K MHTETPUPOBAHKS HA NPABHBIX YacTed Ay — b-a, [Ipu 3TOM:
n
YO = f(XO)! yl = f(Xl), e yn = f(Xn).

CocTaBuM CyMMBIL: YoAX + Y1AX + ... + Yn1AX

Y1AX + Y2AX + ... + YaAX

DTO COOTBETCTBEHHO HWKHSSA M BEPXHsAs MHTErpajbHble CyMMBIL. [lepBas COOTBETCTBYET BIIMCAHHOMN
JIOMaHOW, BTOpasi — OMUCAHHOM.

b—a

b
Torza j F(x)dx ~ Vo +y +..ty,,) WA

b
I f(x)dx = b=a (y,+y, +...+y,) - mobas u3 5THX (OPMYI MOXKET NPHUMEHATHCA M
n

a

HpI/I6HI/I)KeHHOFO BBIUUCJICHUSA ONPCACIICHHOI'0O HWHTCrpajla W HA3bIBACTCA Oﬁﬂleﬁ (l)OpMy.]'IOﬁ
NpsiMOyroJibHUKOB.

3amaHue K IpaKTHICCKON OJATOTOBKE

I)BLIHI/ICJ]I/ITB OIMPCACIICHHBIC HMHTCTpaJIbl HCIIOJIB3YA  TOJIBKO  OINPCACIICHUC U  IIOHATUC

VMHTETPAIbHON CyMMBI. PellleHrne NponII-oCTpupOBaTh F€OMETPUUYECKUMU ITOCTPOECHUSMM:

1. fix)=2x-4 , [1;9] 3. f(x)=e™, [1; 10]
2. fix)=x*+1, [-2;2]



2)BbIYHCIUTD ONpeIeJeHHbIi HHTEerpa ¢ noMoubio gopmysisl Heorona-Jleiionuna:

b b
1._[exdx. 2.'[x”‘dx.
0. b
- 7.[Crdx.
!sinz(x)

11. T( 2% + 3 Jix.

0

4
14. | 1+t‘/¥ dt

B 3amanmsax 1-5 BBIUMCIUTH MHTETpaibl, MPUMEHHUB B 1-4— METOJ MOJCTAHOBKH, B 5 — METO]

HHTCTPHUPOBAHUS 11O YACTIAM.
zl2

1
1.[(5x-2)"dx.
0

3

P

2
2| —.
'l[x2+6x—1

> 3x-5

1.ﬂ_.£4sin2t-dt. Z.T x?:x'
1 § 3 dX e
1.£e3 dx. 2.!4“1. 3.!

Bompocs! k 3ansaTuro 13

2. _f sin 3xdx.
0
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3. 'Tsin(x)dx

8. J.%dx.

a

12. f(x2 —2x+3x.

1

!{Ig(z)ﬂj

2f(cos( X )+ sin(

I

18.

20. sin(ZX)Jdx

cos( x)

b
1
4 -[1+x2

a

dx.

b
9. _[ cos(x)dxb.

J- 1

2
© C0S°(X)

f1
13, j(—4 +x2jdx.
X
1

1
16. j(1+t)3dt.
0

dx

19.jf(x2 +2X +1)%dx.

2

))dx

NGRS In2 2
3. [ xcos(x*)dx.  4.fe”*dx. 5.[(x+1)Inxdx
0 0 1
b arctgzxdx ¢ dx f
v 4~!xln2x J' (X* +2)cos xdx.
sinl

arcsin® xdx

3.! Nmra

dx
xInx’

I

J3+4x

2 T
4._[ X+ 2dx. S.I x? cos xdx.
-2 0

2
S.I (x+1)sin xdx.
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1.YTto Takoe onpeaeaeHHbId UHTErpa?

2.Uto siBRsieTCs pe3ysIbTaTOM MPU BBIYUCICHUU ONPEAEICHHOT0 HHTerpaia?
3.IIpueaure hopmyny Hetorona-Jleiibnuma?

4.Kak MO>XHO MPHOIMKEHHO BBIYUCIUTE ONIPEACIICHHBIN HHTETpa?

5. [laiiTe onpeneneHue UHTErana Ipyu MOMOIIY [OHATUS UHTETPAIIbHON CYMMBI.
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